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'Eav fig @IAopaBEég €oel TTOALPOBNC. A PEV ETtioTacdal, TAUTA
SIAPOAATTE TAIC MEAETAIG, & O¢ MN MEMAOBNKOC, TIPOCAAUBaAvVE TAIG
ETioTNUAIC: Opoiwg YAp aloxpov AKoVoOVTA XPHOIPOV AGYoV PN Hadeiv
Kai d1d0pevov U ayaBov TTapd Twv @IAwv un AaReiv. KaoaavAaAloKe tnv
ev TP Bip oxoAnv e&ig¢ TNV Twv AOYwWV @IANKoiav oUtw Yydp Ta TOIg
AANOIG XOAETIWG EO0PTUEVO cLUPBNOCETAI ool Badiwg Haveavelv.

"HyoU TV O0KOUCUATWY TIOAAG TIOAAWV €ival XPTUATWY KPEITTW:
TA PEV YAP TAXEWCG ATIOAEITIEL, TA O€ TIAVTA TOV XPOVOV TIAPAUEVEL: TOQia

YAP HOVOV TWV KTNUATWY aBdvatov.

Isocrates, Ad Demonicus, 18.1-15.1

Institutional Repository - Library & Information Centre - University of Tge'ssaly
17/04/2024 04:28:14 EEST - 18.219.86.155



ACKNOWLEDGEMENTS

With the completion of this thesis, | consider it necessary to thank those
who, in any way, assisted me in finishing this task.

| thank my friends Vaggelis Karaiskos, Fedon Giannopoulos, Panagiotis
Gatsonis, Mihalis Kavouras, Kostas Tzaros, Lambros Tzaros, Vassilis
Evaggelou, for all they offered in many ways, and for sharing common
experiences during my years in the University. | also thank my family for their
vast support, in the past and still continuing.

| express my gratitudes to Professors Aravas N. and Perdikaris Ph. for
accepting to participate in the supervising committee, despite their many other
ongoing obligations.

Finally, | express my gratitudes to my supervisor, Professor
Giannakopoulos A., not only for sharing knowledge with me, but to his
professional ethos, and for entrusting me with the burden and opportunity to deal
with scientifically important topics of fracture mechanics.

I.D. Gavardinas

Institutional Repository - Library & Information Centre - University-8-Thessaly
17/04/2024 04:28:14 EEST - 18.219.86.155



INTRODUGCTION. ..ottt e e e e e e b e e sb e s sb e s sb e s b e b e s b e 6

(O 1N e I = S PP PPPTTTN 14
THE Jo-INTEGRAL. ...ttt e 444 oottt e e e e e e e abb e et e e e e e s e aabeeeeeaaaseasnnnabneeaaaaeaaan 14
Presentation of the J-INtegral..........cooooiiiiiiiii it e e et e e e e e e e eaeeaes 14
N =Y 1T AT AT T PPN 16
L2 TermS RY N J,y ettt e e e e e e s bbb bt e e e e e e e e e ahbbbbe e e e e e e e e aabtbbe e e e e e e e e aanbnbnaaaaeaaaas 20
I =Y 1T o T T RN 25
R o Yo L ar= o] T TN o T FSR PPt 37
CHAPTER 2.ttt ettt e o444 ekttt et e 22 e e e o e at bbbttt e ee e e e e s a e be e et eeaeeeaanabeeeeaaaeeaaaansbnnbeaaaeens 43
THE J2-INTEGRAL. ...ttt e e e o4 e bttt e e e e e e e e bbb bt e e e e e e e nnttebeeeaeeeannnbbsaeaaaeaaans 43
Presentation OF The N-INtegrral.. ..o e e et e e e e e e e e e e e e aeteeaeenes 43

21 Terms W in J2
2.2 Terms Rg in J2
2.3 Terms Pzin J2
2.4 Integrations in J2

CHAPTER 3. e 53
THE L-INTEGRAL. ..o e e s 53
CHAPTER 4. s 55
QUALITATIVE EXPERIMENTS WITH TEXTILE MATERIALS...........ccoi e, 55
CHAPTERS . ... e 59
CONCLUSION AND DISCUSSION... ..ottt bbb 59
REFERENGCES. ... e e b e bbb 63
APPENDIX L s 64
ASYMPTOTIC RESULTS ... ..ot bbb 64
APPENDIX 2. s 68
EXPLICIT CALCULATIONS FOR THE J.-INTEGRAL..........ccoiiiiiiiiiiiiii s 68

11 Terms Win J,
12 Terms RginJ|
1.3 Terms PNind,
1.4 Integrations in J,

A = L AN 5 G S 186
EXPLICIT CALCULATIONS FOR THE J2-INTEGRAWL......ooti ittt se e nnee e 186
2.0 TEIMS W N J2. ittt ettt e e e o4 st bbbttt ee e a2 e e e b bbbttt ee e e e e e s aabbbeeeeaaeesaaanbbbeeeaaeaeaaas
2.2 TerMS RO TN J2.ieiiiiii ittt e e e e sttt bt e e e e e e e e ekt bbb e e e e ee e e e ssanbeeeeeaaeeaannnbbeeaeaaeeeaas

23 Terms P7inJ2...........

2.4 Integrations in J2
A N 5 G PSSO USSUSRN 212
TRIGONOMETRIC IDENTITIES AND INTEGRALS.......ooit oottt stae e niaaa e 212

Trigonometric identities

Trigonometric integrals

Institutional Repository - Library & Information Centre - University of Th%'ssaly
17/04/2024 04:28:14 EEST - 18.219.86.155



PREFACE

The present work deals with the evaluation of the J-Integral, as well as the
other integrals that appear and are useful in fracture mechanics of gradient
elastic materials (J2, L-Integrals). The analysis pertains to simple linear elastic
strain gradient materials. We succeeded in expressing the J-Integral, as the
energy release rate of a quasi-statically advancing crack-tip. The importance of
results of this work is the close form relations between the J-Integral and the
amplitudes of the expansions of the local deformation and stress fields that are
closest to the crack-tip. In this way, it is possible to connect the macroscopic far-
field loading, geometry and material properties with the strength of the material,
as it manifests with the amplitudes of the singular terms of stress and
deformation.
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INTRODUCTION

mode | mode Il mode Il

mode Il (in-plane sliding)
mode Il (anti-plane shear or tearing)

y-axis

Mode I, plane strain, asymptotic behaviour of tyy near the crack-tip (singularity of tyy traction)

For the plane problem, the leading terms for mode | stresses in Cartesian
coordinates are [Williams, M.L., (1957)]:

Institutional Repository - Library & Information Centre - University of Jgessaly
17/04/2024 04:28:14 EEST - 18.219.86.155



sin (30)

1—sin
uJ U J
o
- K ces 1+ sin C sin )
W V2Tri- \Vod v2y 127
Xy
sin cos
\~J v~y

When written in cylindrical coordinates, the stresses for mode | have the
following leading terms:

1+ sin? (©}
v2y
cr
K, oA
"60 -cos ( cos' 2
J2nr uJ uJ
Clho
) L] e L] f9 0
sin cos
vy vy
ol =Vi(<Txx+<*,) = vi(on-+ce) (3
ol 4oV —urz—0c& —0 (4)

The corresponding displacements are [Williams, M.L., (1957)]:

30
(+v) (2/r-)cos -cos
~/ r VZy 2 (5)
2E\2n
(+v) (2/r+1Dsin -sm
vdy vy
T9
(I+v) (2a:-1)cosi-"" -cos
M1 ML UJ (6)
2E\2n '
(+v) -(2/c-Dsin © + sin W)
My 123
M2ZA "\2z>
Uu. —- <) = (o,1 +oN9) ©)
v Ny v £y
For plane stress,
Ko SV v =0,v2-v ®)
| +v
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and, for plane strain,
k =(3-4v), vi =0, V2 =y 9)

The term K, is the so-called stress intensity factor, which incorporates the
boundary conditions of the cracked body and is a function of loading, crack
length and geometry. For plane problems, it is independent of the elastic
constants (E, elastic modulus, v, Poisson’s ratio).

For the plane strain problem, the displacement uy on the left of the crack-
tip can be simplified using equations (5), (9), taking into account that 8=1t. The

following expression is obtained: [sin(m/2)=1, sin(3m /2)=-1]

+WV[R2E-4)+DxI-(-D]}=

= 1+V)[6-8k+1+1] }=

—-rtemnM{o-P-INMH

(1+v) 8(1_v) ™

i 1-\/2 rr2
Since Q= K\ for plane strain, where g is the energy release rate (not

the shear modulus)

uy 4 r
"w, = KF_ vr
21t K, 2 VZit
g ) f g)
u/J 1
-X
! \1iTt
f gl (N
u/J i

because r=-x, x<0 (the negative semi-axis x is situated on the left of the crack-

4 -
tip). The above expression for uy is of the form Q = —7=—1 r where
M2y
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and is plotted as illustrated below:

It should be noted that both metrics are dimensionless.
In the same fashion, from eq.(1), oyy is, for 6=0 (that is ahead of the crack-

tip)
K,
o cosOx (1+0) _5_—=
Yo ronr v2nr
K,
oar/~n _ X/79)
oW = 2nr
N2
\c/K, i {9/k,)?2
_ 1 L
(K,2/9) VZtt +X
1 (@/w,T

because r=+x, x>0.
The metrics are again non-dimensional.
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As we will show later [Sifnaiou M., (2006)], the new, non classical solution
for the displacement uy is given by:
uv = -(15/2)r3/2[(17A - 83B) sin(3<9/2) + 25(A + 5B) sin(£/2)]

For ©=m, r= -x :

uv = -(15/2)r32 [(1L7A - 83B) (-1)+ 25(A+5B) (1)]=>

uv =-(15/2)r3/2(8A +208B) => uy(8A +208B)2 = -(15/2)r32 (8A +208B)3 =>

-3/2
uy (8A +208B)2 = -(15/2) [r ((BA + 208B)2)

32
ut, (BA +208B)2 = -(15/2) '-x ((8A +208B)2)

Plot of uy(8A+208B)2 vs (-x(8A+208B)2)312
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The total traction tyy ahead of the crack-tip, and more specifically along the
straight line y=0 which bisects the angle of the crack, has an asymptotic
behaviour, given by the following equation [Sifnaiou M., (2006)]:

tyy (x>0, y=0) = tyy (r, 6=0) =20pl0'3 w(w?2-1) (W-2) (A\ + A2 + Bi + B2

For plane strain, the coefficients Ai, A2 , Bi , B2 are related as given
below:

A2 = - 125Ai , B2 = -625Bi , Ai = A, B, =B

Note that the gradient elasticity requires two constants (A, B) to describe the
local fields, contrary to the classic case that requires one.

The coefficient w emerges from the boundary conditions for mode I, which lead
to an eigenvalue problem. The value that produces the greatest singularity of the

E \Y
tyy traction is w=3/2. Denoting by A=  —- y the shear modulus and by ¢ the

characteristic length of the body (e.g. grainsize etc), we have [Sifnaiou M.,
(2006)]:
= 20Mi M w[w2-) (w-2)(A, +A2+B,+B2) =

133i(3v 113 n)

12Cpx2 — (A - 125A+B - 625B)

uJ Ju J

ifiopx 2 2 i517_N (-124A -624B) =
X 1 2)

c//r32 (-124A -624B):

OS5 c//r 3 (31A+ 156B)
lyy = \ A J

From this representation, one can get the dimensionless metric:

N15>
oux~vi (3 1A + 156B)

Woov2j

t o5~ -312
v 32 0B (31A + 156B)23
pov2y

3R
c2B3 (31A + 156B)273
i15l (r=+x)
¥ uJ X
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(l<r»l/W

(x/c*"1(31A+156B)!"5)'5"’
Plot of (| tyy1/h) vs [x/c2/3(3 1A+156B)2/3]'32

The asymptotic displacement fields are then calculated to be:

ux — -(5/2)r32 [(49A - 251IB) cos(30/2) + 75(A +5B) cos(0/2)]
uy = -(15/2)r32 [(17A - 83B) sin(3#/2) + 25(A+ 5B) sin(0/2)]

The existence of a crack presupposes that the maximum principal strain is
tensile, i.e. 1lew>0| ahead of the crack-tip, and additionally: |uv >0.

The expressions for syy and are, respectively:

= (+15/4) ri2 [ 25(A + 5B)cos(3#/2) - (101A + B)cos(#/2)J

uv= -(15/2)r32 [(1L7A - 83B) sin(3<9/2) + 25(A +5B) sin(0/2)]

The first expression for 6=0 gives:

Syy = (+15/4) r12 [ 25(A +5B)cos0-(101A + B)cos0] =
= (+15/4) r12 [ 25(A +5B) -(101A+B)] =
= (+15/4) rl2 [ 25A+ 125B-101A-B] =
= (+15/4) ri2 [ -76A+ 124B] =

= (+15) ri2 (-19A +31B)

and:
eTt= (+15)rl2 (-19A +31B)>0;

-19A +31B =0
The second expression for 6=Tt gives:
=-(15/2)r312 [(1L7A-83B)sin(37"/2) + 25(A +5B) sin(;r/2)] =
= -(15/2)r32 [(17A - 83B)(-1) + 25(A+5B) (+1)] =
= -(15/2)r32 [-17A + 83B + 25A+ 125B] =

= -(15/2)r32 [8A + 208B]

uy =-(15/2)rin2 [8A + 208B]=0"
8A + 208B<0 =>
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A + 26B<0

By solving the resulting system of inequalities, the following are obtained:
A <0, 19A/31 < B < -A/26

This can be plotted in the A-B plane (2-D) as shown bellow. The restriction
A<O0 gives to A negative values, thus values situated on the left of the vertical
axis. By the second restriction, we obtain for B values between the lines 19A/31

< B < -A/26.

Since: 19A/31 < B < -A/26, then:

N <b<<-A
31 26

19A A
156_ < 156B< -156—=>
31 26

19A A
156———+31A < 31A+156B< -156——+31A
31 26

-156+31x26
31A+156B<
26

31A+156B< 25A<0
(since A<0)
Q

= — c//r-32 (31A+156B)< 0
V2)
/\<O
The last inequality means that the traction / is always compressive!
This result is in agreement with finite element calculations [Amanatidou, E. and

Aravas, N. (2002)], [Wei, Y., (2006)]

i . . _ -13-
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CHAPTER 1

THE M-INTEGRAL

Presentation of the J-Integral

J is actually the Ji-Integral. Physically, Ji shows the propensity of the
crack-tip to advance forward, thus it is exactly equal to the energy release rate:

Ji=$_

For plane-strain problems, the ~-Integral is a contour integral given by the
expression [Georgiadis H.G., Grentzelou C.G., (2006)]:

dua I'du ?
Wcly - Pu—2-dT R.D dr
L q dx I d*J

where I is a closed integration curve lying in the Cartesian (x,y)=(xi,X2) plane
and encircling the crack-tip.

The ~-Integral is path independent [Georgiadis H.G., Grentzelou C.G., (2006)].
Therefore, any closed curve can be chosen as an integration curve. As it can be
observed, all terms are functions of r and ©. Consequently, those terms whose
order of r will be greater than zero, after the integration, then in the limit r—>0,
they will actually be zero (terms that vanish at crack-tip)!

W is the strain energy density, ug are the components of the displacement field
(ux, uy), Pqg is the total stress traction and Rz the dipolar stress traction.

The aforementioned metrics are defined as follows:

W is defined as:

-14-
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"ds€,, _58’\ \ N (6_£¥¥_ +5€%, A

W = (A12)[g,, +eM)\p(el+2gyv+edn) + (Ic/2) e s
ox  OX dy dy
ide 'l S ~ ~ i 5e o N
pe +2 +( W+ oe. +2 + M4
V dx J vV & j v i Vty J \' xJ

(A/2){en + &2 is the hydrostatic strain energy density,

p{en + 2™ + €72 is the shear strain energy density

(Ac/2) dem deyy) + dexx dEyy is the gradient hydrostatic strain
dx dx dy dy

energy density,
Au are the Lame constants, satisfying the relations:

__2v E
LA
¥ \-2v 2(1 + Vv)'

with E: elastic modulus, v the Poisson ratio, p the shear modulus, cA [m] is a
characteristic material length

and
.. foe 7
uZ dsx* 2 68xy + 68yy + OiXX +2 6‘c"yy 4+ Ubyy is
OX OX OX dy dy dy

the gradient strain energy density.

Along I, where T is any internal or external boundary of the body,

pg =  (rpg - drmrpg) - Dp( nrmrpg) + (O,N,) n,.npmrpg
Tpg, mrpg are the Cauchy and dipolar stresses, respectively.
R z= nrnpmrpz along I,

DpQ) = dr() - npD() is the surface gradient operator, ( 3" )= 3()/ dxr; r=1,2)

D() =r\rdr) is the normal gradient operator,
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np is the unit outward normal vector of T,
dv=rd6.
Repeated indices imply summation from 1 to 2.

We will use the asymptotic results that are summarized in Appendix 1.
Intermediate results are shown in Appendices 2 to 3.

1.1 Terms Win Jl
Calculation of terms w

W is:
oeg, O¢ oe,, O¢
W — (A/2){e™ +Syy) + [ + 25V +£21) + (Ac/2) - Y+ P
dx dx oy dy
/26 A . foe, ~
e (dex A +2 + by 4 +2 S vy

VO J v 7 vaxd V% Ndyj o\

where the strains are:
€,, = (-15/4) r12 [ 25(A +5B)cos(30/2) + (99A-B)cos(0/2)]

exy= (-15/4) r12 [ 25(A +5B)sin(30/2) + (A + B)sin(0/2)]

Syy= (+15/4) r12 [ 25(A +5B)cos(30/2) - (101A + B)cos(0/2)]

For practical reasons we name the terms consisting W as seen below,
following their order of appearance in the above expression.

- Term W'\ the term whose multiplying factor is (M2) (Note that the respective
multiplying factors are not included. All results will be then multiplied by their
appropriate coefficient.)

- Term 1/12: the term whose multiplying factor is p

- Term W3\ the term whose multiplying factor is (Ac/2)

- Term 1/1/4: the term whose multiplying factor is po.

Further, in the same manner, term 1/1/3, consists of the terms:

o€
Term W3(a): _— e
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Term W3(b): ' - dEyy

while term W4 of these:

Term I/V4(a): ten
dx

"te"? o
Term M/4(b): (without the coefficient 2)
v i y
Tde,, A2
Term UV4(c):
dx
Term H/4(d): dE,x
dy

VAN

fte
Term W4(e): 4 (without the coefficient 2)
y

o¢
Term WA(): Y
dy

In the expressions of the strains gxx,ert, r is of order 14. Consequently, the

expressions {AN/TNieN+e™N\ and p[e\x+2exy+eV\ (terms W1 and W2,

respectively) are of order 1. When multiplied by: #y=ni dV= cos# dV= cos# r dd=
r cos# ##, r should become of order 2. So integrated along a curve I, which is
chosen to be a circle of radius r, then in the limit r—>0, the integral itself will tend
toO!

Each of the rest terms will be calculated separately and then integrated (so as to
form the integral \wdy)

The transformation of the derivative from (x,y) Cartesian coordinates to (r,#) polar
coordinates follows the rule:

diy sin#g d(*

= COS#
(TXP ddy
. d /s cos# d [
—( ) = sin#
dyk ’ dr r 5#
We finally get:
Term W3
. 'te,, | dEyy"
Calculation of Term W3(a) .. | dEyy
dx dx

Institutional Repository - Library & Information Centre - University] f-Thessaly
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. Ffde,, ds, > . ) fd A
Instead of calculating -**-+---% it s easier to calculate
dx dx

As already said, the transformation of the derivative from (x,y) Cartesian
coordinates to (r,0) polar coordinates follows the rule:

A =cosg 1D -“NE O
dxK ~’ dr’ r '

dyy ’ dr’ r S#

It is calculated that
(en+Syy) = (-750A) rl2 cos(#/2)

and

-(g,,+&,,)= (-375A)r 1[ cos(#/2)]
“C

By taking the square of it:

fp. Be \2
¥ + 39 =140625A2 r'l cos2(#/2)
dx dx vy

Calculation of Term /I/3(b)

This term will be calculated as the previous one.

d
d‘(sxx+s,,)= (-375A) r'"2 sin(#/2)
y
the square of which is:

= ~ =140625 A2 r'l sin2(#/2)
e—+¢

It is remarkable to notice that the term W2 converts into:

ds, ds .
ds, ds, +0W = 140625A2 I cos2(#/2) + 140625 A2 r'l sin2(#/2) =

dx dx dy dy

= 140625A2 r'l (cos2(#/2) + sin2(6>/2)) = 140625A2 r'l. 1=>
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dsr + 0% 08, 140625A2 1"

dx dx dy dy

Term W4

Calculation of Term W4(a):

v X ,

dexx =

q (—)r'l2cos(0/2)[50 (A +5B) (cos© - cos(20)) +124 (A+B)]
X

Calculation of Term WMb): g
X

The simplified expression for q is:
X

Calculation of Term H/4(c): UYP»
V 5x J

dg*yf 1" 185“j r'12co s(0/2) [50 (A + 5B) (COs O - cos(2 8)) + (-76A+124B)]
X

f A
Calculation of Term H/4(d):
vV d J

de® f 15}
dy Vv'8y

r'12 sin(<9/2) [-50 (A + 5B) (cos © + cos(2<9)) + (24A-376B)]

Calculation of Term Wa(e): "=’

v % j
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= (-15)r'12cos(#/2)"50(A + 5B)(-cos0 + cos(20)) + (76A+376 B)]

foe Y
Calculation of Term WA4(f): ——

I to )

dsyy = F151 r-12sin(™/2)r-50(A + 5B)(cos”™ + cos(27)) + (-176A-376B)]
dy \8) L

1.2 Terms Rqin J!

. fdu,
Calculation ofterms R, D

v dx J

'du »
The term R, D can be expanded in the following way:

\dx j

] *. d
Ay’ o, +RyD( uA
I dxJ I dx )

Consequently, these are the terms that should be calculated:
(duy\
rRx.D "} R,
I dx) \]

These are their definitions:

Rx = nrnpmrpx =

NXNPMXpX * nynpmypx =

_ MxilxMxxx + MxMyffixyx "t'  ttynxWlyxx — TyTly17N

pe-1_ 4 =n, 3V (to’}+ny<9y
I dx J l dxJ I dx) I dx J
d2ux d2ux Qd2ux . 9 d2ur
=n,—*Ff + nNn,,— - = cosO—r" + sinfc/-
dx2 y dxdy dx? dxdy

(given that nx =cos0 and ny=sin0)
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and

RV = nrnpmrpy =

= NnXNpMxpy + ﬂynpmypy

=nxXnNnm-+EnNnxnm +  NnnNnxm +nnmyyy

"duy” rduy’l
D duy?]: n b5, =n & +I’ly 59 \duA
ax 1dx) I dx\ 1dx)
d2uv d2uv d2uv d2uv
=n — = C0S<9—A + Sin <9---—--—
~dxr + Tly dxdy dx? dxdy

The dipolar stresses, needed to form the terms Rv ,RV are defined as [Sifnaiou
M., (2006)]:

mxxx — (+15/4) c r'l2 [25/r(A + 5B)cos(56>/2) - (IOOA/I+149A// + 249B/r)cos(0/2)]
mxxy=mxyx = (+15/4)cMr-V2 [ 25(A +5B)sin(5£/2) - (49A + 249B)sin(0/2)]
mxyy=(-15/4)cr'l2 [ 25/r(A + 5B)cos(5£/2) + (100A2 + 51A//-249B/)cos(™/2)]
myxx =(+15/4) cr'lk [25//(A +5B)sin(5™/2) - (100A/1+49A//-251B/@in(0/2)]
myyx = myxy=(-15/4)cMfm [ 25(A +5B)cos(5#/2) + (51A+251B)cos(<9/2)]

mm = (-15/4) cr'm [ 25//(A +5B)sin(5£/2) + (IOOAA + 151A// + 251B//)sin(0/2)]

du A
Calculation of the subterms that compose the term R D(——

CALCULATION OF R

RX=nNxnXmxxx =+ Nxnymxyx + nynxmyxx +nnm.
=cos‘ 0 +c0sOsin® + sin©®@cosOmyxx + sin2O@m
Finally, Ruvis:
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R, =+(15/4) c r'll2cos(#/ 2) (-2)[(1L3A+63B) u + (50A2 + 49A// - Bu)cos 0]

=> R, =(-15/2) c r"ll2cos(#/ 2)[(L3A+63B) u+(50AA + 49Au - Bu)cosO]

CALCULATION OF R,

Ry=nxnxmxxy +Nxnymxyy + n,nm . T BRuByy =

=c0os29mixxy + cos9sin9mixyy +sin#cos 9myxy + sin19myyy =

=cos?2 O™ +cos<9sin(9 + wwv) + sin29myyy

The final form for R,is:

Rv=(-15/2)cr'l2sin(0/ 2) {50A/1 + 63 (Ap + Bu) + (50A2 + 51A// + B//)cosO0}

Calculation of the partial derivatives of the displacements

Before continuing, it is presupposed to determine the following partial derivatives:
dux d2ux d2ux du_ d2u_ d2u

X X X an 7 7 7
dx ' dx2 ' dxdy dx ' dx2 ’dxdy

CALCULATION OF THE PARTIAL DERIVATIVES
dux d\ d\ and duy d2uy d2uy
dx ’ dx2 ' dxdy dx ' dx2 ’dxdy

DEFINITIONS OF u and u.
ux = (-5/2)r3l2 [(49A-251B)cos(3 @/2) + 75(A + 5B)cos(0/2)]

uy = (-15/2)r3l2 [(17A-83B)sin(3 ©/2) + 25(A + 5B)sin(<9/2)]

(K
dx

q =(—)rl2cos(0/2)[ (49A-251B)+25(A +5B)(2cos ©+1)1
X 4
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dx?

(-y)r'i2 cos(#/2) {(49A-251B)+25(A + 5B) [3 + 2cos © — 2cos(2 0)]}

d\
dxdy
= (> ) r'i2sin(#/2) {(49A-25 I1B) - 25(A + 5B) [I + 2cos# + 2 cos(2#)]}
duv
dx
‘;“y = (-y) 12 sin(#/ 2) [3 (17A-83B)+25(A + 5B) (2 cos 0-1)]
X
d2uy
d2uy ( 15) .
+§ rd4/2sin(6» / 2) [3 (17A-83B)+25(A + 5B) (-3+2 cos 0 + 2 cos(2#))
dx2
d\
‘ dxdy
d2uy _
(151
dxdy
2 2 :
Calculation of D =n. QA + n,,—q——l{ = cos%@A+ sinf;:l—(]lzur
dx dx? y dxdy dx dxdy
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{du *

D = (-——)Tm cos(0/2){(37A-63B) + 25(A + 5B)cos0|
v dx

fdu * d2uv d2u. d2u. d2u,
Calculation of: D =NX—T-+ NV — = cos#—’\—fsm#— J
V dx J dx2 y dxdy dxdy

rdu’ d2u,, d2u,,

D = cosH#—; f-+ sin#— —

v dx J dx? dxdy

(duA _ s
D = (-——)r"li2sin(#/2){(13A -187B)+25(A + 5B)cos£}

1dx)
du d
At this point, each one of the terns RX,D( } y,L)( L&A has been
I dx J |& J
calculated. The next step is to estimate the products:
du d
(@duy) o (dyA

“rao U 1& )

Calculation of the product: Rv D
v dx J

AUA
R n )
vV dx j

(481 A2 +1512AB -3969B2) u +
T7s,
= (-----)cr'cos2(6>/2)  +[(1 850A2 - 3150AB) A + (2138A2+76AB + 7938B2) 4] cos6> -
8

+25°50(A2 +5AB)T + (49A +244AB-5B2)//Jcos) 0

duyA
Calculation of the product: Rv D q
X

)
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fdun
R, D

\dx ;

(650A2 - 9350AB)2 + (819A2 -10962AB -11781B2) i +
99S
= (")er-'sin2(0/2) +[(I900A - 3100AB)A +(2238A1 - 74AB+7688B2) 1) cos# +

+[(I250A2 +6250AB)A + (1275A2 +6400AB + 125B2)// cos2#

1.3 Terms Pz in Ji

Calculation of terms P.

Kdx j
A . . . .
The term P. is expanded this way, following the summation convention:
v dx j

Its definition is:

P- = np (Tpz - drmrpz) — Dp( «r*pz) + (Djnj) ppz —

np*pz-npdrmrpz  — Dp( «f™rpz) + (Djnj) nrnPm,

CALCULATION OF Pv

P* = npTpX—npdrmiPx — Dp( ”rm,px) + (Dj’i) nr’lpmrpx

= npTpx-npdrmmpx - Dp[ nrmrpx) + (Djitj)) Rx =

=nSxx-nxdrmmxx ~ Dx( nrmrxx) + (O,n,) Rx +
nyTyx — <<J A"\ — Dy ( «,-%*)

= (NXTxx + nyTyx)-[Nxdrmmxx + nydrmiyx)- DX( nrmrxx)+ Dy ( nrmryx) + (£>/?,) R,
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= («/\* +nyTy*) — )-[A( O+ Dy{n/nvt)* +(DJInJ) Rv-

(<A +TTA'NV) - [A(<Yy''V)+ Dy ( nymm )] =>

nxdxmxxx +nydxmxyx + A(NNT+HEN")+

(rl'lw +Wyryx)_ -
+nxdymyxx+nydymyyx + A ( rxmxyxenymimy

+(A=a)rt

For practical reasons, the first set of terms wil be referred to as Subterm A of Px
the second as Subterm B etc, following their order of appearance in the above
expression.

The full term Pv, consisting of the Subterms A, B, C, D, is going to be muiltiplied

du
by the derivative of the appropriate displacement (either by F_ for the Jr
X

3u
Integral or by F— for the J2-Integral).
y

Its component + nyTyx) (Subterm A) is ~ rVv2,
A
The product (nxr +n T )—*-i/l ~r'/2 rvl r&® —r2 — 0 for r—>0.
v 7 oX
Consequently, this Subterm’s integral will be 0!

CALCULATION OF SUBTERM B:
+nxdymyxx+nydymyyx

nxdxmm + riyd.m” + nxdymyxx + nydymyyx =

n d .
= COS# cos#d— MIXX-----=-===----- mr +sin# costr——">
P

. d cos# d . . d cos# d
+Cos# smB-m”~™+————myxx + sin#
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2/, d cos#sin# d . » d sin # &
= COS#—m, X~ mxxx + sin(9cos# m__
dr r o0 5r ~ r 5#
, . nd Cos2# O . 2N 5 COS#sin# o
+cos#sin# — S m,,r+sin #2=—m.,,4 =
r 66 ~ dr m r 36 m
.2,5 . d cos#sin# d d
1 COS #—~—Wyy + sin#cos#
dr drmxyx + dr"lyxx_ r 606 “° demyyx_
sin"# o cos2# o L 2.5
W™, 4 -lw,w+sin #—w
r 66 ~ r 060 yx dr m

Finally,
Subterm B of Px =(+15/8)c// r'3/l2cos(#/2)[200(A + 5B)]

DX( nxmxxx-+nymyxx) +
CALCULATION OF SUBTERM C:
+ Dy( nxmxyx+nymyyx)

Subterm C can be decomposed in two parts : DX[ n/n™ + ) and

Dy ( nxmxy*—-+nymyyx).

First part: Dx ( nxmxx + nymyxx)

D-( l:‘lx'rl}(xx +ny myxx )_

— dax ( + Ny myxx ) —n*D( NXMXXX+Nymyxxi

= dx (<MY« + ) ~ nx Hr dr ( nxmux +n/Tyny =

= 5%( NXMXXX + NyMmMyxx H 5%( nxmxxx + nymyxx ) + nydy( NXMXXX+Nymyxx)
- 9*( nx mxxx +nymyxx nxmxxx +nymyxx D -nxnydy[ NXMXxXx +nymyXX) =

=0l — nx )5* ( nxm*xx + nymyxx) "" nxnydy nx™xxx + nymyxx) =

= (I - cos2 #) dx ( n=>><<+ nymyxx) — cos # sin # dy ( + nymyxx) =>
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=> Dx( NXmMxxXX+nNymyxx) =

= sin26*3x(cosOTU +sin cos# s,\n\6dy (cos#/?”™ + sin#tf7>xt

Second part: Dy ( nxmxyx + nymyyx)

Dy ( nxmxyx-+nymyyx) =
=dy( +nymyyx)-nyD( MMy 1y My
=d>( -y Ny Ol % wx  y yyxJ
—rw n, dy | N My, 4 nymyyle
—1 iy By gy Sy
= (\-ny2)dy( «xxm” + nymm)-nynxdx[ nxm” + nymm) =

= (I - sin2 #)dy ( nxTu» +nymm)—~sin# cos # dx ( njN”™ + nyi™x):

=> Dy ( nXxmxyx+nymyyx) =

= cos2 # dy (cos# m~” + sin ™) — sin# cos # dx (cos# m~” + sin Omm)

Finally, Subterm C of Pv in its most compact form becomes:

100A/L(-I + cos#) +
Subterm C of Pc= (+15/8) ¢ r'32 cos(#/2)¢ +Au (-174 +98cos O) + >
+B/i(-374 - 2cos0)

CALCULATION OF SUBTERM D: (Djnj)Rx

{DjnPHRx={°/\ + Dyny)Rv

Each one of Dxitx,D nvm\\ be estimated separately.
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D*nx = 5x («xX) — n*D{n*) =A (O — n*nrdr (»x) =
=dx inx) — n* [« A («X)+<«<A A)] =

=5x K) — «XA\ («X) - «X«<A K)=

=fl - A)5) («X) — «xX«<A K)=

= (I-cO0s20"0X (Cos#)-cOos# sin #5/ (cos#)=>

=> Dxnx = sin2 # dx (Cos#)-cos#sin#5 (cos#)

In the same manner,

Dyny =dy(ny)—nyD(ny) =3y (''y) — <, <A ('y) =
=dy(ny)—ny [""X5x (ny) + nydy ("y )] =

= dy (ny)— nyn*d* ('ny) “ n=2dy ('ny) =

= Q\—ny2)dyy)-nynxdx(ny) =

= (I-sin2 #)S” (sini’j-sin*cos"S™ (sin#) =>

=> Dyny =cos? 0 dy(s\ne)-sm9cos,edx (sin#)

cos? 0
Dyny

The sum {Djrij) = Dxnx + Dyny leads to:

{Djnj)= Dxnx + Dyny =

sin2® cos20

Eventually, Subterm D of Pv takes the form:
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[DjUj) Rx = [Dxnx + Dyny) R

Having estimated all Subterms of Px, its full form can be acquired. First, the sum:

Subterm B+ Subterm C will be calculated.
Then, Pt= -( Subterm B+ Subterm C) + Subterm D.

CALCULATION OF SUM: SUBTERM B+ SUBTERM C

Subterm B+ Subterm C=

100A/1(-1 + cos0) +
= (+15/8) c 32 cos(<9/2)< +A//(26 +98cos  +>
+B//(626-2c0s6))

CALCULATION OF SUM: -(SUBTERM B+ SUBTERM C1+ SUBTERM D

Now,
-(Subterm B of Pr+ Subterm C of Px) + Subterm D of Px=

=>-(Subterm B of Px+ Subterm C of PJ + Subterm D of Px=

f-100AJ, + 78Au + 878B// + 1
=(-15/8) cr cos(g/2)|+(3(JOA™ + 294A/<_6B/|)cosg]|

It should be reminded that Pt also contains the term +nyTyxy The full form

for Pt is:

Px=(nxTxx+"yTyt) +
[-100A/1 + 78A// + 678B// + |
+(-15/8) cos(™/2) | +(300aA + 294A// - 6Bu) cos 0J

du » / \
The product PY (g—)should now be estimated. The component [M™+n 1T )
ydx

of Pt will not be included in this estimation of the product (since this term, after

being integrated, vanishes for r-»0).
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Calculation of the product: P, ‘Has

v dx ,

(ao
, dx

f-IOOAA + 78Apn + 878B// +
(-15/8) c r'32 cos(#/2)
j+(300A/I + 294A//-6B/)cos#

‘(-—)rmcos(<9/2) [(49A-251B)+25(A + 5B)(2 cos ©+1)] =>

(+225/32) cr'l cos2 (0/2)-
(-7400A2 +12600AB) A + (5772A2 + 55144AB -110628B2) U +
+[(1 7200A2 - 62800AB) A + (25656A2 + 25912AB + 220256B2)//]lcos 0 +

+ 15000(A2 +5B)A + (14700A2 +73200AB-1500B2) /zjcos? ©

CALCULATION OF P,

P, = npTpy-npdrmmy - p5¢ nrmmy ) + (Djnj) ~rp™ipy

= npTpy ~Npdrmmy - Dp (nrMmy) + (pypiy Ry =

NSxy-nxdrmrxy —~ A( nrmrxy) -+ (Djnj) R> +

nyTyy-nydrmryy ~ Dy( nrmryy)

[nxTVv +nytrt) ~{nxdrmny +ny3viu) - = (( rrmow> + A\ nrmnyy) +(CXN) R, =

= [nJxy + nyTyy) -[nxdx + nydxmxyy) - A N.MAY 3+ DA nemxyy) 3+ (CADIR, -

— (3. g+ Ny 3ymy,, - Dy + Dy rymum J=>

y yxy } y yyy.

\ | nxdxmxty +nydxmxyy+~ > NXMXXy+nymyxy) +
My + NpTyy | —
_+nxdymyXy +nydymyyy_ +D, ( Njn™+riymyyy)
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The process followed for the calculation of Pv will be performed for the

calculation of Pv, too.

The term (nxTxy +nyTyy) (Subterm A") is ~ rl'2.

The product +nyTyy™-"LdY ~rvirvird6—r2->»0 for 0.

Consequently, this Subterm does not contribute to the final result.

n*dxmxxy -++nydxmxyy +
CALCULATION OF SUBTERM B’
+nxdymyxy+nydymm

nx~Axmxxy + nydxmm, + nxdymyxy + nydymm

J nd sin# d . Ad sin# d
=cos™ cosO— MmN -l-sin#
COsefrm->>- Mm™
. d cos# d . . _d cos# d
+COSH# - + sin#
smee;m*+—-reem’”’
2n d cos#sin# d . n nd sin2# d
= cos - —— — —mv+smeeO0Se —mvr- —m,, +
. . D cos2# d . . 2n 8 cos#sin# d
+cos# sm#—/myxy --------------- +sin #—m,,,, H —m
dr r 9% w dr W 5 W
nxdxmxxy + nydxmxyy + "xdymyxy + nydNyyy =
9 0 . 5 9 cos#sin# d
1C0S #—m  +sin#cos# FFLWVI,
dr [dr™ T™* d rmyxy\ r att ™  a#

sin2# d cos2# d
-m,,,, +- +sin?35m
r a# w r a# w dr W

Subterm B’ of Pj, = (+15/8)c//r3l2sin(#/2)[200(A + 5B)

- : . _ o -32-
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A( nxmxxy + nymm,)+
CALCULATION OF SUBTERM C.

+ Dy( +

The decomposition of this Subterm in 2 parts gives: Dx[ nxmxxy + rivmvxy) and

A( "xyy+nymm).
Eirst Part: A ( )

A( NSOV NNy XYM

= A ( NxX™xxy + nymyxy )— NMXO( WXXy + nymyxy) =

= A ( NXMXXxy + nymyxy A ( ) =

=A ( n*mxxy + nymyxy) ~ A ( »xxxy +nymy*y) F ny Ny ( x™Mxxy + "yMyxy )] =
= A ( nxmxxy + nymyxy) — n>dx ( nxmxxy + ny™yxy ) — ""*<<A ( + nymyxy ) =
=(1_n* )A( + «vmwv) —Njiydy ( njN™ + nymww) =

= (I - cos2 8)0 ( Njn™ + nyTt™) - cos 0 sin @ dy ( njmM~ + nyrm) =>

N=Dx{nxmxxy+nymyxy) =

=sin2 O dx ( NjN”™ +nymyxy) — cos £ sin @ dy ( n=><+ nymyxy)

Second part: Dy ( nxmxyy + nymyyy)

Dy ( nxmxyy-+nymm) =

= dY (Mxmxyy + nymm d)—nyD( nxmxyy-+nymyyy)

_nynrd'( X ny+ y yyyl)

_n{\) ngdry xyy y yyyld

“dy( NXMXYy+ - npdy ( N+ - nXmxyy-+nymyyy) =
=[\—ny2)dy[ + nymm)-nynxdx( nxmw + nymyyy) =
= (I “ Sin2 6) 3y ( NnxXmxyy + nymyyy) “ Sin ACOS O dx ( + ny“"yyy) =>
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=> Dy ( nxmxyy+nymyyy) =

=cos? 0 dy ( nyn1™ + nymm) - sin@cos © dx ( n=><<+ nymm)

Having calculated the partial derivatives of suml and sum 2 with respect to x
and y, the full form of Subterm C' of Pv can be reached.

Finally, Subterm C' of P in its most compact form is:

100A/1 cos<9 +
Subterm C' of P = (+15/8)cr sin(#/2) +(-74 +102cos0)Ap +
+(-374 + 2cos O)Bp

It should also be reminded that Pv has a component {nj™+riyTy”. This

component’s order of r, after the integration, is greater than zero, which means that
this term does not contribute to the final result for the Jrintegral.

CALCULATION OF SUBTERM D: (DjHj)RYy

It has already been shown, while calculating the Subterm D of Pt that the operator

(Dj nj) is:
(DJnj) = Dxnx+Dyny =
:_S_I_I’Ig_Q +_(_:9_S_2__9_: _l:>
r r r

In virtue of this, Subterm D’ of Pvis:

Subterm D'

With all 4 Subterms of Pv estimated, the full form of Pt can be acquired. First, the
Subterms B and C' will be summed. Then, Pv=-(Subterm B’+Subterm C’)+

Subterm D’.
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CALCULATION OF SUM: SUBTERM B+ SUBTERM C

Subterm B+ Subterm C-

=(+15/8)c//r32sin(#/2)[200(A +5B) ] +
100A/1 cos# +
+(+15/8)cr'32 sin(6»/2) +(-74 +102cos B) Ap +

+(-374 +2cos 6)Bu

100AA cos O +
Subterm B+ Subterm C'=(+15/8)cr"3/2sin(#/2) +(126 + 102 cos<9)A// +

+(626 + 2cos0)B//

CALCULATION OF SUM: -(SUBTERM B+ SUBTERM C’)+ SUBTERM D'

Subterm D' is: where Ris:

R; =(-15/2)cr'li2sin(#/ 2) {50A/1 + 63 (Ap + Bu) + [50AN + 51 A + Bu] cos 0]
Then, -(SUBTERM B+ SUBTERM C’)+ SUBTERM D’, which is:

100A/L cosO +
(-15/8)cr'32sin(6>/2) + (126 + 102cosf?)A/l + +

+(626 + 2cos<9)B//
+(-15/2)cr'3i2sin(<9/ 2) (50A/1 + 63(Au + Bu) + [B0AA. + 5\apu + B//]cos#j =

4-50AN + (126 + 4-63)A// + (626 + 4-63)Bu +
(-15/8)c r3i2 sin(6>/2)
+[(I00 + 4-50)A2 + (102 + 4-51)A// + (2 + 4)B//]lcos<9

i200A/1 + 378Au + 878Bp + 1

- (-15/8)c '3 sin(#/2)
+ (300A2. + 306Au + 6B//)cos”|

=>-(Subterm B’ of Pv+ Subterm C' of Pv) + Subterm D' of Pv =

j 200A/1 + 378Au + 878Bu +
=(-15/8)cr-3/2sin(6»/2)
j+(300A/I + 306Au + 6B//)cos<9
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Py includes the component ( 1, so the final expression for Pvis:

200Ayl +378A// +878B// +
) +(-15/8)cr'32 sin(#/2)
+(300AA + 306A// + 6B//)cos<9

The component's {nxt +nyt}™ order of r, after the integration, is greater than

zero, which means that this term does not contribute to the final result for the
Ji-Integral.

Omitting + nyryy\, the remaining Pv is:

?y= (-15/8)c r'3l2 sin(<9/2)[(200A2+378A// + 878BL) + (300A/L + 306A// + 6B//)cosO]

duv
P will be multiplied by —-,

dx

-A=(-H)y/2sin(<9/2)|~3(17A-83B)+25(A + 5B) (2 cos ©-1)1
ox 4 L J

= (—)rl2 sin(6>/ 2) [(26A-374B)+50(A + 5B) cos O]

This product is:

= (-15/8)c r'32 sin(5/2)[(200AN+378Apu + 8785//) + (300AN + 306A// + 6B//)cos 6\
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fdut A

up,
v dx j

(5200A2-74800AB)/i +

+(9828A2 -1 18544AB-328372B2)//

(17800A2 -62200AB)/I +

= (+225/32)c 1" sin (<9/2) + COSso0 +
+(26856A2 + 24112AB + 217256B2)//

(15000A2 +75000AB)/1 +
cos2 0

+ (1 5300A2 + 76800AB// +1500B2) pi

1.4 Integrations in Jl

The Ji-Integral can now be formulated, by integrating its parts in the interval
[-mt, .

Integration of Wterms in Ji

Term W1
This integral is zero, due to the order of r (vanishes at crack-tip).
Term W2
This integral is zero, too, for the same reason.
Term W3
Bearing in mind that: dy=n-i dT= cos0 dI~= cosO r dO= r cosO0 dO0, the value of the
definite integral is: (in the interval [-11,1T])

ds, dsyy ds, ds

|- + -+- ¥ dy=f (140625A] r’*rcos"d#!'
dx dx dy dy

= 140625A2 Jf cos# d# = 140625A2 [siNn™]™ = 140625A2 [sin;r-sin(-;r)] =

= 140625A2 [0-0] = 0 =>
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+ dy=0

Term W4

Term W4(a)

inn>]*-

- r f ¢~ /2c05(<9°2) [5°0A +5B) (cos© - cos(2 8)) +124(A+B) T COS#HA#

dy="—(149A+249B) m
£ dx 128
Term W4(b)
2
rf de*y dy=
J-m dx

=£(( g J r'i2sin(#/2)|"-50(A + 5B)(cos # + cos(2(9)) + (24A+124B)j | rcostfdtf:

% dy=-"22 (40A+2498B) *
= +
M dx Y 128
Term W4(c)
¢, g
y:
1:*l dx
15
f +- r'12cos(0/2)[50O(A + 5B)(cos®—cos(2<9)) + (-76A+124B)J rcos6*do
r dy=———(17A- 83B)2;t
in, 3 128
Term W4(d)
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dgX
- %

dy=

£[(— rli2sin(672)[-50(A + 5B)(cos6> + cos(20)) + (24A-376B)] r costed#;

Term WA4(e)

2
(* f d£xy

dy=
J-1t dy

mj 8 r-J/2cos(6'/2)[50(A + 5B)(-cos6' + cos(2)) + (76A+376 B)] r cos6d9.

og,, A
Y dy=——(51A+251B) T
dy 128

Term WA(T)

dg, A\
- Syy dy:
IA dy

=jj ty) rl/i2sin(6V2)[-50(A + 5B)(cos0 + cos(20)) + (-176A-376B)] r cos(9d(9:

m (d¢ 7

273 9
Yy dy=------- (151 A+251B)“ 1t
dy 128

By summing the results of the integrations of the W terms, we get:

f Wdy=f W rcos(9d# =

J-1t J-Tt

=0+0+0+

+——(I49A+249B)2/\ + 2i-————(49A+249B)2 -1 + "M(17A-83B)2™ +
128 ( 128 ) 128

( 225/ A 225) . ...n ( 225
-------- (49A-251B) m +2-22 (51A+251B) mt+ (151A+251B)) 1t
128 ) 128 128
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Wdy=0

This means that W does not contribute to Ji. Furthermore, we notice that, when

integrating the squares of the strains' gradient, we obtain 6 non-zero terms,
whose sum, though, is zero!

Integration of Ra terms in Ji

d N
R, D Y rée =
dx

(481A2 +1512AB-3969B2) +

(I850A2-3150AB)/I +

= [ (+225/8)cr"icos2(6,/2) * cost?+  qe
-1t +(2138A2+76AB + 7938B2)//
50(A2+5AB)A +
+25 Ccos20
+ (49A2 +244AB-5B2)//
Ndu ) 5625
= d+=---- CTT | 124(, A2+B)/t+(173A2+368A - 5B2)//
b R ey T LIRHARTRYTE )

and additionally,

fduy?
IR Dfijuy]dr: [RyD
dx) y \]

(650A2 -9350ABuU +
+(819A2 -10962AB-11781B2)// +

(1900A2 -3100AB)/I +

= £ (+225/8)cr'sin2#/2) COS0+  14e.
+(2238A2 -74AB+7688B2)//

(1250A2+6250AB)| +

cos20
+(1275A2 + 6400AB + 125B2 )
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du A r/xar
£ryD (’\b r=-/\-/\<1:g\-[|245 B2//-A2(26A + 27//) + AB(374/1 + 618//)]
V dx J

on fdu ~ 1T, _5625
| R.D == o [26A1 -374AB)/I + (27AL -618AB-1245B2)

I dx 7 16

Integration of terms in Ji

& du m du, A
& p (U oo ¢ g (AUh g
J* NdxJ 1T gx)

(-7400A? +12600AB) 4 +

+(5772A2 + 55144AB -110628B2) U

(17200A2 - 62800ABj 71 +
|~_n (+225/32)cr-'cos2(0/2) + cosO+ r Ao
y +(25656A2 + 25912AB + 220256B2) p

15000(A2 +5B)/1 +
+ cos2 0
+(14700A2 +73200AB-1500B2)//

5625
£P (" ldr= ~9CA-[-25B1// + 3A2(58/1 + 173//) + AB(374/1 + 2094//)]:
X

pm i 5625
(dU/éﬁ’\ ------- . (1 74A2 + 374AB) /1 + (519A2 + 2094AB - 25B2) i\
LPXy gx | 16
and also
du "duy
réde =
dx

r 5200A2-74800AB)A +

+(9828A2 -118544AB - 328372B2) y

+

p7l \(17800A2 —62200AB¥1 +
an (+225/32)c r' sin2(#/2)< + cosd9+ r Ao
+(26856A2 + 24112AB + 217256B2) y

(15000A2 +75000AB)/I +
Ccos2 0
+ (1 5300A2 + 76800AB// +1500B2)//
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[ Pv dr=~"c/[-8725B2/ + A2(76/1 + 81//)-4AB(3U + 461//)

rx _ (duyA 5625
P Yyar==--= cn  (76A2 -124AB5U +{81 A2 -1844AB - 8725B2)1
y | J 16 A \ J

*

™\

The total sum for Ji is:

du, fdu: A
A = | wWdy-P,-*rfr-R,D dT
Kdx J
(dii } (duy)
. dT+R D dr
=JwdkrH1 p--"I+p.'%0 —;IR>B{dXJ Y71 ax J

5
C7T[(1 74A2 + 374AB) 1 + (519A2 + 2094AB-25B2)// +

5625
t CM(76A2 -124AB)™ + (81A2 -1844AB-8725B2)//

5625
-ort 124(A2+B)/l +(173A2+368A-5B2)//
5625
h————i—é——on (26A2 - 374AB) /1 + (27A2 - 618AB -1245B2) p
)y =-140625cM-[-25BV + A2(A+2/N)] =

= -140625c;r AvL +(2A2-25B2)//

A2—+(2A2 -25B2)
b\ /
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CHAPTER 2
THE J2-INTEGRAL

Presentation of the J2-Integral

Another path independent integral is J2. J2 is defined in this way:

du.
f Wrur/T-P dUgdT -R D ! dT =>
g 2 ]
o du (du A
j% = j WsinNi/l'- P qdT - R7D dT
d .
r q y J

Physically, this indicates the propensity of the crack-tip to shift parallel to the
crack. J2 is also a path independent integral [Georgiadis H.G., Grentzelou C.G.,
(2006)].

21 Terms Win J2

Calculation ofterms W

W is the same for Ji and J2. The only difference is that W is multiplied by cosO
in Ji and by sin0 in J2.

2.2 Terms Rqin J2

dug
dy

Calculation of terms R, D

du,,
D ( ) is literally:

<1 Vy
rdua> fdu, A (duA
=R,D +R. D

1cp; {Idy)

The terms Rv,Rv are identical for Ji and J2.
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Additionally,

A \8nAN\
T dux —n d, :rWdX(dUXI+ 9 n
{tvi \] \] oy
d2ux d2ux - d\
=n --—- -—+n,—F = H + sin#
dxdy vy dy2 xdy dy?
and
T 8uy) dun f&O fduy\
D =n d =nv 3T +ny'5y I J
{ay %) Ldy 8y
d2u,, 32w, i d2u, - duwy
=ny -+n. = cosO—"-+ sin$-
dxdy vy dy dxdy dy?

These two expressions can be estimated only after calculating the partial

2 2 du d2uv  d2uwy (dy)
derivatives deur dz2ur (for D( Y ) and--—--- -, —F (forD LS} )
dxdy ' dyl dxdy  dy?2 J

Calculation of the partial derivatives of the displacements

1 d\
dxdy

d2u
The derivative —C—i——a— has already been found to be:
xay

1 1 =(-Y)ri2sin(£/2){(49A-251B) - 25(A + 5B)[l + 2cos0 + 2 cos(20)]}

' dy

WP- = (-y)ri2 sin(0/2)[-(49A-251B) + 25(A + 5B)(3+2cos0)]

p2. hC _
W r=(+y)r'icos(0/2)[(49A-251B) + 25 (A + 5B) (-5+2cos e — 2cos(2 0))]
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This partial derivative has already been found to be:

d2uy _ ( 159

dxd r'l2 cos(t9/2){3(17A-83B)+25(A + 5B) [I - 2cos O + 2 cos(2£)]}
xay

duv

dy

du
y = (-"™)r,2cos(0/2)[3(I7A-83B) + 25(A + 5B)(3-2cos£)]

a? 1
UF = (-y) r'12sin(0/2) [3(17A-83B) + 25 (A + 5B)(5+2c0s0 + 2c0s(2<9))]

. Adu A i 2
Calculation of 2) " "= ny daii_ . d2ur

fdu A YIS 52p) o2/ . teYAVA
D =ny. ." +n,"-A=cos# . +sin6l-
VaTy dxdy y dy? dxdy dy?
fdu, A ]
D = (——)r-12sin(™/2)[(IBA+313B) + 25(A + 5B)cos”']
V ov j
. duy d2u. d2u d2u d2u,
Calculation of D =n. + N,—7r- = COS6*—-"- + sin#-
~Sy dxdy " dy dxdy
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D ' =(-™Mr"12cos(0/2)[(63A+63B)-25(A + 5B)cos6>]
a1

So far, all those terms which contribute to:
A duA
(du R n(dUXA+RVD(

{&) {dy j {dy)
have been obtained. Following these, the products:

RqgD

R n"9YA ang

J
N

duy” . .
RyD will be acquired.

v v
. du *
Calculation of the product: RXD (
V& j
(du A
n
v ooV
(1 69A2 + 4888AB+19719B2) i +
(650A2 +15650AB)/I +
(- )cr'lcos(6,/2)sin(61/2) + c0s<9 +
8 +(9624A2 +18524AB+7562B2) u
(1250A2 +6250AB)/I +
COos26*
+ (1225A2 +6100AB-125B2)//
. dun
Calculation of the product: rRvD " "
\dy j
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rduA

R,D
vy
3150(A2+AB)/l + 3969(A2+2AB+B)! U +
ns (I900A2 -3100AB)" +
= (h )Cr~'sin(#/2)cos(#/2) CcOso-
8 +(1638A2 —6174AB-7812B2)/y

-25750(A2 + 5AB)/L + (51A2 + 256ABy + 5B2) /*\cOS26>

2.3 Terms Pz in J2

A
Calculation of terms P. Au .
A |

Au. A

can expanded in this manner
v "\

AUA (duA | (duA
=1 {al ga

?x and Pv are identical for J1 and J2

P

The components of Px, P" that vanish at the crack-tip (r—>0), after being
(duA
Py

integrated, will not be included in the products Px idUA and ¥
Aj KAJ

Calculation of the product: P AUA
v A\,

It has been calculated that:

= (-™)rl2 sin(™/2)[-(49A-251B) + 25(A + 5B)(3+2¢c0s6,)J

or by performing some manipulations, one obtains this equivalent form:

AL = (-7M)r,/2sin(*2)[26A+626B + (50A + 250B)cos’]

. d .
Forming the product Y we acquire:
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dy
(-2600A?2 -62600AB)/I +
+(2028A2 + 71656AB + 549628B2) 1 +
(2800A2 +162800AB) 2, +

)cr' cos(0/2)sin(#/2)< €0s<9 + L
+ (1 1544A2 + 247288AB + 215744B2

15000(A2 +5AB)/I +
C0s20

+(14700A2 + 73200AB -1500B2j

Calculation of the product: P
V9% J

du
The partial derivative F-is:
y

dduy - (.11) ri2cos(0/2)[3(17A-83B) + 25(A + 5B)(3-2cos#)]
Yy 4

or, equivalently,

N=(-"™)r"2cos("™2)[I26(A+B)-50(A+5B)cos0]

fdu "
The product P finally becomes:

\dy j
duy
v o]
252008(A2 + AB)/I +
+
+(47628A2 +158256AB +110628B2) L
775 (27800A2 -12200AB)T +
= (+—)c r'lsin(#/2)cos(<?/2) + COs# +
+(19656A2 -99088AB-218744B2)//
-15000(A2+5AB)A-
+ €0s20

-(1 5300A2 + 76800AB +1500B2 )
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2.4 Integrations in J2

J2 can now be calculated, by integrating its parts in the interval [-m, m].
Integration of Wterms in J?
The terms consisting W are multiplied by sinO.
Term W1
This integral is zero, due to the order of r (vanishes at crack-tip).
Term W2
This integral is zero, too, for the same reason.
Term W3
£ i i 7/ 5;;‘-* ggy" sin#dr=J (140625A2 r'rsinfM# =

= 140625A2 £ sinf? &6 = —140625A2 [cos#]™ = —140625A2 [cos;r-cos(-;r)] =

= 140625A2 [cos7r-cos7r] = 0=>

'mdg, Of ds, dc )
Y+ W sintMT =0

dx dx dy dy

Term W4

Term W4(a)
2

dzx rsinf?d6)=
dx

=£( (——)rlkcos(™/2)[50(A +5B)(cos6»-cos(27)) + 124(A+B)]j rsin0OdO =0

m (ftp .
r sinf?d6,=0
*£ dx J

Term W4(b)
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a8y hneae=
dx
£l i — | r"i2sin(#/2)[-50 (A + 5B) (cos© + cos(2<9)) + (24A+124B)] | r sin6a© =0
2
m(det
r sin8a 6=0
FHdx
Term W4(c)
2
TIEEYonese=
dx

J*¥11 +? r'll2cos((9/2)[50O(A + 5B)(cos0-cos(2#)) + (-76A+124B)] | r sinOdO

rrec 6svv)2 .
r sin#d <9=0
Jmy dx j

Term W4(d)

XXt sin0do=

J-7T

[11 Jran sin(6>/ 2)[-50(A + 5B)(cos © + cos(2#)) + (24A-376B)]  r sind# = 0;

2
oe 'l
pr (o, r sin*d6l=0
H J

Term W4(e)

m (o )

f r sin#d<9=
- dy

FC(—"r-/2c0s(./2)[50(A +5B)(-cos. +cos(2.)) + (7T6A+376 B)] r vnBab =0:

1 (O€ )\2
Pr ( r sin#d0=0
H o)
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Term WA4(f)

tn (O€
( W r sin<9d<9=
M dy

fJ 185 2 sin(<9/2)[-50(A + 5B)(cos6> + cos(2£)) + (-176A-376B)] r sin6,d6, = O:

2

m(od l
( SW r sin#d#=0

H dy )

We observe that W consists of zero terms.

Integration of Ra terms in J?

f R, DTAOar=r R n (i
J-Tt X J-1t {dyj

rd<9:

(I69A? +4888AB+19719B2)/2 +

(650A? +15650AB)/I +
r (+T)cr-‘cos(6>/2)sin(0/2) Ccoso+ rde - 0:
s +(9624A +18524 AB+7562B2) U

(1250A2 +6250AB)T +
c0s20
+(1225A2 +6100AB-125B2)/y

g R“0 dr=0

and

d du, A
R D( LSy)dr=f R D( y
I dy) Y 1y

rdo =

3150(A2+AB)T + 3969(A2+2AB+B)2/2 +
995 (1900A2 -3100AB)/i +
= (- )cr 'sinfA'/ 2) cos(<9/ 2) COS#- rae -o0:
Jmo g +(1638A2 -6174AB-7812B2)/i

25[50(a3+5AB)/1 + (51A2 +256AB/2 + 5B2)/u]cos2”
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Integration of Pz terms in J?

(GO dw
IMp, |dr=r p | T CE
J+if "N dy g "1 dy
(-2600A2 -62600AB)A +
+(2028A2 + 71656AB +549628B2) 4 +

(2800A? +162800AB)/I +

= [ (+—)cr- cos(0/2)sin(0/2) COS0+ rd6 = O:
32 +(1 1544A +247288AB + 215744B2)//

15000 (A2 +5AB)A +
€0S2<9
+(14700A2 +73200AB-1500B2)/;

(du A,
Qy
and finally,
du A m (du, A |
f P,( Y = P Y rae-=
Y ty) Y oy,

25200(A2 + AB)/I +

+(47628A2 +158256AB + 110628B2)//

(27800A1 -12200AB)2 +
= [ (+"-)c risin(#/2)cos(6V2) + 0086* + rd<9 = 0:
4% 32 +(19656A1 —99088AB-218744B2)p

-150006(A2 +5AB)/1-
+ cos20
-(15300A2 +76800AB + 1500B2)//

G
y{dy T
Noticing these results, we see that all terms in J2 are zero! This means that
there is no energy dissipation in the direction which is perpendicular to the

direction of the crack advancement!

J2=0
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CHAPTER 3

THE L-INTEGRAL

In general, there are 3 components of the L-Integral.
The L-Integral is defined this way:

Lk = F9% \n,Wxj ~prlli,xj +p.uj —R F=—=)X] + R,D{uj) —R,D, (u,)n, JrfT,

-
where k=1,2,3, ekjj is the alternating (Levi - Civita) tensor.

The L-Integral indicates the propensity of the in-plane turn of the crack-tip as it
propagates. It is also path independent.

For mode I, k=3 only.

Therefore,

- N KIN =
Ls - \]egy [NF—Xj — PnUn,iXj + P\/j — RnID{Un,i )Xj + RF’(Uj) R {Un ] -

v

= \]*31/ [PWXJ — Rnun>xj + RV, — RPLUn> )Xt + (W, ) - («,, K™+
v

+ j*

* ke N
32) [N2WXJ — Pnun,2xJ + P2Uj — R|=>{Un,2) / + RZD{Uj) RnDI (Un H ] r -

= J*311 [>>/\ ““ PnuUn,IXl + PXlIh — RND(UnA DXI+RI& («1) ~ RA («n)N| M +
o

+Je32, n2Wx] —p,un2xj + p2ul — R, D{un2”x1+R2D(iil"— R, D2 [un)«, J¢/T" +

r

H\WX2 —PnUn\X2 P\U2 —RnP (W»,1)*2 Rpi}2)— Rp~™ (MnN)"2 +

+ €59 n21¥x2 — P~ 2X2 TP2U2 — Rp (Wn2)*2  R2P(*2)— RnP2 (Un) W2 —
r(r

AN = 2% )= (W2 =\, ) + (P2 — "2W.) 1

=x ~Rila{k,. )7 - ]+ R,DW2)~R2D () - T =

[A KK -A («)«<>]
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W(nix2 — n2xx) =  (uX]x2 — ul2xx) + P2 (U2Xx2 - u22xx)] +
+([Ju2-P2U\)-

~[N[DKO™_DML2Xi] + ~[D(*24)*2-DMm)-*]_ + 9V
+[RxD(u2)-R2D(ul)]—

[i?, [A (m)N2 - A W, )«,] + R2 [a (U2)n3 - D2 (ut)ni]]

and

{nxx2-N2xx) = cosPrsmP- sin~rcos”=0!,
Pr (uxxx2 —uX2xx} + P2(u2Xx2 -u22xM- r3 +rl —» 0!,

(Pxu2 — P2ux) ~ r3 + P -» 0!,
Ri DWu)x2 —-D(u>X2+A D(u2X)x, - Z)[u22)xiJ ~rl—> 0,
RID(i/j) R~D(ix)] P — 0,

R1[Dx(ul)n2-D2(ul)nx* + R2[DI(u2)n2-D2(ux)n1]*~r1~O\
Consequently, (in the limit r—>0)

13=0

The physical meaning of this is that the mode I crack in strain-gradient
elastic materials propagates on a straight line.
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CHAPTER 4

QUALITATIVE EXPERIMENTS WITH TEXTILE
MATERIALS

Qualitative experiments have been performed so as to make evident if the
new predictions for the mechanical behaviour for materials with microstructure
are valid. The textile material which has been used is a common textile, easy to
find in the commerce, frequently used in military and other applications, used as
cover against weather conditions etc. and is of polyesteric composition. Despite
our efforts to collect more technical specifications about it, little information was
obtained.

The material consisted of a hexagonal braided fiber textile net, wetted by a
polymer marix.

The experiments have not been performed only once, but at least 3 to 4
times each. Three types of cracked strip configurations were selected, as shown
in the following figures. These are typical cracked configurations that are often
encountered in the fracture analysis.

On the following pages, cracks have been created and each specimen
was subjected to simple tensile load. For the specific material, cA ~ 1mm (internal
microstructural length). The specimens had a uniform thickness of 0.5mm and
were confined into transparent plexiglass plates to enforce plain strain conditions.

Note that the experiments indicate a cusp-type opening displacement near
the crack-tip, as predicted by the asymptotic theory (see Introduction for the
related shape of the opened crack).
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d = 10mm
L ~ 30mm
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d ~ 10mm
L=16mm
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d ~ 8mm
L~ 20mm
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CHAPTER 5
CONCLUSION AND DISCUSSION

The final result for the J-Hntegral is:

J, = -140625¢c;r A2A + (2A2 —25B2) //

J, = -140625c”-/Ir A2—+(2A2 -25B2)]
MoV >\

In this form, cA is the internal length, A and y the Lame constants (u is the shear

modulus).
The dimensions of these terms are:
c [m2],
A, B [m“1/2]
m?
VE
ad+vda-2v)_  2v
and the quotient —
i E —(-2v)
2(+v)
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Note that the present theory holds for E>0 and -1<v<]4. For the incompressible
case (v=14), see the analysis of [Shi, M.X., et al (2000)]

We can observe that the limit v->14 does not exist, which means that v cannot
obtain the value 14. Similarly, incompressibility cannot be achieved by using the
equations applying for the compressible model and solely considering v=14

The ~-Integral is always greater than zero. Equivalently,

A
A2-+(2A2 -25B2) < 0=> A2 2+ -25B2<0:

MoV vV M
A A
1A 2+—|<25B since: 2+—>0
H) nooJ
H oy g
5V A '
A A
12+— <B< 2+A
by dy u

But it has already been shown that: 19A/31 < B < -A/26, A<O.
Additionally,

and at the same time:
1/26<1/5, -19/31 <-1/5

This means that the inequality:

<B<

that determines the sign of J! is always correct, since 19A/31 < B < -A/26.
In other words, the physical intuition that: ~>0 always! is correct!

The positive definiteness of the Ji-Integral can also be proven as a result of the
minimum potential energy theorem, which gives positive definite energy release

rate [Giannakopoulos, A.E. et al, (2006)] and [Georgiadis H.G., Grentzelou C.G.,
(2006)].
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COD: crack opening displacement
tyy: local normal tractions
CA: characteristic internal material length

The related sizes stem from the numerical work by [Shi, M.X., et al
(2000)].

Certain investigators seem to be perplexed with the result that the
tractions close to the crack-tip are negative, suggesting an “unphysical’ situation,
and therefore are critical to the predictive capability of the model itself. We
believe that the notion of “unphysical” should be elaborated and in any case it
cannot be correlated with the negative traction in front of the crack-tip. Tractions
are themselves a mathematical description of the mechanical behaviour.

We believe that the real quantities entering the discussion of strength and
toughness are deformation and strain. These quantities are “physical” within the
present formulation, because they do not contradict fundamental topological
inequalities related to the crack-tip. Dilatation is physically the precursor of crack
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advancement. In addition, and as the present work clearly shows, the energy
released from the crack-tip advancement is positive definite, as it should be from
fundamental energy considerations. As crack advances, energy should be
dissipated. We conclude that the present model seems to adequately predict the
mechanics and physics of the crack-tip in materials that can be described in the
context of simple strain-gradient elasticity (composites, textiles etc.).
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APPENDIX 1
ASYMPTOTIC RESULTS

Before performing all the calculations already presented, the results
proposed by Sifnaiou in her Ph.D. Thesis were checked.

First, the eigenvalue problem from which the value w=3/2 emerged was
resolved. Next, beginning from the potentials ~and { ,a\\ relations used in this

work (displacements, strains, stress) have been obtained and proved correct.

To cross-check the results, the relations containing w, Ai, A2 Blt B2
which are also leading to the same expressions, were checked for consistency.
These relations were also correct, except from some minor errors concerning
signs.

These results are quoted below.

Lame potentials

= Ar5/2~rcos(50/2)-125cos(#/2)j

~(r,0) = Br5/2[sin(50/2)-625cos(0/2)]
Cauchy stress

XX — A [EXX+ Syy) + 2pen

Txy =

vy ~ ryy)

Dipolar stress
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o /- a .\ d d
mm=mm =cM—(dyux+dxiiy) = c—zyx=c—Txy
0 i 3

mm = "N[TNAN)) + 2fidyuy\ = c—Tyy

Displacements

_8p 9y _do>  dw
: dx dy N dy dx
Strains

= dxUx

Exy="{dyUx+dxUy) = £yx

£yy = dyuy

The expressions containing w, Ai, A2, B2 are (with w=3/2, A2= -125Ai, Ai=A,
B2= -625Bi, Bi=B):

ux(t,0) = Fe{[(w +\)(Al +B]) + Al - B2\cos[co0) + w[A? + ’2)cos[(iy-2)O0]}

(r, 65 = (< + )N + Bx)~ A2 + B2]0N(w0O) + w(A2 + B2)On[(w - 2)0}}

exx Ir’9) = r®~'<y[(ry —\){A2 + B2)cos[(a> — 3)6»] + (A2 + B2)cos[(cy —1)0] +
+[(ty + D4 +5,) + A2 -52]cos[(ii>-D"]]

{r,0) =gy (r, 0) = -To~1\{w -1)(A2 + B2)sin[(ry-3)6» +

+(ry + D", +5,)sin[(<y-D"]

s)y (r,0) = -ro~]w[(w -1) (A2 + B2) cos[(w - 3) 8] - (A2 + B2) cos[(w -1) 6] +
+H(ry + D(4 +B\)-A2 +i?2] cos[(cy— 1) M]]

rM(r,6») = 2r'~1&>[(Ey-1) (242 + 52)cos[(ry-3)6»] +
+ {w +\)(A\ +B))cos[(ry-D#] + 2(A + n) A2 cos[(<z>-1)6»]
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(v,0) = ) (v,9) = -2veApw([(w -1)(A2 + B2)sin[(a>- 3)0] +
+(0) + DA, +5,)sin[(iy-)O]]

Ty [y,0) = -21tw~Aw[p{w -1) (A2 + B2)cos[(e> -3)0] +
+ p(w +\)(A, + 5,)cos[(iy-D)0]-2(/1 + /) /i2cos[(Ey-1)<9]]

mxx (r’e) ~ Irrcco(w —\)[u(w - 2)(A2 + B2)cos[(ry - 4)8] +
+[(2A + 3)A2+uB2 + p(w + 1)(A, + 0])]cos|[(fl>-2)0]

mxxy (r, 0) = mxyx (r’0)=~2.ro~20pw(w -\)[(w-2) (A2 + B2) sin[(ry -4)0] +
+[(w +1)(4 +5,) + (A2 + B2)]sin[(fi> — 2) 0]

My (5VO) = -Irrcco(w-1) [ (ww-2)(A2 + B2kcos|[(ry-4)0] -
-[CA+ A2 —pB?2 -p(w +1)(A} + 5l)]cos[(ry-2)0]]

myxx(r,0) = -2r» 20w (w-D[p(w-2)(A2 + 02)sin[(iy-4)0] +
+[(2A + ) A2 —pB2 + p(w + (Al + 5l)]sin[(<y-2)0]]

myyx (r,0) = (v,0) =-2Ie 20pw(w - 1)[(w - 2)(A2 + B2)cos|(fi) -4)O]-
-[A,* B2-(w + \) (A\+ B\)\0oo¢&,[(w-2)0]}

mm (r, 8) - -2IrNw~20w(w —1)[-pu(w - 2)(A2 + B2)sin[(ry - 4)0] +
+[(2/1 + 3u)AZ + uB2 - p(w + ) (A] + 0D]sin[((y-2)0]]

The asymptotic analysis is based on the expansion of the displacement field.

Note that not all of the singular terms obey the boundary conditions at the crack
face [Mindlin, R.D., (1964)].

For example, mm (0 =0j -» 0, but mm [6 =0j + 0.

Also- (jy (8,Zi) O but Iy (B=0m) * 0
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This, however, does not invalid the J-Integral calculations. The actual
boundary conditions require more terms in the expansion, a feature that is
characteristic for materials that have internal length scales.
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APPENDIX 2
EXPLICIT CALCULATIONS FOR THE Ji-INTEGRAL

1.1 Terms Win Jl
Calculation of terms W

VKiis:
g, O
W = (\/2) (g, +£,,)2 +H(eR + 2exy+eRD) + (Ae/2) 5x W

G, " +2'55§7\2+(5€yy‘@+'58'1+2 3¢, +f5£ny

Ho
v 8 3 X X v N oy vy s

where the strains are:
exx= (-15/4) ri2 [ 25(A +5B)cos(3£/2) + (99A-B)cos(0/2)]

ev= (-15/4) rl2 [ 25(A +5B)sin(3£/2) + (A + B)sin(0/2)]

€,,= (+15/4) ri2 [ 25(A +5B)cos(3<9/2) - (101A + B)cos(0/2)]

For practical reasons we name the terms consisting 14/ as seen below,
following their order of appearance in the above expression.

- Term 14/1: the term whose multiplying factor is (M2) (Note that the respective
multiplying factors are not included. All results will be then multiplied by their
appropriate coefficient.)

- Term 14/2: the term whose multiplying factor is p

- Term 14/3: the term whose multiplying factor is (Kcl2)

- Term 14/4: the term whose multiplying factor is po.

Further, in the same manner, term 14/3, consists of the terms:

ogxx | dek

Term W3(a): 5
X
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og, O¢
Term W3(b): -+ W
dy dy

while term 1/1/4 of these:

Term IV4(a): dg.
dx

o IZE -
Term WA4(b): (without the coefficient 2)
Vo]

fos, N2
Term W4(c): ;W
X

)
Term WA4(d): Exx

\ J

de,\2

f
Term W4(e)\ q (without the coefficient 2)
Yy

(3¢
Term WA(: v
dy

In the expressions of the strains exy,e)y, r is of order Vz. Consequently, the

expressions (ANigN+g”) and pign™ +2gv+en) (terms W1 and U172

respectively) are of order 1. When multiplied by: dy=ni dV= cos# dV= cos# r d6-
r cos# dQ, r should become of order 2. So integrated along a curve I, which is
chosen to be a circle of radius r, then in the limit r—>0, the integral itself will tend
toO!

Each of the rest terms will be calculated separately and then integrated (so as to
form the integral jl/l/cfy)

The transformation of the derivative from (x,y) Cartesian coordinates to (r,#) polar
coordinates follows the rule:

i— = cosi) AQ. = it
dx)(Q ) drK(’) r o 6K )
ot rn &,\ «cosb d/x
dyk ' dry ’ r o0{ ’

Term 113

‘fa,, | 5qy;

Calculation of Term 1/l/3(a)
SX dx
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i og, O¢ . .
Instead of calculating —+- W | itis easier to calculate
dx 8 X
As already said, the transformation of the derivative from (x,y) Cartesian
coordinates to (x,0) polar coordinates follows the rule:

A =coss AQ- “Hi <«<QO
] 6#\} 7

oxy -’ dry X
o, \ . n 8, cos# 0O, )
dyk SN X &ex’

(g,,+&,) ={-\5/4) ri2 [ 25(A +5B)cos(3#/2) + (99A-B)cos(#/2)] +
+ (+15/4) ri2 [ 25(A +5B)cos(3#/2)-(101A + B)cos(#/2)] =
= (-15/4) ri2 [25 (A +5B)cos(3#/2) + (99A-B)cos(#/2) -
- 25(A +5B)cos(3#/2) + (101A+B)cos(#/2)] =

(-15/4) r12 [0+ (99A-B)cos(#/2) + (101A +B)cos(#/2)] =
(-15/4) rli2 cos(#/2) [99A-B +101A+B] =

(-15/4) rl2 cos(#/2) [200A] =>

(g,,+€x/) = (-750A) r12 cos(#/2)

(*»+g,) = (-750A) rl2 cos(#/2)

E M+ = cos#|-[(-750A)rl2cos(#/2)]- "M [(-750A)rlcos(#/2)] =

=cos# (-750A) 1 r"ll2 cos(#/2) - —— (-750A) rl2 [-sin(#/2)] — =
2 r 2

(-375A)r'l2 cos#cos(#/2) - (+375A)r'\2 sin# sin(#/2) =
(-375A)rlI2 [ cos# cos(#/2) + sin# sin(#/2) ]

and by making use of the identity
cosacosb + sina sinb = cos(a-b)
we get for a=0, b= 012

cos# cos(#/2) + sin# sin(#/2) = cos[#-(#/2)] = cos(#/2),

Institutional Repository - Library & Information Centre - University off/hessaly
17/04/2024 04:28:14 EEST - 18.219.86.155



So,

TJNH=") = (-375A) r  [cos(#/2)]

By taking the square of it:

frs pPip
ogxy , Yy _olc2al _-i__ 2tm™\ .

y OX ox J
/_ o \2

=> ! . — HE&SA? r1 ens2kfll y
[& &

Calculation of Term W3(b)

This term will be calculated as the previous one.

N-{e,,+&,,) =sin# J:[(-750A) rlRcos(F/2)]+" IN(-750A) rl2cos(#/2)]

Sin#(—750A)2— ri2cos(#/2) + - ™~— (-750A) rl2 [-sin(#/2)] E
r

(-375A)r'2 sin# cos(#/2) + (375A)r'l2 cos#sin(#/2) =

(-375A) rl2 [sin# cos(#/2) - cos# sin(#/2)]

In this case, we use the identity: sina cosb - cosasinb = sin(a-b) [for a-6,
b= 012]:

sin# cos(#/2) - cos# sin(#/2) = sin[# - #/2] = sin(#/2)

Substitution of this into the expression under examination, gives

dd (g,,+€,,)= (-375A) r 2 sin(#/2)
y

the square of which is:

A \Y
d—(£,, + O =140625 A2 r'l sin2(#/2)
y y
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It is remarkable to notice that the term W3 converts into:

2
" ¢ 980,98 140625M) 1 c0s2(0/2) + 140625 AL 1l Sin2(6»/2) =

dx dx dy dy
= 140625A2 r'l (cos2(0o/2) + sin2(0/2)) = 140625A2 r' - 1.

e, |-y B8 B8y _06o5a2 -
dx  dx | y dy dy

Term W4

Calculation of Term W4(b):

v dx J

dj—zj— (——) 112 [25(A + 5B)cos(3£/2) + (99A-B)cos(£/2)]
X X

cosB % (—) r12 [25(A + 5B)cos(30/2) + (99A-B)cos(0/2)]

sin#  d () r12[25 (A + 5B)cos(3#/ 2) + (99A-B)cos(#/ 2)]
T a#

cosﬁf--a:r’j —; r U [25 (A + 5B)cos(3#/2) + (99A-B)cos(#/ 2)] -

SIN"CI9) I o5 (A +5B) [-sin(3#/ 2)] | +(Q9A-B)[-sin(#/2)] i

cos#j (-y)r2[ 25(A +5B)cos(3#/2) + (99A-B)cos(#/2)] +
+sin 6] )12 [75 (A + 5B) sin(3#/2) + (99A-B)sin(#/2)J
15 5 4p Cos#[ 25(A + 5B)cos(3#/2) + (99A-B)cos(#/2)]
r
8 +SiN#[75(A + 5B)sin(3#/2) + (99A-B)sin(#/2)

dext /15 %12 cos# [ 25 (A +5B)cos(3#/2) + (99A-B)cos(#/2)] +

6X 8 +sin# [75(A + 5B)sin(3#/2) + (99A-B)sin(#/2)]
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=> r'l2 (cosi'C, + sin#CA

where the coefficients Ci, C2 are defined as described below:
C, = 25(A +5B)cos(36,/2) + (99A-B)cos(0/2)

C2 = 75(A +5B)sin(3#/2) + (99A-B)sin(<9/2)

This expression for —— can be further simplified if we perform some algebraic
OX

manipulations on the term in brackets.
cosO[ 25(A +5B)cos(36>/2) + (99A-B)cos(£/2)]+

+SiNtf[75(A + 5B)sin(3£/2) + (99A-B)sin(0/2)] =

=25 (A + 5B) [cos(9co s(3<9/ 2) + 3sin#sin(3<9/ 2)] +
+(99A-B) [cos”™c0s(<9/ 2) + sin<9sin(#/ 2)] =

=25 (A +5B) [cos (7cos(3<9/ 2) + sin*sin™# [ 2) + 2sin#sin(3#/ 2)] +
+(99A-B)co s(912) =

=25(A +5B)[cos(©/2)+ 2sin0sin(30/2)] + (99A-B) cos(6/2) =

cos(6>/2) 25(A+5B) 1+2

sin6lsin(36>/2) .
cos(0/2)

The quotient

sin0sin(36>/2) 2sin(6>/2) coN71Tsin(36>»/2) .
—coe(@B) = COngii) = 2sin"\" 2)sin(3(912)

= 2sin(#/2)(sin0cos(6,/2) + cos#sin((9/2)) =

= 2[sin6lcos(£/2)sin(#/2) + cos#sin2((9/2)) =

I-cos6”
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11 a |+cos(260
2 2 2

=/-m~mcos(26,) + cosN-N-"N-cos(2%$):

= cos#-cos(20)=>

. Sin6)sin(36,/2)

a
:COSG'—COS(ZG%
CcoSs(#12)

By virtue of this, the previous expression turns into:

cos(0/2)[25(A + 5B)(l + 2(cos£-cos(2£))) + (99A-B)]

so as to make

NL=(-M)r-12cos(6>/2)[25(A + 5B)(l + 2(cos6x»-cos(2™))) + (99A-B)]
or

-~ = y)r'l2cos™/2)[50 (A +5B) (cos ©- cos(20)) +124 (A+B)]

Calculation of Term I/V4(b):
v dx j

f(;iy - ddx (—)ri2 [ 25(A +5B)sin(3<9/2) + (A + B)sin(6>/2)]

=C0s = (-~~)ri2 [25(A +5B)sin(30/2) + (A+ B)sin(0/2)]

sink9  d

— (—)rl2 [ 25(A +5B)sin(3£/2) + (A +B)sin(0/2)]
= cosfl(—14—5) 3 r-|/2[ 25(A +5B)sin(3<9/2) + (A +B)sin(0/2)]

sin# (115, 25(A + 5B)[COS(3#/2)y + (A+ B)[cos(O/Z)]z—
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= cos#Hj(-y)r-|I2[ 25(A + 5B)sin(3#/2) + (A+B)sin(#/2)]

-sin#j(-y)r-"12[75(A + 5B)cos(3#/2) + (A+B)cos(#/2)]

cos#[ 25(A +5B)sin(3#/2) + (A+B)sin(#/2)]-
:(-o)r-1n
8 -sin#[75 (A + 5B)cos(3#/ 2) + (A+B)cos(#/ 2)]

Se ( 13 rap cos#i[ 25(A +5B)sin(3#/2) + (A+B)sin(#/2)]-

dx v 81 -sin#-[75(A + 5B)cos(3#/2) + (A+B)cos(#/2)]
or
de, T
-= —— r'/2(cos#C3 - sin#C4)
dx v g7

where
C3=25(A + 5B)sin(3#/2) + (A+B)sin(#/2)

C4=75(A +5B)cos(3#/2) + (A+B)cos(#/2)
cos#[ 25(A +5B)sin(3#/2) + (A+B)sin(#/2)] -

The form <« can be simplified.
-sin#[75(A + 5B)cos(3#/2) + (A+B)cos(#/2)]

cos#[ 25(A +5B)sin(3#/2) + (A+B)sin(#/2)J-

-sin#[75(A + 5B)cos(3#/2) + (A+B)cos(#/2)] =

=25 (A + 5B) [cos# sin(3#/ 2) — 3sin#cos(3#/2)] +

+ (A+B)[cos#sin(#/2) -sin#cos(#/2)] =

=25 (A + 5B) [cos# sin(3# 12)- sin#cos(3# 12)- 2sin#cos(3#/2)] +

+ (A+B) [cos# sin(#/ 2) — sin#cos(#/ 2)] =

=25 (A +5B) [sin(#/ 2) - 2sin#cos(3#/2)] +
+(A+B)[-sin(#/2)] =

| sin#cos(3#/2)
sin(#/2) 25(A +5B) sin(#/2) (A8)
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in# 3#/2
The faétor—s—l—r—]———c—%( —————— ) becomes:
sin(#/2)
sin#cos(3#/2) _ 2 s™McosC#/2)cos(3#/2)
sin(#/2) sin(™T

= 2cos(#/2) (cos#cos(#/2) - sin#sin(#/2)) =
= 2[cos#cos2(#/2) — cos(#/2)sin(#/2) sin#] =
!

—sin©
2

=X cos# 1+C(,)S# —17 sin#sin# =cos#+cos2#-sin)# =

\ &
= COS# + cos(2#)

Thus, the aforementioned set of brackets is:
sin(#/2)[25(A + 5B)(I-2(cos# + co s(20)))-(A+B)]

o€
The simplified expression for g is:
X
T 1 psin@#2)[25(A + 5B)(I-2(cos# + cos(2#)))-(A+B)]
or
P 115
= r'i2sin(#/2)[-50(A + 5B)(cos# + cos(2#)) + (24A+124B)]
I C*J

. rgs,, \2
Calculation of Term WMc): dW
X
o€
6W 4 () rRI25(A + 5B)cos(3#12) - (101A + B)cos(#/2)]
X X

= cos#—o—l— (+y) r12 [25 (A +5B) cos(3#/ 2) + (-101 A-B)cos(#/ 2)]
r

sin#  d (+y) rll2 [25(A + 5B)cos(3#/2) + (-101 A-B)cos(#/2)]
'—T 056
= cos#(+2/) 5 r',/2[25(A + 5B)cos(3#/2) + (-101A-B)cos(#/2)]

Si”r6> (+i5) M2 55 (A + 5B)[-sin(3#/ 2)]| + (-101 A-B)[-sin(#/ 2)] i
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= cosN(+y)r-,/2[25(A + 5B)cos(37/2) + (-101A-B)cos(™/2)]j +

+sin Ol (+y )r'l2 [75 (A + 5B)sin(36»/2) + (-101 A-B)sin(<9/ 2)]| =

cosO[25 (A +5B)cos(3#/2) + (-101 A-B)cos(<9/2)] +

=(+—)ri2
8 +sin<9[75 (A + 5B)sin(3<9/ 2) + (-101 A-B)sin(0/ 2)]
(15" r-m. cos#[25 (A +5B)cos(3#/2) + (-101 A-B)cos(#/2)] +
I 8y +sin#[75(A + 5B)sin(3#/2) + (-101A-B)sin(#/2)]
or
o¢ ' 15
dyy +— r‘l,2(cos#C5 +sin#CB6)
X
with
C5 = 25(A +5B)cos(30/2) + (-101A-B)cos(#/2)
C6 = 75(A +5B)sin(361/2) + (-1OIA-B)sin(0/2)

By manipulating
cosO[25(A + 5B)cos(30/2) + (-101A-B)cos(6>/2)] +
+sin0[75(A + 5B)sin(30/2) + (-IOIA-B)sin(0/2)]
one can get:
cosO[25(A +5B)cos(3£/2) + (-101A-B)cos(0/2)] +

+sinM75(A + 5B)sin(37/2) + (-IOIA-B)sin(0/2)] =

= 25 (A + 5B)[cos<9c0s(30/2) + 3sin(9sin(3#/2)] +

+(-101A-B) [cos<9cos(6/ 2) + sin#sin(<9/2)] =

= 25 (A + 5B)[cos#cos(3#/2) + sin#sin(3#/2) + 2sin#sin(3#/2)] +
+(-101A-B)cos(#/2) =
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= 25(A + 5B)[cos(#/2) + 2sinf?sin(3#/2)] +

+(-101A-B)cos(0/2) =
sin<9sin(3#/2)
cos(0/2)

= COS(#/2) 25(A+5B) 1+2 (-101A-B)

= cos(£/2)[25(A + 5B)(l + 2(cos#-cos(2#))) + (-101A-B)]

since it has been made evident (while simplifying ds—) that:
X

sin”sin(36)/2)
cos(#/2)

- €c0s6,-cos(26]).

o€
Consequently, Y
dx

o€ A
- 15 ricos(0/2)[25 (A +5B) (I + 2c0s O- 2c08(26») + (-101A-B)]
X vV 0y
or

d;‘W T 15 Lipcos(672)[50(A + 5B)(cosn-cos(267) + (-76A+124B)]
X

Calculation of Term W4(d):
dy

O;S :dd‘ (—)ri2 [25(A +5B)cos(3£/2) + (99A-B)cos(£/2)]
y Yy
= sin<9 dr (—)rl2[25(A +5B)cos(36'/2) + (99A-B)cos(£/2)] +
cos® d
+ ] 6 (—)ri12[25(A + 5B)cos(30/2) + (99A-B)cos(<9/2)]
. 15, |
:sm0(—T) 7 r-'12[25(A + 5B)cos(3"/2) + (99A-B)cos(0/2)] +

+ cos6* 15, wo . . -
_______ (--r)r 25 (A +5B)[-sin(3E/2)]] + (99A-B)[-sin(0/2)] 1
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= sin#j(-y)r-12[25(A + 5B)cos(3#/2) + (99A-B)cos(#/2)]

-cos#j(-y)r-|12[75(A + 5B)sin(3#/2) + (99A-B)sin(#/2)]1=

sin#[25(A + 5B)cos(3#/2) + (99A-B)cos(#/2)]-

= (—)r"e
8 -cos#[75(A + 5B)sin(3#/2) + (99A-B)sin(#/2)]

. Ml sin#[25(A + 5B)cos(3#/2) + (99A-B)cos(#/2)]-

1 15" |

v 8, -cos#[75(A + 5B)sin(3#/2) + (99A-B)sin(#/2)]
or

15 r'i2 (sin#C, - cos#C2)
dy 8y

Further simplification of —— leads to:

dy
sin# [25 (A +5B) co s(3#/ 2) +(99A-B) cos(#/ 2)] -

-cos#[75(A + 5B)sin(3#/2) +(99A-B)sin(#/2)J =

=25 (A + 5B) [sin#co s(3#/2) — 3cos# sin(3#/ 2)] +
+ (99A-B)[sin#cos(#/2) - cos#sin(#/ 2)] =

=25 (A + 5B) [sin#co s(3#/2) — cos#sin(3#/2) — 2cos# sin(3#/2)] +
+ (99A-B)sin(#/2) =

=25 (A +5B)[-sin(#/ 2) - 2cos#sin(3#/ 2)] +
+ (99A-B)sin(#/2) =

H#sin(3#/2
= sin@#/2) 25(A+58) _1-2 SOSHSINGH2) | oo p)
sin(#/2)

A more compact formula is obtained this way:
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cos0sin(30/2) _ (I_2sin (0/2)jsin(30/2)
sin(0/2) sin(0/2)
sin(30/2)

-2sin(0/2)sin(30/2) =
sin(0/2)

Also:
sin(0/2)sin(30/2) =
= [sin0Ocos(0/2) + cosO0sin(0/2)][sin0Ocos(0/2)-cos0sin(0/2)] =
= sin? 0cos2(™M2)-Nin~fcos("2N)«os#stfi(F72) +
+ costNin(Mi2)etrr#cNs(F72y-cos? 0sin2(0/2) =

= sin2 ®cos2(0/2)-cos? 0sin2(0/2) =

_l-cos(20) | +cosO |+ cos(20) I-cosO__
2 2 2 2 —

="-(/ +cos0-cos(20)- co8i2"chsNM-/+cosN—cos(2N) +=
=-i(2cos@ -2cos(20)) = (cosO - cos(20)) =>
=> sin(0/2)sin(30/2) = ~(cosO0 - cos(20))

This identity also gives:
sin(3<9/2) _ 1 (cos <9- 008(26»))
sin(0/2) 2 sin2 (0/2)

sin(0/2)sin(30/2) =~ (cos 0 - cos(20))

sin(30/2) _ 1 cos(9 cos(20) _ 1 1-2sin2(0/2) co0s20-sin20
2 sin2(0/2) sin2(0/2) '2 sin2(0/2) sin2(0/2)

(I-2sin2(6>/2))2-4sin2(6>/2)cos2(6>/2)

sin (0/2) sin2(0/2)
2

1 (1-2sin2(<9/2))
L m2- _ -+ 4c0s2(0/2)
sin2(0/2) sin2(0/2)

| 0 1-4sin2(0/2) + 4sin4(0/2) |, ,
' 7(§> >, -4 cos2 (0/2)
sin (0/2) sin (6*72)
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B‘Ii'irl\(%]% —2~ Sifr (8/2) + 4-4sin2((9/2) + 4cos2(6,/2)

=-NM2-4sin(#/2)+4cos2(06/2)J= [2+4cos6?]=1+2cosO;

sin(3#/2)
—_—et =1+ 2cos<9
sin(#/ 2)

Substituting:

sin(#/2)sin(3#/2) = —|1—/(cos’#—cos(2#)) and Sin(3<9/2) = 14-2cos6/
into
cMg«n(3g/2) = (I-2»i°,(g/2)H3g/2)_,in(M/2)_
sin(0/2) sin(<9/2) sin(0/2)

=1+2cos# - 2—(cos6* - cos(20)) =1+ cos @ + cos(2$) =>

_C_(_)_S_@_S_I_l]@f?_/_g)_ =1+4+cos8 + COS(V26>;
sin(<9/2)

After these manipulations:

sin@#/2) 25 &A +5B)i-1 - 2 COs6SmM(3° 72) 1 +\$99A—B)
[ sin(0/2) ] '

=sin(<9/2)[25 (A +5B)(-1 - 2(1 + cos © + cos(20))) + (99A-B)] =
=sin(0/2)[25 (A +5B)(-1 - 2 - 2cos© - 2¢c0s(20)) + (99A-B)] =

=sin(0/2)[-25 (A +5B) (3 + 2cos © + 2cos(20)) + (99A-B)]

ds
and the resulting formula for v is:
y

s E 11 1z Sin(E/2) [:25 (A +5B) (3 + 26050 + 2¢05(2<9)) + (99AE)
y {—8j

or

° = C 1:jr"I/Z sin(6,/2)[-50(A + 5B)(cos# + cos(2<9)) + (24A-376B)]
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Calculation of Term I/V4(e):

ey _ d (—) rl2[25 (A + 5B) sin(3#/2) + (A + B)sin(#/2)]
dy dy
= sin# ™ (-Y)rl2[25(A + 5B)sin(3#/2) + (A + B)sin(#/2)]
r

cos# d
d#

af (.11) rll2 [25 (A + 5B)sin(3#/2) + (A + B) sin(#/ 2)]

= sin#(-—-) = r-12[25(A + 5B)sin(3#12) + (A+B)sin(#/2)] +

N Icos#,(E) ri2 25(A+5B)cos(3#/2)|+(A+B)cos(#/2)1

= sin#|(-y)r-12[25(A + 5B)sin(3#/2) + (A+B)sin(#/2)]]

+cos# | (-y)r'2 [75 (A +5B)cos(3#/2) + (A+B)cos(#/2)]1 =

153 in SIN#[25 (A +5B)sin(3#/2) + (A+B)sin(#/2)] +

-

8 +COS#[75 (A + 5B) co s(3#/ 2) + (A+B)cos(#/ 2)J

5¢ 15, 4, SINH#[25(A+5B)sin(3#/2) + (A+B)sin(#/2)] +
=( inr

dy +COS#[75 (A + 5B) cos(3#/2) + (A+B)cos(#/ 2)]

Analyzing the bracket:
sin#[25 (A + 5B)sin(3#/2) + (A+B)sin(#/2)] +

+cos#[75 (A +5B) cos(3#/2) + (A+B)cos(#/2)] =

=25 (A + 5B)[sin#sin(3#/2) + 3cos#cos(3#/2)] +
+ (A+B)[sin#sin(#/2) + cos#cos(#/2)] =
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=25 (A +5B)[sin0sin(30/2) + cos0cos(30/2) + 2cos0cos(30/2)] +
+ (A+B)cos(0/2) =

=25 (A +5B)[cos(0/2) + 2cos0cos(30/2)] + (A+B)cos(0/2) =

=25 (A +5B)[cos(0/2) + 2cos0co s(30/2)] + (A+B)cos(0/2) =

cos0cos(30/2)
=cos(0/2) 25(A+5B) 1+2 + (A+B)
cos(0/2)

cosOcos(3O/2)iS.
cos(0/2) .
. ~/~ cos(30/2
cos0cos(30/2) _ M cos (0/2)—sin2(0//2) ( )
cos(0/2) L cos(0/2)

sin2(0/2)cos(30/2)
=cos(0/2)cos(30/2)
cos(0/2)

The decomposition of

The forms C°S“ ™' and cos(0/2)cos(30/2) will be simplified.

cos(30/2) _
cos(0/2)
__cos0cos(0/2)-sin0sin(0/2) _ ~ sin0sin(0/2)
cos(0/2) cos(0/2)

2sin2(0/2)co$(£irf .
= cos0- = cos0-2sin2(0/2) =

..1-cosO
= cos O-1 -1 + 2cos0:=>

co s(30/2)
cos(0/2)

-1 +2cos0

and also

50s(3 ™2 =-1+2cos0=>cos(0/2)cos(30/2) =(-1 +2cos0)cos2(0/2)
cos(0/2)

This leads to:
> cos(0/2)cos(30/2) =

Institutional Repository - Library & Information Centre - University oé§hessaly
17/04/2024 04:28:14 EEST - 18.219.86.155 T



=-c0os2(0/2)+2cos#cos2(0/2) =

L*+cos# teos#_ 11 n " cos B-
——————————————— h/cos#-—-- =--—-----c0s0'+'cos +cos #=
2 / 2 2
+
=L +1—0056* +!—-Eg§§£§—ééos” +cos(2))=>
22 2 v ’

=> cos(#/2)cos(36/2) = (cosO +cos(20)")

cos”co s(36/2)
COs(#/2)

Thus

= [cos2(»/2)-sin! (I/2)] ™) =
cos(#/2)

sin2 (#/2)cos(3<9/ 2)

= cos(#/2)cos(3#/2)-
Ccos(#/2)

=—(cos0 +cos(20)) -sin2(0/2) (-1 + 2cos0) =
= -(cos# + c0s(26")) + sin2(6'/2) —2sin2(#/2)cosb' =

= }cosél +’:!'cos(2#) S ey Acos<9:
2 2 2

="pers6” +—cos(26,) + N--*peTsN-cos6l + cos2 0 =

=~-cosO+ §cos(20) + 1+cos(2<9) _ 1 C0sQ + cos(2 O):.
A A A

cos”co s(3#/2)

=|-c0sb6, + cos(26
COS(#/2) (26)

Eventually,

t ~\cos6)cos(361/2)

cos(#/2) 25(A+58) !
COS(#/2)

+(A+B)

becomes:

=co0s(0/2)[25(A + 5B)][l + 2(I-cosO0 + cos(26>))] + (A+B)
and so:

<On 5
df=(-y)r1l2cos(*/2)[25(A+5B)[1+2(1-cos0 +cos(20))] + (A+B)]

or
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“~ = (-—) r'tl2cos(<9/ 2)[5O(A + 5B) (-co s O + cos(26)) + (76A+376 B)]

Ll A
Calculation of Term WA4(f): B8y
v % J

deyy  d (+y) FIR[25 (A + 5B)c0s(3»/2) - (101A + B)cos(<9/ 2)]
dy dy[

=sin# ’ (y) rl2[25(A +5B)cos(3£/2) - (101 A + B)cos(0/2)] +
r

cost? d

r (3/) rl2 [25 (A + 5B)co s(3<9/ 2) - (101A + B)cos(<9/ 2)]

= sin(9(15/4) — r'l2[25(A + 5B)cos(30/2) - (1O1A + B)cos(0/2)]-

+cos0 15 T2 55 + 5B)[-sin(30/2)1(101 A+B)[-sin(072)]]

sin#<! (—)r'1?2 [25 (A + 5B) co s(3£/ 2)+(-1 0L A-B)cos(0/ 2)] [ -

mcos O\ (—)r'i2[75 (A +5B)sin(30/2)+(-101A-B)sin(£/2)] U

sin<9[25 (A +5B) cos(3<9/ 2)+(-101A-B)cos(6>/ 2)] -

(=) r-12
8 -c0s<9[75 (A + 5B) sin(3<9/ 2)+(-101 A-B)sin(<9/ 2)]
dsyy 15> 1 sin#[25(A + 5B)cos(3#/2)+(-101A-B)cos(#/2)]-
dy  -cos#[75(A + 5B)sin(3#/2)+(-101A-B)sin(#/2)]

or

dsyy I+]IEN 1) (sinf? C5 - cos# C6)
dy 1 8y

The simplification of
sSin#[25(A + 5B)cos(3#/2)+(-101A-B)cos(#/2)]-

~COSH#[75 (A + 5B) sin(3#/ 2)+(-101 A-B)sin(#/ 2)]

leads to:
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sin6”25(A + 5B)cos(3#/2)+(-101A-B)cos(#/2)]-

-coSO[75(A + 5B)sin(3<9/2)+(-I0IA-B)sin(0/2)] =

=25(A + 5B)[sin#cos(3#/2)-3cos#sin(36,/2)] +
+(-101A-B) [sin#co s(#12)- cos#sin(/9/ 2)] =

=25 (A + 5B)[sin#cos(3#/2) -cos#sin(3#/2)-2cos#sin(3#/2)] +
+(-IOIA-B)sin(0/2) =

=25(A + 5B)[-sin(#/2)-2cos#sin(3#/2)] +
+(-101A-B)sin(#/2) =

cos#sin(3#/2)

=sin(#/2) 25(A+5B) _1-2 _
sin(#/2)

+(-101A-B)

. . d
While calculating S

, it was proved that:

cos#sin(3#/2)

) = | + cos# + cos(2#),
sin(#/2)

which allows the expression

cos#sin(3#/2)

sin(#/2) 25(A+5B) _1-2 )
sin(#/2)

+(-101A-B)

to be rewritten as:
sin(#/ 2)[25(A + 5B)(-1 - 2(1 + cos# + cos(2#))) + (-101 A-B)

=sin(#/2)[25(A + 5B)(-3-2cos#-2cos(2#)) + (-101A-B)

o By,
The resulting brief form for q is:
Yy

feyy _ C

dy |+
or, alternatively

TN 12sin(#/2)[25(A + 5B)(-3-2cos#-2c0s(2#)) + (-101A-B)
y

de (

IS"
ay o y I2SING#H2)-50(A + 5B)(cost + cos(2#)) + (-176A-3768)
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1.2 Terms Rqin J!

\
du
Calculation ofterms Rfl D 1

dX/

dun
The term R.D can be expanded in the following way:
> dx

_ ViAY fduv |
R g J7R D{olx)+Ryn 1&)

Consequently, these are the terms that should be calculated:

dux\ (du’
R,.D Ry.D
v dx j v 8X j

These are their definitions:

Rt = NelloMipx —

MMM ¥ M Sl

INXNjnm + nxnymxyx +  nynxmyxx + nvnvmyyx

Dlr'do=n d (to’ﬁ:n o [ao+nv9v

0y J { dx dx ) I dx J
d2ux d2ux nd2ux 1 ad2ux
Nn.—/m+nNv-----— = cos# +sinod
dx2 ' dxdy dx? dxdy
(given that nx =cos0 and ny=sin0)

and

Ry = nrnpmrpy —

= NnxXNpMmxpy + nynNnpmyPy

L nxnxmxxy + nxnymxyy + + nynymyyy

W I:n q 2o -, dr(duy)\+n g faul

215 ) 1& | {ox

d2uv d2u d2uv . d
=n,—y-+n = C0SO—-y-+Sin0@—r-
5x* I <Ox(%y 9x 9x9y
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The dipolar stresses, needed to form the terms RV,RV are defined as [Sifnaiou
M., (2006)]:

mxxx = (+15/4) ¢ r'l2 [ 25//(A +5B)cos(5#/2) - (IOOAzI+149A/ + 249B//)cos(0/2)]

nxxy=mxyx=(+15/4)Clurl [ 25(A +5B)sin(56>/2) - (49A + 249B)sin(6>/2)]

mxxy = (-15/4) cr'il2 [ 25//(A +5B)cos(56>/2) + (100A/l + 51A//-249B//)cos(<9/2)]

myxx = (+15/4) cr'l2 [ 25//(A +5B)sin(50/2) - (100AA +49A//-251B//)sin(®2)]
=(-15/4) c/l ¥m [ 25(A +5B)cos(50/2) + (51A+251B)cos(6>/2)]

mm - (-15/4) cr'l2 [ 25//(A +5B)sin(5£/2) + (100AA + 151A// + 251B//)sin(™/2)]

fdu |\
Calculation of the subterms that compose the term R, D —-

¢ vix),

CALCULATION OF Rt

Rx=nxnxmm -+njiymm + nynxmyxx  + nynymm =

=c0s26mxxx +cos9smeémixyx + sin0cos Omyxx+ Sin20myyx =

=cos? 0 (15/4) ¢ FV2 [25u(A + 5B) cos(5£/ 2) - (L00A/L+149A// + 249B//)cos(0/ 2)] +
+cos#sim9 (15/4) Cu r"'/2[25(A + 5B)sin(56,/2)-(49A + 249B)sin(0/2)] +

+ sin0c¢os 0 (15/4) crl2 [iSu (A + 5B) sin(56>/ 2) - (100AA. + 49Au - 25 1B//)sin(0/ 2)] +
+ sin? ©(-15/4) cu r'l2 [25(A + 5B)cos(5£/2) + (51A+25 IB)cos(£/ 2)] =
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cos? # cos(5#/2) +
+cos#sin#sin(5#/2) +

=(15/4) c r'll2 25//(A + 5B)
+sin#cos #sin(5#/ 2) -

-sin? #cos(5#/2)

- (100A4+149Apu + 249B//) cos? 6'cos(6>/2) -
in - (49A + 249Bki cos#sin#sin(#/2)-

/
+(15/4) cr
- (100AT + 49A// - 25 IBu) sin #cos #sin(# 12) —

-(51A+251B)// sin2#cos(#/2)

The terms in the first set of brackets yield to:

= cos? # cos(5#/2) + cos#sin#sin(5#/2) + sin#cos#sin(5#/2) -sinl #cos(5#/2) =
= cos? # cos(5#/2) + 2cos#sin#sin(5#/2)-sin? #cos(5#/2) =

= cos(5#/2)(cos? #-sinl # ) + sin(2#) sin(5#/2) =

=cos(5#/ 2) cos(2#) + sin(2#) sin(5#/2) =

SO
=cos(—- 20) =cos(#/2)

while those in the second one:

-(LOOAT+149Ap + 249Bp) cos? #cos(#/2) -
- (49A + 249B)u cos#sin#sin(#/2)-
-(1 OOA/t + 49Ap - 251B//) sin #cos #sin(#12)-

-(51A+251B)/i sin2#cos(#/2) =

=-(100AT)( cos? #cos(#/2) + sin#cos#sin(#/2)) +
+ A//(-149 cos? #cos(#/2) -49cos#sin#sin(#/2) -49sin #cos#sin(#/2) - 51 sinl #cos(#/2)) +

+ Bp (-249 cos? //cos/#/2) - 249cos#sin #sin(#/2) + 251 sin #cos#sin(#/ 2) — 25! sin? #cos(#/2))

= -(100A/1) cos # (cos # cos(#/ 2) + sin #sin(#/ 2)) +
+ AU(-149 cos? #cos(#/2)-98cos#sin#sin(#/2)-51sin? #cos(#/2)) +

+B,w(-249cos#(cos#cos(#/2)+sin#sin(#/2)) +251sin#(cos#sin(#/2)-sin#cos(#/2))) =
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=- (100AA) cos0cos(0/2) +
+AM [-98 cos?2 © cos(0/2) - 51 cos? ©cos(0/2) -98cosO@sin@sin(0/2) -51sin20cos(0/2)j +

+B [-249 cos 0cos(0/2) + 251 sin O(-sin(0/ 2))] =

= -(100AA) cos0cos(0/2) +
+A/i"-98cos0(cos0cos(0/2) + sin0sin(0/2))-51cos(0/2)[cos? 0 + sin? 0)J +

+Bu [-249 cos 0cos(0/2) + 251 sin O(-sin(0/ 2))] =

= -(100AA) cosOcos(0/2) +
+AM [-98 cos 0cos(0/2) - 51 cos(0/ 2)] +
+Bpu [-249 cos 0cos(0/ 2) — 251 sin 0sin(0/ 2)] =

=-(100AA) cos0cos(0/2) +
+Au [-98 cos Ocos(0/2) - 51 cos(0/2)] +

+Bpu [-249 cos 0cos(0/ 2) - 249 sin 0sin(0/2) - 2sin Osin(0/ 2)] =

= -(100AA) cos 0cos(0/ 2) +
+AM [-98 cos 0cos(0/2) - 51 cos(0/2)] +

+B/i[-249(cos0cos(0/2) + sin 0Osin(0/2))-2sin0sin(0/2)] =

= -(100AA) cos0cos(0/2) +
+A//[-98 cos 0cos(0/2) - 51 cos((9/ 2)] +
+Bu [-249c0s(0/2) - 2sin 0sin(0/2)] =

=-(100AA) cos 0cos(0 12)-
- A/2cos(0/2)[98cos 0+ 51]-
- Bu [249co0s(0/ 2) + 2 sin 0sin(0/ 2)]

By combining the first and second set of terms, one gets:

R,=
= (15/4) c r'l/225/i(A + 5B)[cos(0/2)] +
- (100AA) cos Ocos(012)-
+(15/4) cr'? - A/2Cos(0/2)[98c0os0+51 | -

-BJ2[249c0s(0/2) + 2sin 0sin(0/ 2)]
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25//(A + 5B)[cos(<9/2)] -
- (LO0OAM) cos #cos(©12)-
- Allcos(#/2)[98cos0+ 5! ] -
-B/I[249c0s(<9/2) + 2sin #sin(#/2)]

=+(15/4) ¢ TR

25//(A + 5B)-
-(IOOA/Bcos#-
- A/l[98cos# +51 ]-
-B//[249 + 2 sin 0 tan(<9/ 2)]

+(15/4) c r'll2cos(0/2)

But since:

sinOtan(0/2)=sin0-- n(6>/2g =2sin(0/2) cgstftf#- Sm(’\/ =2sin2(0/2)=1-cosO,
cos(0/2 cher d

25//(A +5B)-
-(100A2.) cos™-

- Ap[98cos<9+51 ]-
-Bp[249 + 2(1- cos O)\

Rt =+(15/4) c r'll2cos(#/ 2)

25//(A + 5B)-

- (100AT) cos# -

The term becomes:
- A/l[98cos# +51 -

-B/I[249 + 2(I-c0S6»)]

25A//+125B//- (1O00A/) cost»— 98 A//cos b — 51 A//- B//[249 + 2 — 2 cos 65] =
= A//(25 - 51) + B//(1 25-251)- cos #(1 OOAT + 98A// - 2B//) =
=-26A//-126B//-cos/?(I00A2 + 98A//-2B//) =

=-2(13A+63B)p - 2 cos O(50A/L + 49Au -Bp) =

=-2[(13A+63B)u + (50AT + 49A// - Bu) coSs 6»]

Finally, RJs:
Rt =+ (15/4) ¢ r-|l2cos(0/2)(-2)[(13A+63B)u + (50AA + 49A// - B//)coso

RT =(-15/2) ¢ r'l2cos(#/2) (13A+63B)//+(50A/l + 49A//-B//)cos<9

CALCULATION OF R,
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R = + NXNVMxyy +  nynxmyxy N /My, =

=C0S? 9mxxy + cos#sin#mw + sin#cos Omuy + Sin2# ™A =

=c0s20nx”, + cos#sin# + mwv) + sin?

The sum My + My, will be estimated first, before proceeding with the rest of

the calculations.

mxyy +
=(-15/4) cr-12 [25//(A + 5B)cos(5#/ 2) + (100\ + 51 Apu - 249B//)cos(#/ 2)] +
+ (-15/4)c/Ir'12[25(A + 5B)cos(5#/2) + (51A+251B)cos(#/2)] =

cos(5#/2)[25//(A + 5B) + 25//(A + 5B)J

= (-15/4) cr'l MOOA/I + 51 A// - 249B// +
+COSZ#72}
+51A//+251B//

= (-15/4) c r'li2 [50//(A + 5B)cos(5#/ 2)+(100ANA +102A//+2B/cos(#/ 2)]
By substituting the result of this sum into the expression for Rv, these are
obtained:

Rv = c0s20mxy + cos#sin# (mw + myxy) + sin20myyy =

=cos2#(+15/4) c// r'll2[ 25(A +5B)sin(5#/2) - (49A + 249B)sin(#/2)] +

+cos#sin# (-15/4) cr'l? [S0//(A + 5B)cos(5#/2) + (LOOA/ + 102A//+2B//)cos(#/2)J +

+sin # (-15/4) cr'li2 [25//(A + 5B)sin(5#/2) + (LO0AA +151A// + 25|B//)sin(#/2)] =

cos2#sin(5#/2)-
= (+15/4) cr'l2 25//(A +5B) -2 cos#sin#cos(5#/2)-
-sin? #sin(5#/2)

- (49A// + 249B//)cos2# sin(#/2)-
+(+15/4)cr™? ~(100A/1 +102A//+2B//) cos # sin # cos(#/ 2)

-(100A/1 +151 Ap + 25 IB//)sin? # sin(#/2)

The terms enclosed in the first set of brackets give:
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= cos? #sin(50/ 2) - 2cos0sin#cos(50/2)-sin? 0 sin(5#/ 2) =
= sin(5#/2)[cos? fA-sinl ~J-2c0s6)sin6,cos(57/2) =
' sin(5#/2)cos(2#)-sin(2#)cos(5#/2) =

. 50 .
=sin -20 =sin(<9/2)

whereas the terms enclosed in the second ones are:

- 49A//cos? © sin(#/2)—249B//cos? 0 sin(#/ 2)-
-100AA cos ©sin @ cos(#/2) -102Ap cos @sin © cos(0/ 2) — 2B// cos 0 sin @ cos(©12)-
-100A2sin20 sin("/2)-151A//sin26l sin(6)/2)-251B//sin2” sin(#/2) =

= (-IOOAA)sIn0[cos6l cos(#/2) + sin# sin(0/2)]~
-Au[ 49cos249 sin(6,/2) + 102A//cos6”sin6)cos(/2) + 151sin20 sin(#/2)j +

+Bp|*-249cos? 0 sin(0/2)-2co0s6,sin6)cos(6)/2)-251 sin2 © sin(0/2)J =

Noticing the last representation, its first line becomes:

(-IOOAA)sIn0[cos(9 cos(6>/2) + sin” sin(0/2)] =
= (-100A/)sin(9cos(<9/2) =

= (-100A2) 2sin(0/2)cos(<9/2)cos(0/2) =

= (-100AAN)sin(0/2)x 2cos2(0/2) =

= (-IO0AA)sIn(0/2)(I + cos(0)

its second one:

—A\//49cos? 0 sin(<9/2) +102cos0sin(9cos(0/2) +151 sin2 © sin(0/2)J =

49cos? 0 sin((9/2) +102 cos ©sin ©cos(0/ 2) +
+49sin? © sin(0/2) +102sin2 © sin(<9/2)
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49 sin(6*/2) (cos2 6 + sin2 6) +
= -AlJ
+102 sin @ (cos 6*cos(@ / 2) + sin © sin(6*/ 2))

=-AM[ 49 sin(6*/2) +102 sin 0cos{9/ 2)] =

=-Au|[ 49 sin(6*/2) +102 x 2sin(0/ 2)cos(<9/2)cos(<9/ 2)] =

=-A//[ 49 sin(<9/2) +102 x 2sin(0/ 2)cos2(©/ 2)] =
=-A//sin(<9/2)[ 49 +102x 2c0s2(®/2)] =

=-Ay/sin(0/2)[ 49 +102(1 + cos0)]
and finally its third one:

+Bu[(-249co0s?2 0 sin(6*/ 2) — 2cos © sin © 008(6*/ 2) — 251 sin2 © sin(6*/ 2)J =

/ -249 cos? 6* sin((9/ 2) — 2cos 6* sin6*cos(<9/ 2) -
-2495sin2 © sin(6*/2) - 2sin2 © sin(#/ 2)

= By/j-249sin(6l/ 2) [cos? 0 + sin2 © J - 2sin6* [cos © cos(6*/ 2) + sin © sin(#/2)]| =
= By/[-249sin(#/2)-2sin6*cos(6*/ 2)] =

= By/[-249sin(6*/ 2) - 2x 2sin(E/ 2)cos(0/ 2)cos(6*/ 2)] =

= By/[-249 - 2sin(6*/ 2) x 2cos2(0/ 2)] =

= By/ sin(6>/2)[-249 - 2(1 + cos0)]

After having performed these simplifications, the expression
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(-100AA)sin#[cos# cos(<9/2) + sin# sin(0/2)]-
-Ap[? 49 cos? 0 sin(6l/ 2) + 102A//cosblsin#cos((9/2) +151sin2 © sin(#/2)J +

+B//["-249 cos? 0 sin(®/2)-2cos6lsini?cos(”/2)-25!1sin2 © sin(0/ 2)J

becomes:
(-1 O0A/N)sin(#/2) (1 + cos(0) -

-A/lsin(#/2)[ 49 +102(1 + cos<9)]
+Bu sin(#/2)[-249-2(1+ cos#)]

Finally, the full expression for R( is:

= (+15/4) c r'l2 25p (A + 5B)sin(6>/2) +

(-100A/1)sin(#/2) (1 + cos(0) -
+(+15/4) cr'12 -A/lsin(0/2)[ 49 +102(l + cos£)]

+Bu sin(#/2) [-249-2(1 + cos#)

25//(A +5B) +

+(-100A/L)(I + cos(61) -
=(+15/4) cr‘l2 sin(<9/2)

-Au [ 49 +102(1 + cos#)]

-B//[249 + 2(] + cos<9)]

The term in brackets is:

25//(A + 5B)-IOOAA(l + cos(0)-A// [ 49 +102(l + cos0)]-B//[249 + 2(] + cos<9)]
= -100A2 + A//[25-49-102] + Bu[i25 -249-2]-

- cos/?[I00A2 +102A// + 2BJ] =
=-100A/t -126 Ap -126B// - cos<9 [| 00A2 +102Au + 2B//] =

=-2{50A/1+ 63 (Au + Bp) + cos”"[50A2 + 5\Au + By}
The final form for Ruvis:

Rv=(+15/4) cr'll2 sin(0/2)-
1(-2) {50A2 + 63 (Ap + Bp) +cos<9[50A/L + 5\Au + B//]} =>
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Rv=(-15/2)c rli2sin(#/ 2) {50A/1 + 63 (A// + Bp) + (50AA + 5\Ap + B/~cos’

Calculation of the partial derivatives of the displacements

Before continuing, it is presupposed to determine the following partial derivatives:
dux d\ d\ gnd duy d2uy dA\
dx ' ox2 ’dxdy dx ' dx2 ’dxdy

CALCULATION OF THE PARTIAL DERIVATIVES
dux d\ d\ gnd duy d\ d\
dx ' dx2 ’dxdy dx ' dx2 “dxdy

DEFINITIONS OF ux and u
ux = (-5/2)r312 [(49A-251B)cos(3 ©/2) + 75(A + 5B)cos(0/2)]

Uy = (-15/2)r32 [(L7A-83B)sin(3 ©/2) + 25(A + 5B)sin(6>/2)]

= cos# ar (-—)1-32 [(49A-251B)cos(3 ©/2) + 75(A + 5B)cos(#/2)]

sin#

; 5d# (-] r32 [(49A-251B)cos(30/2) + 75(A + 5B)cos(#/2)]

53
cos 0 (—2— -ril2 [(49A-251B)cos(3 ©12) + 75(A + 5B)cos(#/2)] -

.SIiNE(_5)r32

o (49A-251B)(-)sin(3#/2) | + 75(A +5B) (-D)sin(#/2) -
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=> = (-—)cos<9 ri2 [(49A-251B)cos(3 ©/2) + 75(A + 5B)cos(0/2)] +

+ (-y)sin6>rl2[(49A-251B)sin(3£/2) + 25(A + 5B)sin(#/2)] =

cos 0 [(49A-25!1 B)cos(3 ©12) + 75(A + 5B)cos(£/2)] +
+sin O [(49A-251B) sin(3£/ 2) + 25(A + 5B) sin(6>/ 2)]

By further expansion of the term in brackets, we obtain:

C0os6»[(49A-251B)cos(30/2) + 75(A + 5B)cos(0/2)

+sin0[(49A-251B)sin(30/2) + 25(A + 5B)sin(0/2)

= (49A-251B)[cos0co0s(30/2)+sin0sin(30 / 2)] +
+ 25(A + 5B)[3cos 0cos(0/2)+sin0sin(0/ 2)] =

= (49A-251B)[cos(#/2)] +
+25(A + 5B)[2cos 0cos(0/2)-fcos 0cos(0/2)+sin0sin(0/ 2)] =
[since: cos 0cos(0/2)+sin0sin(0 / 2) = cos(#----) = cos(# / 2)]

= (49A-251B)[cos(0/2)] +
+25(A + 5B)[2cos 0Ocos(0/2)-fcos{0/ 2)] =

= cos(0/2)[(49A-251B)+25(A + 5B)(2cos0+1)]

After this simplification, the term F—is defined as:
X

d = (_TZ) ri2 cos{6 H)\(49A-251B)+25(A + 5B)(2cos£+I)I
X

dx?
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du '&0 sin# @ (dua
dx 0059 afvdx\] r A {dx)

= cos? d (-11) ril2 cos(<9/ 2) [(49A-251B)+25(A + 5B)(2 cos ©+1)]
dr

sink9  d
—T

(-™Mrll2cos(£/2)[(49A-251B)+25(A + 5B)(2cos£+)]

1 COS 8(—?) r12 cos(6>/2) [(49A-251B)+25(A + 5B)(2 cos ©+1)] -

sin#. 15. in —Sin(#/2) i [(49A-251B)+25(A + 5B)(2 cos ©+1)] +

TN cos(#12)[0+ 25(A + 5B)(-2sin#+0)]

= (——) i"12 cos @ cos(#/2) [(49A-251B)+25(A +5B)(2cos ©+1)] +

+\$+T? r'i2sini? sin(#/2)[(49A-251B)+25(A + 5B)(2 cos#+I)] 1

-50(A + 5B) cos(#/ 2)sin#

15
(——)r'l2 cos©cos(@/2) [(49A-251B)+25(A + 5B)(2 cos ©+1)] +

sin(#/2) [(49A-251 B)+25(A + 5B)(2 cos ©+1)]

+(-—) rli2sin#
8 +100(A + 5B) cos(#/ 2)sin#

cos#cos(#/2)[(49A-251B)+25(A + 5B)(2cos#+I)] +

6-?)1'/\'2 +sin0sin(0/2)[(49A-251B)+25(A + 5B)(2cos#+l)j +

+ 100(A + 5B)sin2# cos(# / 2)

[(49A-251B)+25(A + 5B)(2cos#+l)][cosOcos(0/2) + sin6>sin(#/2)] +

(g

+ 100(A + 5B)sin2#cos(#/ 2)
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15 mJ[(49A-251B)+25(A + 5B)(2cos0+l)]cos(0/2) +
1 8¢ jHIOO(A + 5B)sin20cos(0/2)

J[(49A-25! B)+25(A + 5B)(2cos0+)] +
= (-—)r-|/2cos(6»/2) z
8 [+100(A +5B)sin20

d2ux

o = (—)r'l2cos(0/2){(49A-251B)+25(A + 5B)(2 cos 0+1 +4sin20)}
a~

Also:

2c0s0+1+4sin20 = 2 cos O+1+4-—C°S(2A)

= 2c0s 0+1+2 — 2cos(20) = 3 + 2 cos @ — 2cos(20)

?2\ = (—)rl2 cos(0/2) {(49A-25! B)+25(A + 5B)[3 + 2c0s0 - 2cos(20)]}
X

3. >
dxdy

d2ux d (dux> o A Adux) cosO d fqaO
dxdy dy| drvdx)' r 007 dx]J
[cos 0 [(49A-251B)cos(3 0/2) + 75(A + 5B)cos(0/2)] +
=sinO(-y)r'i2 +
[+sin0 [(49A-251B) sin(30/2) + 25(A + 5B) sin(0/ 2)]
coso . 15. 17 [-c0s0[(49A-251B)sin(30/2) + 25(A + 5B)sin(0/2)] +
)T |4sin0 [(49A-25 IB)cos(30/ 2) -1 25(A + 5B)cos(0/ 2)]

fsinOcos 0[(49A-25! B)cos(3 0/2) + 75(A + 5B)cos(0/2)] +
s (-——)r~IR
8 j+sin20[(49A-25 IB) sin(30/ 2) + 25(A + 5B) sin(0/ 2)]

( 1 in i-cos2 0[(49A-251B)sin(30/2) + 25(A +5B) sin(0/ 2)] +
+(—)r

8 [+sin0cos 0 [(49A-251B)cos(30/ 2) -125(A + 5B)cos(0/ 2)]
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15 ,, (sin2# - cos? #)[(49A-251B)sin(3#/2)+ 25(A +5B) sin(#/2)] +
( 8)r +sin#cos#[2(49A-251B)cos(3#/2)-50(A + 5B)cos(#/2)]

15 (i J(-cos(2#))[(49A-251B)sin(3#/2) + 25(A + 5B)sin(#/2)] +
N~8~  1+sin(2#) [(49A-251B)cos(3#/2) - 25(A + 5B)cos(#/2)]

_(49A-251B)cos(2#)sin(3#/2) — 25(A + 5B)cos(2#)sin(#/2) +
Rl +(49A-251B)sin(2#)cos(3#/2) — 25(A + 5B)sin(2#)cos(#/2)

(49A-251B)[-cos(2#)sin(3# /2) + sin(2#)cos(3#/2)] —
= (-—)r'\2
\$ 8 ” —25(A + 5B)[cos(2#)sin(#/2) + sin(2#)cos(#/2)]

but since:
N

[- cos(2#) sin(3#/ 2) + sin(2 #)cos(3#/2)] =sin(2# - —) =sin(#/2)
[cos(2#) sin(#/2) + sin(2#)cos(#/2)] = sin(2# + ) =sin(5#/ 2)

=+ 232 = (—)r'l2 {(49A-251B) sin(#/2) - 25(A + 5B)sin(5#/2)}
oxoy ;

If we choose to make the term sin(#/2) common multiplier, the division
sin(#/2)

yields to:

sin(5#12) _ sin(2#) cos(#/2) + cos(2#)sin(#/ 2) _

sin(#/2) sin(#/2)
__sin(2#)cos(#/2) (Off)- "sin<9cos<9 cos(<9/ 2) +cos(2#) =
sin(#/2) sin(#/2)

_ 2-2sin(#/2)cos(#/2)cos#cos(#/2) |
SR ' COSizv) —
= 4cos2(#/2)cos# + cos(2#) = 4 ~+ COS™ cos# + cos(2#) =

= 2COs# + 2c0s? # + cos(2#) = 2cos# +[1 + cos(2#)] + cos(2#) =
=1+ 2cos# + 2 cos(2#)

Finally, we get:
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(- )r-'2 sin(#/2) {(49A-25 IB) - 25(A + 5B)[l + 2cos# + 2 cos(2#)]}

dxdy
du
4 y
Ih
di CoS® —4u sin#  d
dx an > 2 r S#

= cos — (——)r3/2 [(17A-83B)sin(3#/2) + 25(A + 5B)sin(#/2)]

sin# d

—Tdo (——)r32 [(17A-83B)sin(3 #/2) + 25(A + 5B)sin(#/2)]

=cos# (—£5)31 rl2 [(17A-83B)sin(3 #/2) + 25(A + 5B)sin(#/2)]

15, 7l
_sini (-A;)r (17A-83B)cos(3#/2) j + 25(A + 5B)cos(#/ 2) A
r

=> = cos#(—)rl23[(17A-83B)sin(3#/2) + 25(A + 5B)sin(#/2)] +
+——(+y)IM32[3(17A-83B)cos(3#/ 2) + 25(A + 5B)cos(#/ 2)] =
cos #[3(17A-83B)sin(3#/2) + 75(A + 5B)sin(#/2)] -
-sin#[3(17A-83B)cos(3#/2) + 25(A + 5B)cos(#/ 2)]

The term in brackets can be simplified by performing these manipulations:
cos #[3(17A-83B)sin(3#/2) + 75(A + 5B)sin(#/2)] -

-sin#[3(17A-83B)cos(3#/2) + 25(A + 5B)cos(#/2)] =

= 3( 17A-83B)[cos#sin(3#/2)-sin#cos(3#/2)] +
+ 25(A + 5B)[3cos#sin(#/2)-sin#cos(#/ 2)] =
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[because: cos 0sin(30/2)-sin0cos(30 / 2) = sin(

= 3(17A-83B)[sin(0/2)] + 25(A + 5B)[2c0s0sin(0/2)+cos6lsin(6>/2)-sin6>cos(0 / 2)] =
0

[but: cos#sin(0/2)-sinOcos(# / 2) = sin(-2--——®) — —sin(g)]

= 3(17A-83B)sin(0/2) + 25(A + 5B) [2 cos 0sin(0/2)-sin(0 / 2)] =

=3(17A-83B)sin(#/2) + 25(A + 5B)sin(#/2)[2cos#-I]
= sin(#/2)[3(17A-83B)+25(A + 5B)(2cos#-1)]

du
Having performed the above, ’m becomes:
X

_31= (-2 sin(#/ 2) [3( 17A-83B)+25(A + 5B) (2 cos 0-1)]

d2uy
dx?

8uy_d (8u >

dx? dx \dx )

d fdu™  sin# d fao
dr [dx j r 80 [dx)
d f 15"

= costt . sin(#/2) [3(17A-83B)+25(A + 5B) (2 cos#-1]|-
N 7

in# d if 15°
st a1 rl2 sin(#/ 2) [3( 17A-83B)+25(A + 5B) (2 cos#-1)] 1
r 5# v N y

At this point, the following partial derivatives will be estimated and then
substituted in the expressions written above.

f 157
5 i] rli2sin(#/2)[3(17A-83B)+25(A + 5B)(2cos#-1)]|
rey /

80 Ii—4—/\ ri2 sin(#/2)[3(17A-83B)+25(A + 5B)(2cos#-1)]
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N 1
« Estimation of: —- %) r12 sin(0/ 2) [3(17A-83B)+25(A + 5B) (2 cos ©-1)

dr

a rl2 sin(0/2)[3(17A-83B)+25(A + 5B)(2cos0-1)] 1 =

f 15\
v

-r'l2 sin(0/2)[3(17A-83B)+25(A + 5B)(2 cos#-1)J =

| s r'1/2sin(0/2)[3(17A-83B)+25(A + 5B)(2 cos#-I)J

* Estimation of: o Jrl2sin(0/2)[3(17A-83B)+25(A + 5B)(2 cos 0-1)J |

d f

155
_ri2sin(0/2) [3(17A-83B)+25(A + 5B) (2cos ©-1)] =
de'v 4]

f 155 cos(0/2)-[3(17A-83B)+25(A + 5B)(2cos0-1)] +
ri/2

vV'ay +sin(0/2).-~(3(17A-83B)+25(A + 5B)(2c0s0-))

0 cos(0/2)i[3(17A-83B)+25(A + 5B)(2cos0-)] +

[ 4] +sin(0/2)[25(A + 5B)(-2sin0)]

' 155 , cos(0/2)M3(17A-83B)+25(A + 5B)(2cos0-1)] +

2
V4. 4sin(0/2)[-50(A + 5B)sin0]

d2uv

When these partial derivatives are substituted in the expression of o we
"an

obtain:

155
?zr— = cos6' ( r-|/2sin(0/2)[3(17A-83B)+25(A + 5B)(2cos0-1)]
X v ° y

one( 15\ 1 cos(0/2)i[3(17A-83B)+25(A + 5B)(2cos0-)] +

V. n/  4sin(0/2) [-50(A + 5B)sin0]
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= cos# ' 185 -2 sin(#/2)[3(17A-83B)+25(A + 5B)(2cos#-)] +
\

#f 15\ 4, lcos(#/2)[3(17A-83B)+25(A + 5B)(2cos#-1)]-
+sin# +—
v 7 j-100(A + 5B)sin#sin(#/2)

cosOsin(#/2)[3(17A-83B)+25(A +5B) (2cos 1)]-

LA SN 12, _ging cos(#/2) [3(17A-83B)+25(A + 5B) (2 cos ©-1)] +

v 8y
+100(A + 5B)sin2#sin(#/ 2)

15 , [3(17A-83B)+25(A + 5B) (2 cos 0-1)] cos0sin(0/2) — sinOcos(0/2) +

~8~ + 100(A + 5B)sin20sin(0/ 2)
since: cos 0sin(0/2) —sin0cos(0/2) =sin|——0 = —sin(0/2)

[3(17A-83B)+25(A + 5B)(2cos0-)][-sin(0/2)] +'
‘102
8, ' + 100(A + 5B)sin20sin(0/ 2)

J[3(17A-83B)+25(A + 5B)(2cos#-1)]-
15 iy T )+25(A + 5B)( )]
che2 }-100(A + 5B)sin2#

f 150 A T3(17A-83B)+50(A + 5B)cos# — 25(A + 5B) -

+— r "sm(0/2 _
I 81J " [-100(A + 5B)sin2#

3(17A-83B)+50(A + 5B)cos 6 — 25(A + 5B) -
By further analyzing the term
—100(A + 5B)sin2#

the following representation derives:

3(17A-83B)+50(A + 5B)cos 8 — 25(A +5B) -
-100(A +5B)sin2# =
=3(17A-83B)+50(A + 5B) cos 6 - 25(A + 5B) -

-100(A + 5B)!I"p~ =

= 3(17A-83B)+25(A + 5B) (2c0s 8 -1 - 2 + 2 cos(2#)) =
= 3(17A-83B)+25(A + 5B) (-3+2 c0os 0 + 2 cos(2#))
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Eventually is calculated to be:

d2uv £ 151 . '
o gy "sinG 2)[B(17A-83B)+25(A + 5B)(-3+2 00S0 + 2c05(20))]
X

6.
dxdy

du
The partial derivative g has already been calculated to be:
X

du.
q =(- T) ri/2sin(6>/2)[3(1 7TA-83B)+25(A +5B) (2cos 0-1)J
X

So,

douy  d
uy _ !E'UYJ dillw J cosO d fdO
dxdy dy ¥dx dr{dx\] r 50 [dx)

=sinO|-j(-™)rl/2sin(0/2)[3(17A-83B)+25(A + 5B)(2cos0-)]j +

+ cos™MF (™12 sin(<9; 2) F3(17A 83 B)+25(A + 5B)(2 c°s6»-i)] !

The aforementioned expression includes the term
_UJGU[(_T)H/Z sin(0/ 2)[3(17A-83B)+25(A + 5B)(2 cos 0-1)
that has been estimated previously to be:
A (- Ji)r2sin(™2)[3(i7A-83B)+25(A + 5B)(2cos0-1)]

(15>, C0S(0/2)~ [3(17A-83B)+25(A + 5B) (2cos 0-1)] +
V41 4sin(0/2)[-50(A + 5B)sin0]

cos(0/2)[3(17A-83B)+25(A + 5B)(2cos0-1)]-
-IOO(A + 5B)sin0sin(0/2)

This way
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d2uy
dxdy

cosof 151 mjcos(0/2)[3(17A-83B)+25(A + 5B)(2cos0-I
" vo°j [-100(A + 5B)sin0sin(0/ 2)

=sin0 — ]r-12sin(™/2)[3(17A-83B)+25(A + 5B)(2cos”-I)

sin0sin(0/2)[3(17A-83B)+25(A + 5B)(2cos0-1)] +
( 15
v 0y

r'12 +cos0Ocos(0/2)[3(17A-83B)+25(A + 5B) (2 cos 0-1)] -
-100(A + 5B)cos<9sin0sin(0/ 2)

f 157 L2 |[3(17A-83B)+25(A +5B)(2cos0-1)][sin0sin(0/2) + cos0cos(0/2)]-
v °/ {-100(A +5B)cos0sin0sin(©/2)
«C Q
sin0sin(©/2) + cos0cos(<9/ 2) = cos(@ - —) = cos(0/2)

cos0sin0 = -"-sin(20)

cos0sin$sin(<9/2) = cos# 2sin(0/2) cos(0/2) sin(0/2) = 2cos0cos(0/2)sin2(0/2)

This derivative can be rewritten in this form:

dz”y 15) (o [3(17A-83B)+25(A + 5B)(2cos0-l)]cos(0/2)
dxdy 8 —200(A + 5B)cos0cos(0 / 2)sin2(0 / 2)
<9V, { 15 3(17A-83B)+25(A + 5B) (2 cos 0-1)
y — r'2 cos(0/ 2)
dxdy '8, —200(A + 5B)cos0sin2(0/ 2)
d\ 15" 1 .
ol 8 cos(0/2){3(17A-83B)+25(A + 5B)[2c0s0-I-8cos0sin2(0/2)]}
xay |
but:

2 cos 0-1-8cos0sin2(0/2) = 2cos0 [l — 4sin2(0/2)] — 1 =

1—cos0
=2cos0 1-4- S 1=2cosO[l =2+ 2cos0] —1

= —2cos# + 4c0s20 — 1 = —2cos# + 4" -1

=—2c0s0+2+2cos(20) —1=1—2cos0 + 2cos(20)
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and consequently:

d2u
YT 15N o0s(<012)(3(17A-83B)+25(A + 5B)]I -2 cos # + 2c0s(2#)]]

dXdy I sj

. 'du d2 d2u, ,d2 . d2ii
Calculation of D O =n. “it T, Y = cos#TA + sing-
Vv fa 3 dx} 'y dxdy dx? dxdy

n N\
|5\(ﬂ‘l£a = nvgl + n”_q_z_L_jX_ = COSQM- + S||n9__UX_ =
[dx) ' dX " dxdy dx2 dxdy

cosO(-y) M2 cos(#/2) {(49A-25! B)+25(A + 5B) [3 + 2cos © - 2c0s(20)]} +

+sin #(-22) xm sin(#/ 2) {(49A-251B) - 25(A + 5B)[l + 2cos# + 2c0s(2#)]} =

(49A-251B) [cosOcos(#/ 2) + sin@sin(#/ 2)] +
15 r'll2 cosOcos(#/2)[3+2cos0 -2cos(2#)] -
8 +25(A + 5B)

-sin(9sin(™/2) [l + 2cos© + 2 cos(2#)]

(49A-251B)cos(#/2) +
=(%)r-~’2 +25(A + 5B).
3cos# cos(#/ 2) + 2c0s2# cos(@ 1 2) - 2cos# cos(# / 2)cos(2#) -
-sin#sin(#/2) - 2sin@sin(#/2) cos# - 2sin @ sin(#/ 2)cos(2#)

(49A-251B) cos(#/2) +
+25(A + 5B)x
8 2cos#cos(#/2) + cos#cos(#/2) +

+2c0s 0 [cos# cos(#/2)-sin#sin(#/2)]-
-sin#sin(#/2)-2cos(2#)[cos#cos(#/2)-sin#sin(#/2)]

(49A-251B)cos(#/2) +
(-—)r1p2. 2cos# cos(# / 2) + cos(3# /2) + 2cos# cos(3#/ 2) —
v 8 ? +25(A + 5B)
—2c0s(2%) cos(#/ 2)

The parenthesis multiplying the term 2-5(A + 5B) becomes:
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2cos0 cos(0/2) + cos(30/ 2 + 2cos0 cos(30 / 2) — 2cos(20) cos(0/ 2)

= 2cos0[cos(0/2) + cos(30/ 2)] +
+cos0cos(0 7 2) -sin0sin(0 / 2)-cos(20)cos(0/2)-cos(20)cos(0 / 2)

Also,
cos(0/2) + cos(30/2) =
= cos0 cos(0/ 2) + sin0sin(0/ 2) +
-fcos0cos(0 /2) — sin0sin(0/2) =
= 2cos0cos(0/ 2)

o)

= 2cos0 [2cos0 cos(0 / 2)] +

+ c0s(0/ 2) jcosO -cos (20)] -
—sin0sin(0 / 2) — cos(20) cos(0/ 2) =

= 2c0s0 [2cos0 cos(0 / 2)] +

4-cos(0/ 2)|cos0-2cos20 + 1

-2sin2(0 / 2)cos(0/2) — cos(20)cos(0/2) =
= c0s(0 7/ 2) 4cos20 + c0S0O- 2cos20 +1 — 2sin2(0 / 2) — cos(20)

= cos(0/2) 2cos20 + cosO0 + 1 — / -—— cos (20)

—cos(0/72) %™ c°s(™) f-cosO -f1—1+ cosO— cos(20)
A

= cos(0/2)|l + cxjsffif) + 2cos0 — =

= cos(0/2) (I + 2cos0)

Thus, the whole term

~du d2ux d2u d2ux . nd2uy
D =n,-"+nN,- } :cosé}’\—’\L + sin”-
v d* j dx? dxdy dx? dxdy
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(49A-251B)cos(0/2) +
= (--)rie
V8" +25(A + 5B) cos(0/ 2)(1 + 2cos0)

= (-—)r-122 cos(0/ 2) {(49A-251B) + 25(A + 5B)(l + 2cos0)} =
= (-—)r4/2 cos(0 /2) {(74A-126B) + 50(A + 5B)cos0} =

= (—?)r'llz cos(0/ 2) {2(37A-63B) + 50(A + 5B)cos0} =»
v ;

'3
D d“X = (-™)r-12c0s(£/2){(37A-63B) + 25(A + 5B)cos£}
X
. du d\ d2u ,d\
Calculation of: D y =n.—A+n, y| = cos0’ -+ smd du>
dx dx? y dxdy dx? dxdy
dUy d2uy
D =cos0 +sin0
X dxdy
=cos0 r'1/2sin(0 /7 2) [3(17A-83B)+25(A + 5B) (-3+2cos 0 + 2 cos(20))

+sin0 15) r'l/2 cos(0/ 2) {3(17A-83B)+25(A + 5B) [l — 2cos 0 + 2 cos(20)]} =

3(17A-83B)[—co0s0sin(0 /2) + sin @ cos(0/ 2)] +
, 12 (3 —2cos 0 — 2 cos(20)) cosOsin(0 / 2) +

_ 15
= (I o5a +5B)
+ [l —2cos0 + 2cos(20)] sin0cos(0/ 2)

3(17A-83B)sin(0/2) +
3cos0sin(0 / 2) — 2cos20sin(0/ 2) —
—2 cos 0 cos(20)sin(0/ 2) +
v 8 r +25(A + 5B) +sinOcos(0/2) —
—2cos0sin0cos(0/2) +
+2 cos(0/ 2) cos(20) sin 0
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8

—)r'i2
5!

6— ?2 r'l/2

The factor

3(17A-83B)sin(0/ 2) +
2c0s0sin(0/ 2) + cos0sin(0 / 2) —

—2c0s0 [cos0sin(0 / 2) + sin 0 cos(0/ 2)] +
+25(A +5B)
+sin0cos(0/2) —

—2c0s(20)[cos0sin(0 /2) — sin0cos(0/ 2)]

3(17A-83B)sin(0/2) +

2cos0sin(0/2) + sin(30/ 2) —
+25(A + 5B)
-2c0s0sin(30 / 2) — 2 cos (20) [— sin(0 / 2)]

3(17A-83B)sin(0/2) +

2cos0sin(0 / 2) + sin(30/ 2)
+25(A + 5B)

—2c0s0sin(30/2) + 2cos(20)sin(0/2)

2c0s0sin(0 / 2) + sin(30 / 2) — 2cos0sin(30 7/ 2) + 2 cos(20) sin(0 / 2)

can be rewritten in this manner:

2cos0sin(0 / 2) + sin(30 / 2) — 2cos0sin(30 / 2) + 2 cos(20)sin(0/ 2) =

= 2cos0 [sin(0 / 2) — sin(30 / 2)] + sinOcos(0 / 2) + cos0sin(0/ 2) +

+ c0s(20) sin(0/2) + cos(20)sin(0/ 2)

The subtraction sin(0/2) — sin(30/2) gives:
sin(0/2) —sin(30/2) =

= sin0cos(0 / 2) — cos0 sin(0 / 2)- [sin0cos(0 / 2) + cos0sin(0/ 2)] =

= sin0cos(0 / 2) — cos0 sin(0/ 2) — sin0Ocos(0/ 2) — cosO0sin(0/2) =
= —2cos0sin(0/ 2)

By replacing it in the aforementioned expression, this is reached:
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= 2cos# [—2cos# sin(# / 2)] + sin#cos(#/ 2) T-

A sin (#/2) [cos# + cos(2#)[ + + cos(2#)sin(#/2) =
= 2cos#[—2cos#sin(#/2)] + 2sin(# / 2)cos2(#/2) +
+ sin(# / 2) [cos# + 2cos# — |] + cos(2#)sin(#/2) =

= sin(#/2){-4cos2# + 2cos2(#/2) + cos# + 2cosM# — 1 + cos(2#)} =

=sin(#/2) —2cos# + %" ~°%k™ + cos# — 1 + cos(2#)
A

=sin#/2) | -X———+ / + cos# + cos# — / + cos(2#)

= sin#/2){—1 — cos(2#) + 2cos# + cos(2#)} =

= sin(#/ 2) (-1 + 2cos#)

fdu - .du
The term D = c05<9- y-+sin0& takes the more simple form:
\ dx J dx? 3x5y

15\ 1p 3(A7A-83B)sin(#/2) +

87" +25(A + 5B)sin(#/2)(—1 + 2cos#)

Py r1sin(#/2){3(17A-83B)+25(A + 5B)(-1 + 2cos#)} =

) r'l/2sin(# / 2)|(51A-25A-249B-125B) + 50(A + 5B)cos#} =

(- 8—)r'1/25in(#/2){(26A—374B)+50(A + 5B)cos#} =>

idu 5
:(—) r 112sin(6»/2) {(13A -187B)+25(A + 5B)cos0}
v dx j
. . fdu” 5m/
At this point, each one of the terns RX,D -RV,D has been
\ dx j v dx >

calculated. The next step is to estimate the products:

75m > R r&O

R ,R. D
"1 ax) 1& ]
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. d
Calculation of the product: Rt D dux
X

"du
RXD
dx

=(-15/2) c r'i2cos(#/ 2)[(13A+63B) u + (50AA + 49A// - B) cos ©
(—) r'li2 cos(<9/ 2) {(37A-63B) + 25(A + 5B)cos0} =

(i3A+63B)u(37A-63B) +

+(13A+63B) u25(A +5B)cos 0 +

~—(——)c rlcos2(#/2)
8 +(50A/1 + 49 A - B//)cos#(37A-63B)+

+(50A/l + 49Au - B//) 25(A + 5B) cos? ©

(13A+63B) (37A-63B)// +
~ (13A+63B) 25(A + 5B)//+
= (—)cr'lcos2(~2) COS0 +
8 +(50A/I + 49A// - B//) (37A-63B)

+ [(GOA/I + 49AJ/ - BI/)25(A + 5B)] cos? 6

In order to make the manipulations easier, each one of the 3 sub-terms (the first
is the one not containing cos0, the second one is the one multiplied by cos0 and
the last is the one multiplied by cos20), that compose this product, will be

calculated separately.

First sub-term

(i3A+63B)(37A-63B)u =

= (I3 37A? -13 - 63AB +63: 37AB - 632B2)u
= (481A2 + 1512AB - 3969B2)u
Second sub-term (multiplied by cos0)

(13A+63B)25(A + 5B)u+(50AA + 49Ap — Bu)(37A-63B) =

= (I3 25A2+13 - 125AB + 63 25AB+63 - 125B2)u +

+50137A2\ — 50 63ABA + 49 - 37A2u — 49 - 63ABU — 37ABp + 63B2u =

= (325A2+3200AB + 7875B2)p +
+ (1850A2 — 3200AB) A + (1813A2 — 3087AB — 37B2)u =

= (2138A2+76AB + 7938B2)u + (1850A2 — 3150AB)A
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Third sub-term (multiplied by cos20)
(50AN + 49A/) - Bu)25(A + 5B)=
=25(50A2A + 250ABA + 49A2u + 49 - 5AB/i - ABu - 5B2u) =
=25[(50A2 + 250AB) A + (49A2 + 244AB - 5B2) ] =

=25[50 (A2 + 5AB) A + (49A2 + 244AB - 5B2) ]

By combining these 3 sub-terms, the following representation emerges for

R D
dx

R n du*
v dx j

(481A2+1512AB-3969B2) +
995
= (=--)er"cos2(#/2) +[(I850A2-3150AB)A + (2138A2+76AB + 7938B2)u coso +

+25T50 (A2 + 5AB) A + (49A2 + 244AB - 5B2) u]cos? 0

du
Calculation of the product: Rv D dy
X

)

= (-~m)cr'li2sin(6,/2)|50A/l + 63(A” + BA) + [50AA. + 51AN + BAJcos6,| -

(. 11) rizsin(0/2){(13A -187B)+25(A + 5B)cos0} =

63(Ap + BH)(13A -187B)+63(Ap + BH)25(A + 5B)cos<9 +
+(50A/1 + 51Ap + Bp)(13A - 187B)c0os<9 +

+25(50AA + 5 |Ap + B//)cos20 + 50AA(13A -187B)+
+50A2.X 25(A + 5B)cos<9

= 255 )er-'sin2(<9/2)<
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63 (Ap + Bu)(13A - 187B)+50AA(13A - 187B)+

63(Ap + Bu)25(A + 5B) +
225 )e rsin2(*/2) + + (50AA + 5iAp + Bu)(13A - 187B) + Ccos# +
+50AAN X 25(A + 5B)

+ [25(50A\ + 5(Au + Bu)(A + 5B)] cos2#

Utilizing the same method as before, the 3 sub-terms are:
First sub-term

63(Apu + Bp)(13A - 187B)+50AA(13A - 187B)=
=(63113A2 - 63 187AB+63 - 13AB — 63 - 187AB — 63 187B2) +
+(50 - 13A2 — 50 - 187AB)A =

= |519A2 — 10962AB— 11781B2|pu + (650A2 — 9350AB)A

Second sub-term (multiplied by cos#)

63 (Ap + Bu) 25(A +5B) + (50AA + 5 1Ap + Bu)(13A-187B) +
+50A/1 25(A +5B)=

=(63  25A2 +631125AB+63 - 25AB+631125B2) 4 +

+50 13A2A -50 - 187ABA +5 M 3A2u - 51 - 187ABu +
+13ABu-187B2u +
+1250A2A + 1250-5ABA =

= (I575A2 + 9450AB+7875B2) u +

+650A2A - 9350ABA + 663A2u - 9537ABU +13AB -187B2u
+1250A2A + 6250ABA =
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= (1575A2 + 9450AB+7875B2)/i +
+ (B50A2 — 9350AB)A + (663A2 — 9524AB — 187B2)u +
+ (i250A2 + 6250AB)\ =

= [(1575 + 663) A2 + (9450 — 9524) AB+ (7875 — 187) B2l +

+[(650 + 1250) A2 + (-9350 + 6250) AB] A =

= (1900A2 — 3100AB)A + (2238A2 — 74AB+7688B2)/i

Third sub-term (multiplied by cos20)

25(50AA + 51Ap + B//)(A + 5B)=
=50 25A2A + 50 125ABA + 50 25A2/, + 51 - 125AB//, +
+25ABu + 125B2u =

= (1250A2 + 6250AB)A + (1275A2 + 6400AB + 125B2)u

After all these manipulations,

rR p{f&?_

1&)

(650A2 -9350AB)A+(819A2 -10962AB-11781B2)p +
= (225)cr-sin2(6»/2) +[(I900A2 -3100AB)! + (2238A1 - 74AB+7688B2)/r]c0s0 4 »

+[(1250A2 +6250AB)/I + (1I275A2 +6400AB + 125B2)// ¢0s20

1.3 Terms Pz in J!

. "du?
Calculation of terms
y fa ,
The term duz is expanded this way, following the summation convention:
1k
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'SO _p'SO ,p IV
V sx J V odx ] V& J

Its definition is:

<p(v — 5Br'Vv) — iIAC kmrp:) + (CA) WA\ =

P
I

NPTpz ~npdrmmp2 - Z),( /yii™Y) + (E>«,

CALCULATION OF P

P, - npTpx-npdrmmpx - Dp[nrmrpx) + (D/1,) nrnpmpx =
= nPTpx-npdrmmpx - Dp( nrmmpx) + (£>,«,) R, =
=nxT,-nxdrmm - Dx(nrmrxx) + (E>/*)) Rv+

N, TA-NB,Ni* - Dy( nrmox)

= (NxTxx + nyTyx) - (Nxdrmrx+nydrmryx) -[Dx( nrmmxx)+ Dy ( AynN)] + (£>/1,) Rux

=("ATNVI-(A»I»>+"" AN -[A( «"**)+ Bv( V79»)]+(TVI>) R*~

~ (<<AA""\/ + " AATI>»*) — mDx ( nymyxx )+ Dy ( nymyyx )] :

nxdxmxxx + nydxmxyx + Dx( NXMXXX-+Nymyxx) —+
(V\[rxx +«y9x ) - -
+nxdymyxx+nydymyyx
+ Dy ( nxmxyx -+ Hytri’\)
+ (D L " ’ ) R1

For practical reasons, the first set of terms wil be referred to as Subterm A of Px,
the second as Subterm B etc, following their order of appearance in the above

expression.
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The full term Pt, consisting of the Subterms A, B, C, D, is going to be multiplied

by the derivative of the appropriate displacement (either by 3n for the Jr

dx
Oli
Integral or by . for the J2-Integral).
y
Its component +nyr\ (Subterm A) is ~ rl/2.
The product +n Tt A—"ar ~rvir2rc/6-r1->0 for r->0.
v 0X
Consequently, this Subterm’s integral will be 0!
nxdxmxxx+nydxmxyx +
CALCULATION OF SUBTERM B:
+nxdymyxx+nydymyyx
nxdxmm + nydxmxyx + nxdymyxx + nydymm =
n 3 sin# 3 . , d sin# d
=cos# cost'—aww------------- mx -l-sin# cost] — m,,------------- M +
dr m rdoO dr 3#
. d # d . d # d
J-cos# SinB—m 4ot aw +Sin# SINFmaw  Hoorte L AW,,
dr y™ r dé ™ dr m r doO m
é cos#sin# d - d sin2# d
1COS HF—M I rreeeeeenene —AW  + Sin# COSH— AAA-—mmmme — +
dr r 5# dar ~ r 5# N
. d cos2# d .2nd cos#sin# d
+cos#sin# — myxx + —————awiot +SIN° O—M, X +-—- -—----—- =

3 . 3 cos#sin# d 3
I COS2H—AWW + sin#cos#
S5a drmxyx + dr'llyxx r 3 3# m>vx
SIS i, #5053 i esinZB 2w,
r dO"™** r d6 mx ... 3a

The partial derivatives contained in this expression are calculated first.
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25//(A + 5B)cos(5#/2) -
— NN = (-15/8)cr-32
- (LOOAA.+149A// + 249B//)cos(#/ 2)

=(-15/8) cp 32 [25 (A + 5B) sin(5£/ 2) - (49A + 249B)sin(6> / 2)]

25//(A + 5B)sin(5#/2) -
(-15/8) cr~32
- (LOOAMN +49Ap - 251B//)sin(0/ 2)

-25//(A + 5B)sin(50/2)| +
= (+15/4)cr'lp
+(LOOAA+149Ap + 249B//)sin(<9/ 2) i

-125//(A +5B)sin(50/2) +
= (+15/8)cr'12
+(1 OOA/I+149A// + 249B//)sin(£/ 2)

=(-15/4) cA r-I?  -25(A +5B)sin(5<9/2) | - (51A+251IB)sin(<9/2)|

=(-15/8) cp ' -125 (A + 5B) sin(50/2) - (51A+251B)sin(0/ 2)]

~*~"myyx =(+15/4)c// r~II2 25 (A +5B)cos(56*/2) | - (49A+249B)cos(0/2) i
=(+15/8) cp M2 [125 (A +5B)cos(50/ 2) - (49A+249B) cos(0/ 2)]
25//(A + 5B)cos(50/2)|-

~"MQmyxx =(+15/4) cr'li2
-(1 OOAN + 49A// - 25 IB//)cos(<9/2) 1

125// (A + 5B) cos(56( 12)-
-(1 OOA/l + 49Apu - 25 I1B//)cos(0/ 2)

= (+15/8) cr'i2

= (15/8) c// 32 [25(A + 5B)cos(50/2) - (51A + 25 IB)cos(£/2)]
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Thus, the Subterm B of Py is:

nxdxmxxx + ndxm +nxdm +nJdm

= cos2#(-15/8) o r ap  25//(A +5B)cos(5#/2) - .

— (L00A/i+149Ap + 249B//)cos(#/2)

(-15/8)cp r'¥2 [25(A + 5B) sin(5#/ 2) — (49A + 249B)sin(#/ 2)]

+sin#cos# 25//(A + 5B)sin(5#/2) -
+(-15/8) cr¥? (A +5B)sin(5#/2)
— (L00KA + 49A// - 251 BI/)sin(#/ 2)

~125/2(A + 5B)sin(5#/2) +

(+15/8)cr 2
+(100A/1+149Ap + 249B//)sin(#/ 2)

cost#sin#

~(-15/8) c// r'l2 [-125(A + 5B)sin(5#/2)-(5 |IA+251B)sin(#/2) |

SIN# 115/8) cu [125(A +5B) cos(5#/ 2) - (49A+249B) cos(#/ 2)] +

coso# . o 125//(A +5B)cos(5#/2) -
Femmeee (+15/8) cr - +
-(100A1 + 49Apu - 251 B//)cos(#/ 2)

+SiN2#(+15/8) c xV2[25(A + 5B)cos(5#/2)-(51A + 25IB)cos(#/2)]:

25//(A + 5B)cos(5#/2) -

= (-15/8)cos?# ¢ r3?
- (100AzI+149A/] + 249B//)cos(#/2)

+(-15/8)sin#cos#cr'3/2[50/r(A + 5B)sin(5#/2)-sin(#/2)(100A/1 + 98A//-2B//)]

-(+15/8)cri2cos#sin#[-250/2(A + 5B)sin(5#/2) + sin(#/2)(I 00AT+98A/2 - 2Bp)] -

-(+15/8) cp r"3l2sin# [I25(A + 5B)cos(5#/2)-(49A+249B)cos(#/2)] +
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125//(A + 5B)cos(56*/2)-

+(15/8) cr'3f2cos26
-(L OOA/l + 49A/I - 251B//)cos(0/ 2)

+(15/8) c r'32sin2#"25 (A + 5B) cos(56*/ 2) - (51A + 25 1B) cos(6'/ 2)J =

This form is composed of 6 terms, each occupying a line. If we combine the
terms in the first with the fifth term, the second with the third and the fourth with

the sixth, we obtain:

cos(5f2/2)[-25//(A + 5B) + 125//(A + 5B)]

(+15/8)c r cos 6 f-\00AA -149A// - 249B// + +
-cos(6*/2)
+100A21 + 49A//-251B//

Sin(5<9/2)[-250//(A + 5B)] +

+(-15/8)c r'32sin6*cos © MOOAN-98A// + 2B//+x *
+sin(6*/2)
+100A/1 + 98A// —2Bp

, cos(56»/2)[-125(A + 5B) + 25(A + 5B)]-
+(+15/8) c// r sin ¢
+cos(6'/ 2) (49A+249B+51A+25 IB)

= (+15/8)c r-3/2cos2<9 [100// (A + 5B) cos(56>/ 2) - (-100) u (A + 5B)cos(6/ 2)] +
+(-15/8)c r'32sin0cos6*[200//(A + 5B)sin(5#/ 2) + 6] +

+(+15/8) op r3/2sin26*[-100(A + 5B)cos(56>/2) + 100(A + 5B)cos(6>/2)] =

100// (A + 5B) cos(5£/ 2) (cos26’ — Sin26>) +
= (+15/8)cr®? +100// (A + 5B) 008(6'/ 2) (COS26' + SiN2<Yj +
+200//(A + 5B)sin6*cos6*sin(56*/2)

"1 00// (A +5B) cos(5#/2) cos(2£) +"
= (+15/8)c r32 +100//(A +5B)cos(6*/2)x 1 +
+100// (A + 5B) sin(2%$) sin(5#/ 2)
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100/v(A + 5B)cos(—-26>) +
=(+15/8)c r'32

+100//(A + 5B)cos(6>/2)

100//(A + 5B)cos(<9/2) +
=(+15/8)C r'}2
+100//(A + 5B)cos(0/2) ~

Subterm B of Pt =(+15/8)c// r-3/2cos(0/2)[200(A + 5B)]

Dx[ nxmxxx+nymyxx) +
CALCULATION OF SUBTERM C:

+ Dy ( + nymyyx)
Subterm C can be decomposed in two parts : DX[ + nymyxx) and
N\ { "xm.n*+nymyyz)-
First part: Dx ( n/Nn” + nymyxx)
Dx{ nxmxxx+nymyxx) =
= 3,( nxmm + nymyxx)-nxD( + nymyxx) -
= dx ( + nymy—) — n* nr dr ( + <y'""\/) =
=dx ( + nymyxx ) ~nx[Nx dx ( nxmxxx + nymyxx) + ny dy ( nxmxx + nymyxx)]

=dx ( NN + nymyxx) — nx2dx ( nxmxxx + nymyxx) — nxnydy ( nxmm + nymyxx) =

= (1 - nx2) a, ( nxmxxx + nvmm) — nxnydy ( + nvmyxx) =

= (I-cos2#)ax( M™ + rtym”)-cos<9 sin# 5v( nxmm + nymyxx) ™

=>DX( nxmxxx + nymyxx) =

= sin2 O dx (cos @ mxxx + sin ® myxx) — cos @ sin © dy (cos© + sin © myxxJ

Second part: Dy ( nxmxyx + nymyyx j
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Dy( nxm”™+nymm)
=dy/( nXmxyx + NyMyyX 5 —nyo{ nxmxyx + Nymyyx ) =
= dy ( NXMXyx + nytrin )'nyn rdr(nmeyX+nymyyX)

)=y MXSX (XM My ) + nydy (Mxmxyxnymyy, y]

=d,( n*mxyx + nymyyx

= dy( “XyX+"Myyx )—nynxdx( nxmxyx-+nymyyx) =>>,2( NXMXyX+nymyyx)

= (\-ny2)dy( ra , +nymm)-nynxdx( nxtn”™ + nymm)-

=(l-sin2©)dy ( +nym>yx) — sin©cos O dx ( NjN”™ + nyni™) =>

=>Dy( nxmiiC + nymy)a) =

=co0s?2 0 dy (cosO@m~”™ +sinOrn™j — sin©cos © dx (cos @ mM” + sin BNI™)
The explicit calculation of each part can now be performed.
First part:

Dx( nxm*a-+nymyxx) =

=sin2<9dx( cosOmM” + sin# w/j-cos# sin2 0dy( cos© +sin® )
First, these sums will be calculated:
sum 1: (COsS™W™ +SmMOmyxx j

sum 2: (cosOm” +sin 6" A

Calculation of sum 1. (cosOm” )

COS ONI™ +sin BNy =
cos 01 (+15/4)cr'li2 [25// (A + 5B) cos(5#/ 2) — (1 OOA/I+149A// + 249B//)cos(0/ 2)] +

+sin0 (15/4)c  [25// (A + 5B)sin(5<9/ 2) — (1 00A1 + 49A// - 25 1B//)sin(0/ 2)] =

25//(A + 5B)[cos<9c0s(5/9/2) + sin#sin(5#/2)] -
= (+15/4) c r'l/2< -(100A/1+149A// + 249B//) cos £cos(<9/ 2) -
-(1 OOA/t + 49A// - 251B//)sin#sin(<9/2)
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25//(A + 5B)cos(30/2)-

_I0O0AA+49A// -25I1B//'
= (+15/4) c I'1/X cos(9cos(#/2)-
v + 100A// + 500B//y

-(1 OOA/l + 49A// - 25 IB//) sin O sin(f?/ 2)

25//(A + 5B)cos(3£/2)-
= (+15/4) c r'lix -(100AzI+49A//-251B//)[cos6,cos(6,/2) + sin 6'sin(<9/ 2)] —>
-(I00A// + 500B//)cos<9cos(6//2)

25//(A +5B)cos(3<9/2)-
= (+15/4) c r'l2- - (100A/L+49A// - 251B//)cos(0/2) -
-IOO//(A + 5B)cos6x»cos(0/2)

25//(A + 5B)(cos(30/2)-4cos#cos(#/2))-
= (+15/4) c r"1i2
-(100A/1+49A// - 251B//)cos(0/2)

( but since: c0s"36l/--= —1+ 2Co0s6>, as already shown while simplifying f(;xy

cos(#/2)

~25//(A + 5B)cos(6,/2)(-I+2cos#-4c0s6,) -j
= (+15/4) cr'll2
| — (I00A2+49A// - 251B//) cos(0/ 2)

the result for sum 1 is:

i25/z(A + 5B)(-1-2c0s0)-
cos @ M~ + sin @ myxx = (15/4) c r'li2 cos(<9/2)
{-(100AA+49A//-251B//)

Calculation of sum 2: (cos™WN + =S 1 r ]

Now, sum 2, icosf/m” + sin = ).
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[cosOmxyx+smemyyx) =
=cos 0 (+15/4)c// r12 [25 (A + 5B) sin(5£/ 2) - (49A + 249B)sin(0/ 2)] +

+sinQ1(-15/4)c//  [25 (A +5B)cos(56>/2) + (51A+25IB)cos(0/2)] =

25 (A +5B)[sin(5#/ 2) cos © - cos(5<9/ 2) sin O]
= (+15/4)c/ir? -(49A + 249B) cos 6>sin(0/ 2) -

'49A+249B+N
sin #cos(<9/2)
+2A+2B

25(A +5B)sin(30/2) -
= (+15/4)c/Ir"l% -(49A + 249B) [cos itein”/ 2) + sin #cos(#/ 2)]
- (2A+2B) sin#cos(f?/ 2)

25 (A + 5B)sin(3#/2) -
= (+15/4)c/Irl2 -(49A + 249B) sin(36*/ 2) -
-2 (A+B)sin6cos(6/2)

f-(24A + 124B)sin(30/2)-
= (+15/4)c/2r'
j-2 (A+B) sin <9cos(#/ 2)

f(24A + 124B)sin(3£/2) +
= (-15/4)c/Ir'12
[+2 (A+B) x 2sin(#/2)cos(E/2)cos(E/ 2)

(given that: lin-~/2) =1+ 2cos< )
sin(6'/2)

the result for sum 2: {cosGm~» +sin<dm 1 is:

1 (24A + 124B)(I + 2cos0) +
+ sin Omm) = (-15/4)c// r'li2 sin(<9/ 2)
|[+4(A+B)cos2((9/2)

In order to assist estimate Subterm C of Pv, the partial derivatives of sum 1 and
sum 2 with respect to x and y will first be calculated.
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Partial derivative of sum 1 with respect to x

m"m{cosem]ax+smemya) =

= cosO(;‘(cosOm"+smOm>oa)—’\-’\-(coso mx:a+smom”)
r r

3 25//(A + 5B)(-1-2co0s0)-
= cost? (+15/4) c r'12 cos(0/2)

dr -(100A/1+49AJ/ - 25 1B//)
sino d 25//(A +5B)(-I-2cos0)—~
(+15/4) c r'll2cos(0/2)
~T~dO -(100AN+49A//-251B//)

25//(A + 5B)(-I-2cos0)-

= (-15/8) c r'32 cos$cos(0/2)
-(100A/1+49A/1 - 25 1B//)
T 25li/(A + 5B)(-I-2cos6!) -
’ sin(0/2) t
i v 2 -(LOOAA+49A//-251B//)
SIN% - 15/4) ¢ r1” Y
25//(A + 5B)(O+2sin0)-*
+cos(0/2)

25//(A + 5B)(-I-2cos0)-'

=(-15/8)cr cos0Ocos(/9/2)
-(100A/1+49A/I - 25 1B//)

25//(A + 5B)(-I-2cos0)-
-sin(0/2) +
(15/8) ¢ r'3/2sin#- -(LOOAN+49A//-251B//)

+100//(A f5B)sin0cos(0/2)

25/z(A + 5B)(-1-2c0s0)-
= (-15/8) ¢ r"™  -(100A/1+49A/2 - 25 I1B//)

[cos<9co0s(0/2)-sin<9sin(0/2)] +
+100//(A + 5B)sin20cos(0/2)

T25u(A +5B)(-1 -2cos0)-
~ @ cos(30/2) +
=(-15/8) ¢ r -(100A/L+49A/2 - 25 IB//)

+100//(A + 5B)sin? Ocos(0/2)
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o . ... COS(3#/2)
(taking into account that-———-—--—-—--- = -1+ 2cos#
COS(#/2)

25//(A + 5B)(-1-2cos#)-
(-1+2 cos#) +
= (-15/8) ¢ r'32 cos(#/2)< -(100A/1+49A// - 251B//)

+100//(A + 5B)sin2#

(25/z(A + 5B)[(-] -2cos#)(-1+2 cos#) + 4sin?
= (-15/8) c r'32 cos(#/ 2)
[-(100A/1+49A// -251B//)(-1+2 cos#)

25//(A + 5B)(I-4c0os? # + 4sin? #)-
= (-15/8) ¢ r"32 cos(#/ 2)¢ ' >
- (100A/1+49A// - 25 1B//) (-1-+2 cos #)

(25//1(A + 5B)(I-4cos(2#))-
- (-15/8) ¢ r'3l2 cos(#/2)
-(100A;t+49A//-251B//)(-1+2cos#)J

fa (cosOmxxx+smOmyja) =

(I00A/1+74A// -126B//)-
(-15/8) ¢ rli2cos(#/2) -2 (L00AN+49A// - 25 IB//)cos 0 -
-100//(A + 5B)cos(2#)

Partial derivative of sum 1 with respect to v

(cos# +sin# )
dy

) ) cos# 5 )
= sin 0 dr{eestd-- \» +sir-8--->*)+ r (cos# + sin # myxx):

. d 25//(A + 5B)(-I-2cos#)-
= sin#- (+15/4) c r'l2 cos(#/2) >+
dr -(100A/1+49A//-251B//)

25//(A + 5B)(-1-2cos#)-

cos# d
(+15/4) c r'll2 cos(#/2)
# -(LO0A/I+49A// - 25 1B//)

+—T5
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) 25//(A + 5B)(-I-2cos#)~
= (-15/8) ¢ r'32 sin6*cos(6,/2)
-(100AN+49A//-251B//)

. 25//(A + 5B)(-lI-2cos0)-
sin(0/2) +
+cos™_(+15/4) crlp v *m -(100AA.+49A// - 25 1B//)

25//(A + 5B)(O+2sin0)-
+ cos(#/2)

) 25//(A + 5B)(-1-2co0s0)-
= (-15/8) ¢ r32 sin#cos(#/2)
-(100AN+49A//-251B//)

25//(A + 5B)(-1-2c0s6>)-
-sin(0/2) +
+(+15/8) ¢ r'32 cos© -(LOOA/1+49A/ - 25 I1B//)

+100//(A + 5B)sin<9cos(#/2)

25//(A + 5B)(-I-2cos#)-
an [sinOcos(#/ 2) + cos#sin(6,/2)]-
=(-15/8) cf -(LOOAN+49A//-251B//)

-100// (A + 5B) cos ©sin ©cos(<9/ 2)

25//(A +5B)(-I-2cos<9)-
B w30 sin(3<9/2)-
=(-15/8) cr -(100AN+49A//-251B//)

-100//(A + 5B)cos(9sin 0cos(<9/ 2)

(since s*n(™/2) =1+2c0s<9 and sin6) = 2sin(<9/2)cos(<9/2))
sin(#/2)

25//(A +5B)(-1-2cos#)-
(1 +2C0Ss6L) -
=(-15/8) c r"312sin(<9/2) -(LOOAN+49A//-251B//)

-100//(A + 5B)x2cos<9cos2(#/2)

25//(A + 5B)[(-1-2co0s0)(1 + 2c0s0)-8cos0cos2(£/2)]-

=(-15/8) c r'3l2 sin(0/2)
-(100AN+49A//-251B//)(1 + 2cos0)
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25//(A +5B)I (-1 -4cos0-4cos? 0-8cos0co0s2(0/2))
=(-15/8)cr'32 sin(0/2)< L
- (I00A/1+49A// - 25 1B//) (I + 2 cos 0)

The representation (-1-4cos0-4c0s20-8cos0cos2(0/2)] can be simplified

into:
-1-4c0s0-4cos2 O-8cos0cos2(0/2) =
. n .1+cos(20) | + cosO
2 2
=-1-4cos0-2-2cos(20)-4cos0-4cos20 =
=-3-8cos0-2cos(20) -4 =
= -5 -8c0s O-4 cos(20)
S0

25p (A +5B) (-5 -8c0s 0 - 4 cos(20)) -
(-15/8)cr'3/2sin(0/2)
-(100A/1+49A// - 251B//) (1 + 2 cos 0)

-125//(A + 5B) - (LOOA/1+49A// - 25 IB//) +
= (-15/8)cr32 sin(0/2) +[-200//(A + 5B) — 2(LO0OAA+49A// - 25 |B//)] cos O +

+[-IOO//(A + 5B)]cos(20)

(cosO///™ +sin0 )=

(100A/1+174A/l + 374BII) +
= (+15/8)cr'32 sin(0/2) +(200AA+298A// + 498B//)cos0 +
+lOO//(A + 5B)cos(20)

Partial derivative of sum 2 with respect to x
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N

—(cos 8 +sin )=

=Cosn~(Cosn +Smem™) — "o (C°s9IMm™ +sinemm) =

2 (24A + 124B)(l + 2c0s0)+j
cos#-% (-15/4)c/tr'1,2sin(0/2)<

dr +4(A+B)c052(0/2)
! (24A +124B)(1 + 2cos0) +j
sno @ (-15/4)c/l rii2 sin(6>/ 2)«
rooo +4 (A+B) cos2 (0/ 2)

J(24A + 124B)(l + 2cos<9) +
cos 01 (+15/8)c/v r"32 sin(6*/ 2)
Jj+4 (A+B)cos?(0/2)

! f(24A + 124B)(l + 2cos0)+
—cos(0/2)( +
2 [+4 (A+B)cos2(0/2)

SINO_ i &M e 1
(24A + 124B)(-2sin0) +

+sin(0/2)< 1
+4(A+B)2cos(0/2)(-sin(0/2)) 5

J(24A + 124B)(l + 2cos0) +
= (+15/8)c// 32 cos 0 sin(0/ 2) +
| +4(A+B)cos2(0/2)

J(24A + 124B)(l + 2cos0) +
cos(0/2) +
| +4 (A+B) cos2 (0/2)

+(+15/8)Opr'3/28in#<
j-4SiN0(24A +124B)-

+sin(0/2)
j-8(A+B)cos(0/2)sin(0/2)
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(24A + 124B)(l + 2cosE) + _ _
[cos@sin((9/2) +sin©cos(<9/2)] +
+4 (A+B) cos2 (0/2)

= (+15/8)c//r'3f2

|-4 sin 6(24A +124B)-
+sin6)sin(#/2)
j-8 (A+B) cos(<9/2) sin(#/ 2)

(8cos(#/2)sin(#/2) = 4 sin#)
f(24A +124B)(1 + 2cos£)+]
>sin(3<9/2)-
+4 (A+B) cos2 (0/ 2)

= (+15/8)c/Ir "
-4 sin #sin(#/2) j(24A + 124B) + (A+B)}

| (24A +124B) (1 + 2cos(9) +
(I + 2cosf?)-
|+4 (A+B)cos2(0/2)
= (+1 5/8)c/21"32 sin(#/ 2)1

-4 sin #j(24A + 124B) + (A+B)j

(24A +124B) (I +2c0s6%) -Asin 0 +

= (+15/8)c/21r'32 sin(#/ 2)
4 (A+B) [cos2(£/2) (I + 2 cos O) —sin2 O]

Some simplifications can be performed:
(I + 2c0s6*)2 -4siN2<9 =

= | + 4c0s<9 + 4cos2#-4A(I-cos2#) =
=-3+4c0s0 + 8cosI -
=-3 +4cosfl + 81+co§O") =

=1+ 4c0s<9 + 4cos(2%)

and
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cos2(#/2)(1 + 2 cos#)-sin2 0 =

:.l-i.(z_o..sfé(l’ + 2 cos e)---.l:.(.:_(.).s(ﬁ)_ =

=—({+2cosO+cosO+2cos? ®-X +cos(20)j =
="3cos0O+2cos2 0+ cos(2%)j =

=73 c0s0 + %l + ™2 + cos(2fl)j =

=" (1+3cos< + 2 cos(2#))

After these simplifications:

(24A + 124B)(1 + 4cos# + 4cos(2 Q)) +

(+15/8)c// r'32 sin(<9/ 2) i
+4(A+B) -(1+3cos0 + 2cos(2f?))

f(24A + 124B)(1 + 4cos0 + 4cos(20))
= (+15/8)c//r"3/2sin(6,/2)
[*+2 (A+B) (1 +3 cos © + 2cos(2#))

(24A +124B) + 2 (A+B) +
= (+15/8)c//r'32sin(0/2) +[4 (24A +124B) + 6 (A+B)] cos6> +

+[4(24A + 124B) + 4(A+B)]cos(20)

—(cos +SIN g =
yyX) =
dxy N

(26A + 126B) +
(+15/8)c// r'32sin(0/2) +(I02A +502B)cos0 +
+ (100A + 500B)cos(2£)

Partial derivative of sum 2 with respect to v
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IcosO + sin 9myyx j =

- sin0 J-(cos O —+ sin9mm) + (cos €& + sinbmyyx) :

(24A +124B) (1 + 2c0s 0) +1
= sin®-2- (-15/4)0//r'1/25in(OIZ%(V >
dr vy T +4 (A+B) cos? (0/2)

+

cosO d i(24A + 124B)(l + 2cos0) + |
(-15/4)cl//r'1/2sin(0/2)<+
r 50 71+4 (A+B)cos2(0/2)

((24A + 124B)(l + 2cos0) +
=sin©1(+15/8)c/2r'32 sin(0/ 2) (
(+4 (A+B)cos2(0/2)

IC,,.s(,/2)j(24A + 124B)(1 + 2COSi*)+! +
2 +4 (A+B) cos2(0/ 2)

R St (’-ié/%c//r 2

(24A + 124B)(-2sin0) +

+sin(0/2)
+4 (A+B) 2cos(0/2) (-sin(0/2)) ~

i(24A + 124B)(l + 2cos 0) +
= (+15/8)c// r'32 sin0sin(0/2) +
1+4 (A+B) cos2 (0/2)

j(24A +124B)(l + 2cos0) +
cos(0/2) +
| +4 (A+B) cos2 (0/2)

+(-15/8)c//r'3,2cos0-
-4(24A + 124B)sin0O-

+sin(0/2) V
| -8 (A+B) cos(0/2)sin(0/2)
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(24A + 124B)(l + 2cos0) +
‘ >rsin0sin(0/2)-cos0cos(0/2)]
+4(A+B)cos2(0/2)
(+15/8)c//r'32
[-4(24A + 124B)sin0-
\

. : >cos0sin(0/2)
[-8(A+B)cos(0/2)sin(0/2)]

f(24A + 124B)(l + 2cos0) +
-cos(30/2)] +

|+4 (A+B) cos2 (0/2)
(+15/8)c/Ir'32
f(24A +124B)sin 0 +
+4< )cos0sin(0/2)
[+2(A+B)cos(0/2)sin(0/2)J
f(24A + 124B)(l + 2cos0)+]
-cos(30/2)]1 +
(+4(A+B)cos2(0/2)
= (+15/8)c/zr™”

+4cos ©sin©sin(0/2) {(24A +124B) + (A+B))

(because----- ----—--- -1+ 2cos0 )
v cos(0/2)

f(24A + 124B)(l + 2c0s0) +
(1-2cos0) +
|+4(A+B)cos2(0/2)

= (+15/8)c//r'3/2cos(0/2)<
+8c0s0sin2(0/2){(24A + 124B) + (A+B)}

Institutional Repository - Library & Information Centre - University_?_éghessaly
17/04/2024 04:28:14 EEST - 18.219.86.155



= (+15/8)cp -3 cos(#/2)

= (+15/8)cpu r'3 cos(612)

= (+15/8)c// r'32 cos(©/2)

= (+15/8)our cos(#/2)

= (+15/8)c/lr  cos(#/2)

= (+15/8)c”r3-~cos(#/2)

(24A + 124B)™(1 + 2cos<9)(I-2cos#) + 8cos#sin2(<9/2)

+4 (A+B) |*cos2{©/2) (1 - 2cos<9) + 2 cosOsin2(©/2)]

(24A +124B) [l -4 cos2©+8cosOsin2(<9/2)J +

+4 (A+B) |*cos? (3 12) — 2cos#cos2{0/ 2) + 2cos<Isin2((9/2)J

. .l1+cos(20 ,]-cos<9
(24A +124B) 1—4-(—)- + BcosH#-—-——

| + cos<9 | + cos# I-cos#
+4(A+B) 2cos# h2cos6'---——-—----

(24A +124B)[I-2-2cos(2#) +4c0s0 - 4co0s2 0J +

+4 (A+B)N + cos# - 2cos# — 2cos2 # +2¢c0s 0 -2 cos? <9

1+ cos(2#
(24A+124B) 1+ 4cos@ - 2cos(2<9) - 4+ SOS(ZH)

+4(A+B)i |+ cosff-4—C()25"’\

(24A +124B)[-3 + 4c0s O — 4cos(2#)] +

+4 (A+B) 1+ cos# - 2cos(2#)]
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3(24A + 124B)-2(A+B) +
= (+15/8)c/1r"32 cos(9/ 2)< +[4(24A + 124B) + 2(A+B)]cosO0 +

+[4(24A + 124B) + 4(A+B)]cos(2£)

(cos® + sin dm>yx) =
dy

-(74A +374B) +
= (+15/8)c//r"32cos(0/2)- +(98A + 498B)cos# - -
-100 (A + 5B)cos(2%)

With the calculation of these 4 expressions, i.e. the partrial derivatives of
sum 1 and sum 2 with respect to x and y, the estimation of Subterm C of Pv is

now feasible.

Subterm C of Px

Dx ( «AXO + nyrnyxx) + Dy ( + nymyyX) =

=sin2 edAcosOmM”" —— ¢ r ) I sin2 edy(COsS9O+sin6>wT0] +

+c0s20 <y (cos#m” -rsin™-sin”ccst? dx [cosOm” +smémyyxj =

(100A2+74A// - 126B//) -
= sin2 9 (-15/8) ¢ r'32 cos(<9/2)< -2 (100A/1+49A// - 25 IBp) cos ©
-100//(A + 5B)cos(2<9)

(100A/1+174AJ] + 374Bp) +
—cos9 sin#- (+15/8)cr-3/2sin(£/2) +(200AA+298A/r + 498B//)cos# + +
+100/;(A + 5B)cos(2#)
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-(7T4A + 374B) +

+cos2 N (+15/8)cl/yrvl cos(<9/2)< +(98A + 498B)cos<9-
-100(A + 5B)cos(2£)

(26A + 126B) +

-sin@cos O1(+15/8) c u r'32sin(6*12) +(102A +502B)cosf? +
+ (100A + 500B) cos(2<9)

[-(100A2+74A// -126Bu)0N? 6 - (74A + 374B)//cos? O] +
(+15/8) ¢ r'32 cos(#/2) +[2(I00A2+49Alu -25 IB//)sin? ™ + (98A + 498B)//cos! tfjcostf-
+ [fOOp(A + 5B)sin? 6>-100u(A + 5B)cos! tflcos(20)

[(100A2+174Al/ + 374B//) + (26A + 126B) ] +
-(+15/8)cr'32 sin6,cos6)sin(6)/2)  [(200AN+298A// + 498Bp) + (1 02A + 502B) 1] cos6>-
[I0O/;(A + 5B) + 100//(A + 5B)]cos(20)

For practical reasons, the penultimate set of brackets is called term (i) and the last one
term (ii).
Term (i) is:

> The term in the first line:

-100AAX sin2 ©+Ap [-74 cos? © - 74 sin2 0] + Bu[-374 cos? 6 +126 sin2 0] =

=-100A/tsin20-74Au + B//[-248 cos2 0-126 cos? 0 + 126 sin2 O] =
=-100AAsin2 6-"NAMU + By -248! + C0S*2™ __126¢c0s(20) =

=-100A/L sin2 ©-"1AAU + Bu[-124 -124c0s(20) -126c0s(20)] =
=-100A/tsin2 ©-1AAu + B//[-124 - 250c0s(20)]

The term in the second line (multiplied by cosO0):
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2 (L00A/L+49A// - 251Bp) sin2 6» + (98A + 498B) pcos? 6 =
= 200AA sin2 8 + A//(98cos? 8 + 98sin2 0) + Bu[498cos? 6 - 502sin2 B\ =

= 200AT.sin2 0 + 98Au + Bu~49800%2 6»-498sin? #-4sin? #] =
= 200AA sin2 (9 + 98 A//+ B 498cos(2(9) — 41—cos(26>)

= 200AX Sin2 0 + 98 A + By [-2 + 500005(26»)]

> The third line (multiplied by cos(20)):

100 (A + 5B)sin? 8 -100// (A + 5B)cos. 0 =
= -100p(A + 5B)cos(2(9)

The full form of term (i) is:

-[1 OOAAsIn2 6 + 74Au + Bu(124 + 250c0s(20))] +
(+15/8) c r~32 cos(#/2)< +"200AA sin2 6 + 98Ap + (-2 + 500c0s(26»)) Bu] cos(? + 1

+[-IOO//(A + 5B)cos(20)]cos(20)

The same procedure is followed for term (ii).

Term (ii) is:
'[((OOAT+174Ap + 374Bp) + (26A + 126B)y]
-(+15/8)crl2 sin O cos Osin(<g/ 2)1 +[(200AA+298ApU + 498Bp) + (1 02A + 502B) U] Ccos#
+ [{OOu(A + 5B) + 100u(A + 5B)]cos(2%$)
and can be written as:

> The term in the first line:

(1 OOA/I+174Ap + 374Bp) + (26A +126B) b =
= 100AA+200Au + 500Bp

> The term in the second line (multiplied by cosO0):
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(200A/1+298A// + 498B) + (102A + 502B) p =
= 200A/1+400Ap +1000By

> The third line (multiplied by cos(20)):

100//(A + 5B) + 100//(A + 5B) =
= 200p(A + 5B)

The full form of term (ii) is:

(l00A/1+200Au + 500Bp) +
(+15/8)cr'32 sin© cos Osin(<9/2) +(200AA+400Ap +1 OOOBY) cos O +
+[200//(A + 5B)]cos(2")

(100AT+200Ap + 500B/i) +
=-(+15/8)cr 12sin(<9/2) cos(#/2) xcos9sin(<9/2) +(200A2+400A/i +1 OOOBy) cosO-
+[200u(A + 5B)]cos(2%5)

(\OOAA+200Ap + 500Bu) +
= -(+15/8)cr"32 - 2sin2(0/ 2)cos(®/ 2) cos® +(200A/I+400A// + 1000B//)cos# +
+[200//(A + 5B)]cos(20)

The full Subterm C of P* is the sum of term (i) and term (ii):

-[100AA sin2 6 +'IAAY + Bl (124 + 250cos(2£))] +
(+15/8) c r'32 cos(0/2) +["200A/Lsin2 # + 98A/i + (-2 + 500cos(2#))B//Jcos# +

+[-100p(A + 5B) cos(2<9)] cos(20)

(I00AN+200A// + 500Bp) +
-(+15/8)cr'32 - 2sin2(©/ 2) cos(9/2) cos® + (200A/I+400A// + 1000B/Ncos# + > =

+[200//(A + 5B)]cos(2£)
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-[1 O0AA sin2 8 + 1AAU + Bu(124 + 250c0s(26>))] -
-2sin2{B/2) cos 6 (L0O0OANA+200A// + 500B//) +

[200AA sin2 © + 98 A// + (-2 + 500c0s(2£)) B//]

=(+15/8) ¢ r'32 cos(0/2)< *+! >C08<9 +
-2sin2{©/ 2) cos 0 [200AA, + 400A// +1 OO0BY]

[-100//(A + 5B)cos(26%)] -
+( >cos(29)
-2sin2(#/2)cos#"200//(A + 5B)]

The term enclosed in the first brackets,

-[100A/Isin2 B + IAAU + B//(1 24 + 250c0s(2<9))] -
-2sin2(6»/2)cos£(100A/1+200A// + 500B//)

is further simplified this way:

100A/I["-sin2#-2sin2(<9/2)cosf?] =

I-cos(2(9 -I-cos6>
=100A/1 (( )—2 c

osy

= 100AAN --"m+icos(26>)-cos0 + cos? 0

11 . . |+c0s(20)
= 100AA - h—cos(26i) —cosB,h-—---eeee -
2 2 2
=100A/I +icos(20) - cos© +j +cos(2%)

= 100A/l +—Cco0s(26,)-cos# +—co0s(20)

= 100AA [-c0os/9 + cos(2/9)]

and
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Al/i[-74-400sin2(#/2)cos#[] =
=AM -74 -4001~ cos #

= Au[-74 - 200cos# + 200 cos? #] =
=AL = SN 56-' + COS(27)

-74-200cos# +Y

= Al [26 - 200 cos # +100 cos(2#)]

and
Bu [-(124 + 250c0s(2#)) -1000 sin2 (#/ 2) cos #] =
=B -(124 +250c0s(2#)) — L O O Ocos #
Bu[-(124 + 250cos(2#)) — 500cos # + 500co0s?2 #] =
| + cos(2#)

'Bu -124 - 250co0s(2#) - 500 cos # + 500-

: B//[-124- 250ces(20)-500c0s6» + 250+ 250ces]:

B//[1I26-500c0os#]

Similarly, the term enclosed in the second brackets, multiplied by coso,
[200AA sin2 # + 9%Au + (-2 + 500cos(2#)) Bu] -

-2 sin2(#/2) cos #[200AA + 400Ap +1000B ]

becomes, bearing in mind that:

2sin2(<9/2) cos# = 2-—%08’\ COS# = COS#-COS2 # =cos# - "+ cozs(’\")

=cos# +— —cos(2#)=-"(-1+ 2cos# - cos(2#)),

then,
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AA 200sin2 6 - 200—(—1 + 2 cosO - cos(20))

= AA 2001~C0S(2 +100 - 200 cos 6 +100co0s(20)

= AA[100 - XO&xx®B) +100 - 200cos 6 + JOIWANT] =
= Ai[200-200co0s0] =
= 200A/I(l -cos0)

and
Ap 98-400]| (-1 + 2cos0-cos(20))
= Ap[98 + 200 - 400 cos 8 + 200 cos(20)] =
= Apu[298 - 400 cos O + 200 cos(20)]

and

By -2 +500c0s(20)-I000"-(-1 + 2c0s0-cos(20))

= B//[-2 + 500c0s(20) + 500-1 000cos © + 500c0s(20)] =
= Bp[498-1000cos 8 +1000 cos(20)]

The term enclosed in the third brackets, multiplied by cos20,
[[IOO/M(A +5B)cos(20)]-

-2sin2(0/2)cos0[200/i(A + 5B)]

-100u(A + 5B)cos(20) - 200u(A +5B)|(-1 + 2cos 0 - cos(20)) =
=-100//(A + 5B)cos(20)-100//(A + 5B) (-1 + 2cos0-cos(20)) =
=-100p(A +5B)[cos(20) + (-1 + 2cos © - cos(20))J =

= -IOO/i(A + 5B) (-1 + 2cos0)

Finally, the overall term, consisting of the three aforementioned brackets is:
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1OOA/ [-cos© + cos(26*)] +
+Au[26 - 200c0os O + 100cos(2£)] + +
+B/u[126-500cos”]

200A/I(I-cos<9) +
(+15/8) ¢ r'3l2cos(#/2)- + +A//[298 - 400cos O + 200cos(2£)] + cos6* +°
+Bu[498 -1000 cos 8 +1000 cos(2£)]

+[-100//(A +5B)(-1 + 2cos0)]cos(20)

If the terms are grouped with respect to AA,Au,Bu |, the following expression is
acquired:

100A/L [- cos © + cos(26*) +2cos 6 (I - cos ©)] +

[26 — 200 cos © +100 cos(26*)] +
(+15/8) c r'32 cos(6*/2) +Ap +[298 — 400cos © + 200cos(2#)] cosO + 1 +
+100(1-2 cos 0) cos(20)

[126-500008 6*] +
+BU +[498 -1000 cos 6 +1000 cos(2#)] cos © +
+500(1 -2cos(9)cos(26%)

The brackets multiplying 100A/1 are:

-C0S6* + c0s(26*) + 2cos#(l -cosf?) =

= -COs# + cos(2#) + 2cos6*-2c0s2 0 =

= —| + cos6*
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the brackets multiplying Ap are:

[26-200c0s6* + 100cos(26>)] +
+[298-400 cos 0 + 200 cos(2<9)] cos6> +
+100(1 -2cos0)cos(2%) =

= 26-200 cos <9+ 100 oos(26*) +

+298cos£-400co0s26>+ 200cqs(2#)Tos™ +
+l0O0co0s(20)- 200£6"20y0i6 =

= 26+ 98 cos 6*-400 cos? <§ + 200cos(2%$) =

=26 +98c0s 0 - 400! + co-~2-~+ 200cos(2£) =

=26 +98co0s 0 - 200 - *"DOcos(2" + "0©coe (26" =
=-174 + 98cos6*

and the brackets multiplying B// are:
[126-500cos 6*] + [498 -1000 cos 6 +1000cos(26*)] cos © +
+500(1 -2cos6*)cos(26*)=
=126-500c0s6* + 498c0s6*-1000c0s? O + !100Qs&s@&yc5s0 +
+500c0s(26*)-H)Qilcos#aJsC25y =

=126 - 2c0s 6 -1000L! + c0"s(26>) + 500 COS(2£)=

=126 - 2cos”™ - 500 - 500ces(20T + 500co0s(20T
=-374-2cos6*

Finally, Subterm C of Pv in its most compact form becomes:

100A/I(-I + cos#) +

Subterm C of Pv= (+15/8) c r"3/2cos(#/2)- +A//(-174 + 98cos0) +
+B//(-374-2cos$)

CALCULATION OF SUBTERM D: (DJnj) Rt
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(Djnj)Rx=[Dxnx+ Dyny)RXx

Each one of Dxnx,Dynywill be estimated separately.

Dx"'x = dx(nx)-nxD(nx) = dx(nx)-nxnrdr (nx) =

= ("X) — «X [7’X5Xx («X) + << A K )] =

= dx{nx)~ nx2dx {nx)~ nxnydy (nx) =
= (1 ““«x2 )dx («x) ~ nxnydy (nx) =
= (I -cos2#)™ (cos#t) — cos# sin Ody (cos #) =>

=> Dxnx = sin2# (.(cos#)-cos#sin#5»,(cos#)

The derivatives <9,(cos#), dy (cos#) should be estimated in order to continue.

d (cos#) = cost—(cos#H)(cosH) |
X\S ) dr ( ' ?( d6y 2

=0 S gy = Sin2#
#x(cos#) = sinz #
and
ay %cosﬂ} =sin #/a\fi(cos#) +-C-9-§f i(cos#):
-0 +_‘29_S_’f‘( _sin #)_____C_‘_)_?f‘f_'_rlf
r
dy(Cos#) = cos# sin#
Consequently,

Dxnx - shg # sinz # -cos#sin# cos#sin#

Sind# | cos2#sin2#

sin2#/ . 2 2
........ (sin- # + cos“#):
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sin? #

Dm.

In the same manner,
Dyny =dy (ny) ~nINny) = dy(ny)~ nynrdr ¢*y) =

= dy (ny) —ny \nxdx (ny) + nydy (ny)] =
= dy{ny)-nynA(ny)-ny2dy(*y) =

={l-ny2)dy{ny)-nynxd*{ny) =
= (I-sin2 #)0™(sin™)-sin6>cos6)5;t(sin”)=>

=> Dyny -cos? 0 0y(sin#)-sin#cos#0Ji(sin#)

The partial derivatives Ov(sin#), Ov(sin#) will be obtained first.
0 (sin#) = sin#t—(sin#) + C°S™——(sin#) =

LT S S S G
. cos? #

dy (sin#) =

and

0, (sin™) = cos™|: (sin™) — " (sinN) =

sin# sin# cos#
= 0 (cos#) = -
r r
) sSin# cos#
0.v (sin#) =1
Therefore, Dvn is:
2,c082# . Q (-sin#cos#)
Dyny =cos #& -SiN#COS#-

_ cos4#+ Sin2# cos2#
r

cos? # .
S (cos? # +sinl #):
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cos2 0
=> Dyny =

The sum [DjU” = + Dyny leads to:
(DJnJ) = Dxnx + Dyny =

Sin2® cos20
________ [

= (Dini)=7
Eventually, Subterm D of Px takes the form:

(Djnj )R* = (°X"]X + Dyny) Ry

R,
(d=)r,=

Having estimated all Subterms of P#, its full form can be acquired. First, the sum:

Subterm B+ Subterm C will be calculated.
Then, Pr= -( Subterm B+ Subterm C) + Subterm D.

CALCULATION OF SUM: SUBTERM B+ SUBTERM C

Subterm B+ Subterm C=

=(+15/8)c u r'32 cos(#/2)x 200 (A +5B) +
100At(-1 +cos +

+(+15/8) c r"3/2cos(<?/2) +Au(-174 +98cos 6) +
+B//(-374-2c0s<9)

100AA (-1 + cos ©) +
=(+15/8)cr cos(<9/2) +Au(200-174 +98 cos#) +
+B/;(1000-374-2cos£)
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100A/I(-I + cos<9) +
= (+15/8) c r'3l2cos(#/2) +AJ/N(26 + 98cos#) +
+B//(626-2cos6l)

Subterm B+ Subterm C=

100A/I(-1 + cos6,) +
= (+15/8) c r'3/2cos(<9/2) +Ap (26 +98cos O) +
+B/"(626-2c0s0)

CALCULATION OF SUM: -(SUBTERM B+ SUBTERM C)+ SUBTERM D

Now,
-(Subterm B of Pv+ Subterm C of Pv) + Subterm D of Pr

100AA(-I +cos6,) +
(-15/8) c r'3/2cos(6*/2) +Au (26 +98cos0O) + 1+
+B//(626-2cos%$)

-(-15/2) c r'l2cos(#/2)[(13A+63B) 4 + (50AA + 49A// - Bu)cos 6\ =

1OOA/1(-1 + cosO) +
=(-15/8) c r'32 cos(6)/2) +Au(26+98cosO)+ )+
+B/i(626-2c0s6*)

+ (-15/8)cr-I2cos(M2)[4(13A+63B)/i+ 4(50A/l + 49A/i-Bly)cos6']
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(-100AA + 26 A// + 626Bp) + 4(13A+63B) b +

=(-15/8) c r'3 2cos(#/2)
+ [(LO0AA + 98Au —2Bp)+ 4 (50AN + 49Au - Bu) Icos 6

-100AA + Ap (26 + 52) + By (626 + 252) +

=(-15/8) ¢ 1"32 cos(#/ 2) ,
* + [A/1(i00 + 200) + A(98 + 196) + Bu(-2-4)]008# >_

-100AA, + 78Ap + 878Bu +

=(-15/8) cr cos(#/2)
'{+ (300AA +249Ap - 6Bu) cos 0

=>-(Subterm B of Px+ Subterm C of Px) + Subterm D of Px=
-100A/1 + 78Ap + 878Bpu +

=(-15/8) c r'3/2cos(#/2H | .

[+(300AA. + 294Au-6B)oo80

It should be reminded that Px also contains the term (pp** +<«>T>X). The full form

for Px is:

_(n!T' + nyTyXi +
i-IOOAA + 78Ap + 678Bp +

+(-15/8) ¢ r'32 cos(#/2)
|+(300A/1 + 294 Au-6Bl)Ccos6,

3m,,

should now be estimated. The component
\ ox ) v

of Px will not be included in this estimation of the product (since this term, after

The product Px

being integrated, vanishes for r—>0).

Calculation of the product: \\ ux
dx
rdu”
dx

(-100A2 + 78Ap +878Bu +
(-15/8) c r'32 cos(6*/ 2)
+(300A/I + 294Ap - 6Bu)oo8 Ol

Yl cos(<9/2)[(49A-251B)+25(A + 5B)(2cos£E+)] =
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(-100AA + 78A// + 878B//)(49A-251B) +
+ (-100A/I + 78A// + 878B//)(25A + 125B) +
+(-100A/i + 78Apu + 878Bu)(50A + 250B)cosE +
=("*r)c r'l cos2(<9/2)
32 +(300AA + 294Ap - 6B//)(49A-25 IB)cos<9
+(300A/I + 294A// - 6B//)(25A +125B)cosE

+(300A/1 + 294Ap - 6B//)(50A + 250B)cos? O

(-100A/L + 78A// + 878B//)(49A-251B+25A + 125B) +
99< +(-100A/I + 78A// + 878B/y)(50A + 250B)cosE +
=(")cr-1cos2(N2)
+ (300A/1 + 294Au-6B/)(49A-251B+25A + 125B)cos<9

+(300A/] + 294A// - 6B//)(50A + 250B)cos? 0

(-100AA. + 78A// + 878B//)(7T4A-126B) +

+ (-100AA + 78A// + 878B//)(50A + 250B)cos0 +
=("M)cr-'cos2(™M2)

+(300A/l + 294Ap - 6Bu)(74A-126B)cos<9

+(300A/l + 294Ay - 6B//)(50A + 250B)cos’ 0

(-100A/1 + 78Ap + 878Bp)(74A-126B) +
(-100AT + 78Au + 878Bp)(50A + 250B) +
=(——=)c r’lcos2(<9/2) + _ cos# +
+ (300A2 + 294A/i - 6Bp)(74A-126B)

+(300A/i + 294A// - 6B)(50A + 250B)cos? 0

The product (-100A/1 + 78Ap + 878B//)(74A-126B) becomes:

(-100AA + 78A// + 678B//)(74A-126B) =
= -7400A1A +12600AB/1 + 78 - IAAlp -78-126ABU +
+878. 74AB// - 8781126B2/ =
= (-7400A2 +12600AB) /I + (5772A1 + (-9828 + 64972)AB -110626B2) p =

= (-7400A2 +12600AB) /I + (5772A2 + 55144AB -110626B2) u

(-100A/L + 78Au + 878Bu)(50A + 250B) +
The sum becomes:
+ (300AA + 294A//-6B/i)(74A-126B)
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(-1 OOA/l + 78A// + 878Bp)(50A + 250B) +
+(300AA + 294A// - 6B//)(74A-126B) =

=-5000A2! - 25000ABA + 78 -50A2u + 78 - 250AB// +
+ 878 50ABu + 878 250B2// +
+300 74A2A -300-126AB/1 + 294 - 14 A2 -294-126ABp -
-6:74AB// + 6-126B2// =

= (22200 - 5000) A2 + (-25000 - 37800) ABA +

+(3900 + 21756) A2//+ (19500 + 43900 - 37044 - 444) AB//+ (219500 + 756) B2//

= (I7200A2 —62800AB)/I + (25656A2 + 25912AB + 220256B2)//
and finally (300A/i+294Apu-6Bu)(50A + 250B) transforms into:

(300AA + 294 Ap - 6B//)(50A + 250B) =

=300-50A2/1 + 3001250AB/1 + 294 - 50A2p + 294 - 250AB/Z -
-6 -50AB// -6-250B2// =
= (I5000A2 + 75000AB) /I + (14700A2 + 73200AB-1500B2) b =

=15000(A2 +5AB)/1 + (14700A2 +73200AB-1500B2)//

(du"i

V dx J

After these manipulations, the product P s:

\ & j
=(+225/32) ¢ r" cos2 (©/2)-

(-7400A2 +12600AB)/L + (5772A2 + 55144AB -110628B2) u -

+[(17200A2 -62800AB)A + (25656A2 +25912AB + 220256B2)// cos (9 +

[15000(A2 + 5B) A + (14700A2 + 73200AB-1500B2) ] cos? ©

CALCULATION OF P,
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P> = npTpy—npdrmrpy — Dp( «I/»ww) + (Dj’jd nr'p™rpy =

NpTpy—nPdr™iry ~ Dp(nrmrpy) + (Z)/\) Rv =
= “ A( nrme) + (Djrij) Rv+
nyTyy —nydrmryy — Dy{ nrmnx)

= ("XTxy+"yT=>y)-(C’*drmrxy + nyerniiyy)-[Dx( hrm”™)+ Dy( N+ (E,.«.) R, =

= («/\, + 20) - ("AM~”™ + nydxm™) - [Dx ( nxmxo>,) + Dy ( )J+(@Inj) R, -
ymyxy + nydymyyy)-  D*( nymyxy)+ Dy[nymm)

nxdxmxxy+nydxmxyy + Dx( Nnx™xxy+ny™yxy) +
4-

+nxdymyy+nydymm_ Dy ( N+
+ (DINjORyY

The process followed for the calculation of Pt will be performed for the

calculation of Pv, too.

The term (Subterm A’) is ~ rvl.

3u
The product (nxt +n T )F-dT ~rvlrl2 rdd—r2 -» 0 for r— 0.
: y ¥y oX

Consequently, this Subterm does not contribute to the final result.

<< AMXXYy+nydxmxyy —+

+nxdymyxy-+nydy My

CALCULATION OF SUBTERM B

nxdxmxxy + nydxmxyy + nxdymyxy + nydymm =

\ d sin# d 5
=cos# cosp— - — +sin# cos#t— /7 ?-—————-"m- +
= COS# COS# N1 mxxy ar TR w

COosS# a
+

r. _.a . . a
+cos# sinO—m~» m)ay + Sin# sm#a— == m
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cos#tsin# d . n n d
= coszééti m

sin2# d
dr — 3gm™+sm9cose— ———raem™ +
. d COS2# . d cos#sin# d
+cos#sin#N «w + <IN/ \nvvwv+sin G—mm + m
5# w
I + << AMW+H<< A" NMB A MW
. ‘a a cos#sin# ' a .
1 COS2H—WwWItV + Sin#Ccos# |It%
dr 309 drm™ +drm™_ r a#t at
sin2# 5 cos2# d 2113
H w,,, +Sin #—

roo##t w r do v dr m

The partial derivatives included in the above expression will be calculated before
performing the rest of the calculations.

>Yr  =(-15/8) cl2 r32[25 (A + 5B) sin(5#/2) - (49A + 249B)sin(#/ 2)]

> —~=(+t5/3) ¢ r'32[25// (A + 5B)cos(5#/2) + (L OOA/I+51 A - 249B//)cos(#/ 2)]
"WV = (+15/8) c// r'32[25 (A + 5B) cos(5#/2) + (51A + 25 IB) cos(# / 2)]

q 25(A + 5B)cos(5#/2)]|-
—»>— = (+15/4)c// r'l2
»a# ( )

-(49A + 249B)cos(#/2)|

= (+15/8)c// r"12 [125 (A + 5B) cos(5#/ 2) - (49A + 249B) cos(#/ 2)]

a 25//(A + 5B)cos(5#/2)| +
—>a—#m3W = (-15/4)cr'I2

+(1 OOA/t +151Ap + 25 IB/)cos(#/2) i

125//(A + 5B)cos(5#/2) +
= (-15/8)cr'i?
+(1 OOAI +151 A// + 251 B//)cos(#/ 2)
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-25//(A + 5B)sin(56»/2)|-
(-15/4)c M2
-(100AA + 51 Ap - 249B//)sin(6>/ 2)|

+(100A/1 + 51 A// - 249B//)sin(0/ 2)

-25(A + 5B)sin(56>/2)|-

> :(-15/4) c/f r?
w

a# .
-(51A + 251B)sin(0/2)"

= (+1 5/8)c/2 r'll2 [125(A + 5B)sin(5<9/2) + (51A+25!B)sin(0/2)]

25//(A + 5B)sin(5£/2) +
~>Ir>W=(FLSM)CI L 100AN +151A/ + 25 IB//)sin(0/2)

These partial derivatives are substituted in the expression for Subterm B
deducted already.

+«<A™ =
q
) 38 c S | cos#sin# - a a
= COS2H—mrrv + Sin#Cos# - ¢
ar N = w a" r _a# a# w'
sin2# a cos2# a , . 23d

Tem-—"> Tem””+sme ™~m-—">
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=cos2# (—15/8) cfi r'32[25 (A +5B)sin(5#/2) - (49A + 249B)sin(# 2)] +

i(+15/8)c r'31 [25//(A + 5B)cos(5#/2) + (LOOAA+5! A//-249B//)cos(#/2)] +

+sin#cos#
{+(+15/8) c/l xm [25(A + 5B)cos(5#/2) + (51A + 251B)cos(#/2)]

(+15/8)c// r'l2 125 (A + 5B) cos(5#/ 2) - (A9A + 249B) cos(#/ 2)] -

costtsin#
125//(A + 5B)cos(5#/2) +
—(—15/8)c r'12
+(100A/1 +151 Ap + 25 IB//)cos(#/ 2)
sin2# 125//(A + 5B)sin(5#/2) +

(+15/8)cr ** +
+(100AA +5 1A// - 249B//)sin(#/ 2)

+ 505 (L18/8)cll 1l [125(A + 5B) sin(5#/ 2) + (51A+25 IB)sin(#/ 2)] +

25//(A + 5B)sin(5#/ 2) +
+(1 OOA/l +151 A + 25 IB//)sin(#/ 2)

+sin2#-(+15/8)cr™?

= (-15/8) ¢/l r'32cos2#[25(A + 5B)sin(5#/2)-(49A + 249B)sin(#/2)] +

. OO0O0AAN+51A//-249B// +
+(+15/8) c r3izsin#cos# 50// (A +5B) cos(5#/2) - cos(#/2)
+ 51A// + 251B//

100AA+102A/ + 2B//

-49A//-249B//+ |
C
+100AA + 151A// + 251B/ly

100A/1+102A// + 2B//

-(+15/8)cr"32cos#sin# 250//(A + 5B)cos(5#/2) + os(#/
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125//(A + 5B)sin(50/2) +
+(100Ai + 51 A/ - 249B//)sin(#/2)

-(+15/8)cr'32sin2#

+(+15/8)c// r32c0s20[I25(A + 5B)sin(50/2) + (51A+25IB)sin(6>/2)] +

25//(A + 5B)sin(5#/2) +
+(100AA + 151A// + 251B//)sin(#/2)

+(+15/8)cr'3/2sin20

[1I25(A +5B)-25(A + 5B)]sin(5<9/2) t
100(A + 5B)
+[51A+251B+49A+249B] sin(6>/ 2)

=(+15/8)c// r3l2cos2q

100/1 + 5005 = 100(A + 5B)

[-200// (A + 5B)] cos(5tf/ 2) +

+(15/8)cr'dcosoong  -OOA/+>02A,+ 2B~
I-100A/1-102A//-2B//]

[-100//(A + 5B)Jsin(5(9/2)+

+(15/8)cr sin 0 (100AA +151A/ + 251B/1- sin(#/2)

[-100A/I - 51 A/l + 249B//
100Ap + 500Bp = 100// (A + 5B)

=(+15/8)c// r32c0s265[IOO(A + 5B)sin(57/2) + 100(A + 5B)sin((9/2)J +

+(+15/8)cr'3l2cos#sin0[-200//(A + 5B)cos(5#/2)j +

+(+15/8)cr3/2sin2<9[-100//(A + 5B)sin(5#/2)+100//(A + 5B)sin(#/2)J
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100//(A + 5B)sin(5#/2)[c0s26*-sin26*] +
=(+15/8)c r3/2. +//sin(#/2)[IO0(A + 5B)cos2£ + 100(A + 5B)sin26] +

+(-200) 1 (A + 5B) cos(56* / 2)sin#cos 0

100// (A + 5B) sin(56* / 2) cos(26*) +
=(+15/8)c r3/2 +100//(A + 5B)sin(0/2) +
+(-200)//(A + 5B)cos(56,/2)sin6'cos6)

100p (A + 5B) sin(5#/ 2) cos(26*) +
=(+15/8)c r3)2 < +100//(A + 5B)sin(6*/2) +
+(-100)// (A +5B) cos(56» / 2)sin(2£)

V2 J100p (A + 5B)[sin(5# / 2) cos(26>) - 008(56* / 2)sin(26*)] +
(+15/8)c r  |+100//"A + 5B"sin(6)/2)

K+15/8)cr— i 100™NA+5B)Sin(i,/2)+U
[+IO0//(A + 5B)sin(0/2)J

=(+15/8)c//r312 [200(A + 5B)sin(0/2)] =>

Subterm B' of Pv = (+15/8)c//r32sin(0/2)[200(A + 5B)

A ( nxmxxy+nymyxy) +
CALCULATION OF SUBTERM C

+ A ( nxmxyy+nymim)

The decomposition of this Subterm in 2 parts gives: Dx{ + nymyxy) and

A ( nxm*xy+nymxxy)-

FirSt Part: A( T™V+N'LN)
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Dx( ”xfnX9+nym)ay) =

=dx ( njNn”™ + nyniyxy) - nxD{ nxmm + nymyxy,) =

( njn,.y + nymm) — nx nr dr ( nxm” + nymyxy,) =

=ax ( NXMXXY + nvemyxy ) ~«v [ )+ Hy 5y ( + «,/«,,, )
= dx ( n*mxxy + nymyXy ) — ""*8, ( + ny,myxy ) — MxNy8y ( «, + riymyxy ) =
= (" nrl ddx ( Nnxmxxy + nymyxy ) ** + My TMy*y ) =

= (I"" cos2 °)d* ( nxm~y + nymyxy) ~cos O sin © Sy ( nxtn”™ + nymyxy,) =>

==£>,( NXMXXy+nymyxy) =

=0N200x( M7+ —cost? sin(95r( nxNn 3} -+nymyxy)

Second part: Dy ( «,/>,, + nymm)

Dy( nxmxyy-+nymyyy) =

=dy ( n*m*yy + nymyyy) ""nyD( n*m*y + nymm) =

=8y ( +nymm) — nynr dr ( nxtn”™ + nymm) =
= 8y( + nymm)-ny[nxdx( nxmw + nymyyy) + nydy( «,mw + nymm)]

=dy ( nxmxyy + nymm) - ny nx 8X ( nxmm, + nymm) - ny2 ( nxmm + nymm) =

= (I-ny2)dy( nxmxy + nymyyy)- ny nx dx ( +nymm) =

= (I - sin2 ©]dy ( nxm” + nymm) - sin © cos © dx ( + ny myyy) =>
Dy | HxMxyy + nyyyy) ~

= cos?2 Ody (nxmxyy + nymyyy) — sSin @ cos © dx ( njn”. + nymyyy)

Each part’'s explicit calculation follows.

First part:
Dx{ nxmxxy+nymyxy) =

=sin2 B8y ( nxmM” + nymyxy,) - cos © sin Ody ( nxmxxy + nymyxy)

For practical reasons, the following auxiliary sums will be estimated first.
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sum 17 (Zoi,©@ m”™ +0Nn6

sum 2" (cosO+0n6
Calculation of sum 1 (cos™m” +sin )

cos 9myry +sin Omyy =
=c0os01(+15/4) cpu r'i2[25 (A +5B)sin(50/2) - (49A + 249B)sin(<9/ 2)] +

+sin 01(-15/4) cp Fm [25 (A + 5B)008(56» / 2) + (51A+25 IB)cos(6> / 2)] =

25 (A +5B) [cos Osin(50/ 2) - sin © cos(56*/ 2)]
= (+15/4) Zu r'?  (49A + 249B) cos Osin(6>/2) -
(51A+251B)sin6»cos(£/2)

25(A + 5B)sin(30/2)-

- (49A + 249B) cosOsin(E/ 2)
= (+15/4) zp r'1/x

- (49A+249B) sin © zos(9 12)-

-(2A+2B)sin6»cos(6»/2)

25(A + 5B)sin(36»/2)-
= (+15/4) cu r'ljx — (49A + 249B) [cos @ sin(6» / 2 + sin © cos(6» / 2)]
-(2A+2B) sin (9cos(6»/ 2)

25(A + 5B)sin(36»/2) -
= (+15/4) c// r')/2. -(49A + 249B)sin(36»/2)
-(2A+2B) sin 6»cos(6» / 2)

iSin(36»/2)[25A + 125B-49A-249B]|
=(+15/4) cu M2
J-(2A+2B)sin6»cos(#/2)

|sin(36» / 2) [-24 A -124B]

=(+15/4) cr’ii2
J-(2A+2B)  2sin(6>/2) cos(0/2) cos(0/2)

(by using the identity: sin(36»/2) = sin(6x»/2)(l + 2cos6l) )
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(I + 2c0S0)[-24A -124B]
-(2A+2B)-2cos2(6»/2)

= (+15/4) cp ri2sin(#/2)

(-24A -124B) + 2 (-24A -124B)cos 0 -
= (+15/4) op r'I2 sin(#/2)<
-(2A+2B)-/1+C°S9
A

(-24A - 124B) - (2A+2B) +
= (+15/4) cp r'12sin(#/2)<
+[2(-24A-124B)-(2A+2B)] cos6M

(-26A-126B) +
= (+15/4) op r  sin(#/2)
+[2(-25A—125B)]

= (+15/4) cp r-|/2sin(™2)[(-26A-126B)-50(A+5B)cos”:
the result for sum 1' is:

cos Omy,, + sin @ myy =

= (+15/4) cytl r'12sin(™/2)[(-26A-126B)-50(A+5B)cos’]

Calculation of sum 2" [CcOsS9+0Nn0O

(cos 0171+ sin9mmy} =

cosO: (-15/4) cr'l2\25u(A + 5B)cos(5£/2) + (LO0A/l + 51 A- 249B//)cos(0/2)] +

+ sin#-(-15/4) criz[25//(A + 5B)sin(56,/2) + (IOOA/I + 151A// + 251B//)sin(0/2)J

25//(A + 5B)[c0s <9cos(5<9/2) + sin Osin(50/ 2)] +
= (-15/4) cr'121 +(I00Azl + 51A//-249B//)cosOcos(0/2) +
+ (1 OOA/l +151 Ap + 251 Bl) sin©sin(0/ 2)

25//(A + 5B)cos(3<9/2) +
(-15/4) cr™? + (L OOA/l + 5\Kp - 249B//)cosOcos(0/ 2) +

1O0A/l + 5\Au - 249Bu +
+

sin0sin(0/2)
+ 100A/2 + 500B//
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25u(A + 5B)cos(3/2) +
= (-15/4) cr ™™ +(1 O0AA + 51A/2 - 249B//)cos(<9/ 2) +
+ (ID0A// + 500B//)sin#tsin(#/2)

25u(A + 5B)cos(3#/2) +
= (-15/4) cr™ +(100AA + 5 IAp - 249Bp) cos(<9/ 2) +
+(1 OOAp + 500B//) - 2sin2 (6 / 2) cos(£ / 2)

(since: cos(3#/2) = cos(#/2)(-1 + 2 cos 6*))

25//(A + 5B) (-1 + 2cos<9) +
= (-15/4) cr'll2cos(#/2) + (100A/l +51A// - 249B//) +
+100//(A +5B)-/1—(Js6>
A
[25//(A + 5B) (-l + 2cos# + 4-4c0s<9)-

= (-15/4)cr'12cos(n2)
[+(100AA + 51A//-249B«)

f25/2(A + 5B)(3-2cos™) +
= (-15/4) cr'l/2cos(0/2)
+ (I00AA +51A// - 249B//)J

the result for sum 2’ is:

[25/2(A + 5B)(3-2cos™) +
cosOm +smOm =(-15/4) cr [2cos(<9/2)
[+(100A1 + 51A//-249B/2)|

The next step is to obtain the partial derivatives of sum T and sum 2' with
respect to x and y.

Partial derivative of sum T with respect to x

fa (cosOmxxy+smoOmyxy) =

= cosBi£cos|6mxxy+s|m8 myxy&--fm({:os o’ +sin@ myxy)\ =
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3
= c0s6>—{(+15/4) op r'12sin(0/2)[(-26 A- 126B)-50(A+5B)cos#]}-

sin® d
{(+15/4) cpu r'12 sin(0/2)[(-26A - 126B)- 50( A+5B)cos#]J =

= (-15/8) c// r'3l2cosOsin(#/2)[(-26 A-126B)-50(A+5B)cos#]

in// cos(#/2)|[(-26A-126B)-50(A+5B)cos#] +
sin (+15/4) clir #/2)|[( )-50( ) 1

+sin(#/2)[0 + 50(A+5B)sin#]

: (-15/8) op r'3l2cos#sin(<9/2)[(-26A-126B)-50(A+5B)cos#]-

cos(#/2)[(-26A -126B) - 50(A+5B) cos#] +
-(+15/8) c// r  sin#

+ sin(#/2)[IOO(A+5B)sin#]

cos#sin(#/2) +
32 [(_26A '1268) - 50(A+SB)COSG>] .
= (-15/8) ouv” +sin#cos(#/2)

+100(A+5B)sin? #sin(#/2)

“n f[(-26A-126B)-50(A+5B)cos#]sin(3#/2) +
=(-15/8) op r
|[+100(A+5B)sin2 #sin(#/2)

(since: sin(3#/2) = sin(#/2)(l + 2cos#) )

[(-26A-126B)-50(A+5B)cos#](l + 2cos#) +
= (-15/8) o p r"V2sin(#/2)
+100(A+5B)sin2 0

(-26A - 126B)(l + 2cos#) +
= (-15/8) cp r'32sin(#/2
( )cu ( ) +50(A+5B)"-cos#(l + 2cos#) + 2 sin*

but
-COos#(l + 2cos#) + 2sin:# =
= -COS#-2C0S2# + 2Sin2# =
= -cOs#-2cos(2#)

thus
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(-26A-126B)(l + 2c0s<9) +

(-15/8) c// r'32 sin(6*/2)
+50(A+5B)(-cos6l - 2c0s(26"))

(-26A-126B) +
= (-15/8) cp r'i sin(#/2) +[2(-26A-126B)-50(A+5B)] cosO-

-100(A+5B)cos(2%)

(-26A-126B) +
= (-15/8) op r'32 sin((9/2) +(-102A-502B)cos£-
-100(A+5B)cos(2<9)

or equivalently the partial derivative of sum 1' with respect to x is:

(-26A -126B) +
q (cosOMI™ + sinOmwv| = (-15/8) cp r'32 sin(#/2) +(-102A -502B)cos 0 -
X

-IOO(A+5B)cos(20)
Partial derivative of sum 1' with respect to v
—(cosO«™M+sin0/»iww) =
ndi ” oA \ cos# d i n . \

=sin B & (cos € + 8111 Omy*y) —m—— (cosOmM*y + sin6my*y)=

= sin#N{(15/4)c//r-12sin(#/2)[(-26 A-126B)-50(A+5B)cos#]} +
st
+4“~N—"L(15/4) Cp r’1/2sin(6>/2)[(—26A —126B) — 50(A+5B)c°s”]j- =

=(-15/8) cu r'i2sin@sin(#/2)[(-26A -126B) - 50(A+5B)cos #J +

cos O cos(#/2)|[(-26A-126B)-50(A+5B)cos#] |

A
+emmeee (+15/4) op r 12
+sin(#/2)[0 + 50(A+5B)sin#]
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-sin#sin(#/2)-1-
4, [(-26A - 126B) - 50(A+5B)cos<9 sin#sin(#/2)
= (+15/8) c// 1 A

+lOO(A+5B)cos#sin0sin(#/2)

(+15/8) 3 [(-26A - 126B) - 50( A+5B)cos#jcos(3#/2) +
= CU T

+100(A+5B)cos#-2sin? i?cos(/?/2)

[(-26A-126B)-50(A+5B)cos#](-l + 2 cose) |
= (+15/8) op r cos(/?/2)
+100(A+5B)-2cos#sin ©

The factor 2cos#sin24 is:

Bcosfsin? 8 = cos O1=E952= cos - cod'=
Q |+cos(2 1 .1
= COS <Yr-mmmmmmom 2%) =---é--h cos® —2cos(2$) =

1
=~ (-1 + 2cos#-cos(2#))

and

[(-26A - 126B) -50(A+5B)cos0](-l + 2C0S0) 4
(+15/8) cp r'32 cos((9/2)
+100(A+5B)-2cos#sin2 0

[(-26A -126B) - 50(A+5B)cos (-1 +2cosO0) +

= (+15/8) cp r cos(#/2)
-~-100(A+5B)m"(-I-I-2cos#-c0s(26,))

-(-26A - 126B) + 2(-26A - 126B)cosE +

= (+15/8) c// r cos(#/2) +5O(A+5B)cosO0-50(A+5B): 2cos’0 +
1 +cos(20)
+(-50) (A+5B) +100 (A+5B) cos @ - 50 (A+5B) cos(20)

26A+126B-50A -250B+
= (+15/8) c i r'32 cos(#/ 2) +[-52A - 252B+50( A+5B) +100( A+5B)]costf +
+(-50)(A+5B)cos(20) - 50(A+5B)(1 + cos(20))

Institutional Repository - Library & Information Centre - Universit}ﬁ_%‘ST_hessaly
17/04/2024 04:28:14 EEST - 18.219.86.155



[-24A -124B - 50(A+5B)] +
= (+15/8) ¢ r'3/2cos(/?/2). +[50A+100A-52A+250B+500B-252B]costf +

+[-50(A+5B)-50(A+5B)]cos(2£)

(-74A-374B) +
=(+15/8) {u r cos(/?/2) +(98A+498B)cosO
-100(A+5B)cos(2<9)

sum’s 1' partial derivative with respect to vy is:

(-74A-374B) +
[cosOmM” +sin/?mw,) = (+15/8) cp r32 cos(/?/2) +(98A+498B)cosO -

-100 (A+5B) cos(26?)
Partial derivative of sum 2" with respect to x
fa (cosemyyy + SmOmm) =
=cos“~Mcos— —+sin-">p - - —(cos/? +smOmyyy) =

i25//(A + 5B)(3-2cos™) +
= COS/?—— (-15/4) cr  cos(0/2)
dr {+(100AA +51Ap - 249B//)]

sin< d i25//(A + 5B)(3-2cos<9) +
(-15/4) cr'12 cos(/?/2)(
—606 |[+(100A/I + 5\Ku - 249B//)j

j25//(A + 5B)(3-2cos<9) +
= (+15/8) cr cos(/?/2)cos/?i
|+(I0O0AA + 51A/r-249B//)j

sin/? (-15/4) cr ** " |7/2 {-Z?j (A\-I-S > %/ - QQ(;D/)J

+¢0s(<9/ 2) {25//(A + 5B) (0 + 2 sin 8) + 0}
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25//(A +5B)(3-2cos#) +
= (+15/8) cr'3/2cos(#/2)cos#

+(100AA + 51A//-249B//)
_ -sin(/2)j25jU(A+5B>(3—2c0s<9>+ L
+(-15/8) cr  sin<9 [+(1 OOAA + 5\Ap - 249B//))
+lOO//(A + 5B)cos(#/2)sin0

j25//(A + 5B)(3-2c0s0)+ |
cos@cos(#/2) -sin#sin(#/2)] |
= (+15/8) cr32- {+(100AA +51Apu - 249B//)]

+100//(A + 5B)sin? #cos(#/2)

[25//(A +5B)(3-2c0s0) + ]
i Ccos(3#/2) +
= (+15/8) cr'3l2. [+(100A/L + 51A//-249B//)

+100//(A + 5B)sin? #cos(0/2)

i25//(A + 5B)(3-2c0s0) +
(-1 + 2cos#) +
= (+15/8) cr'3/2cos(#/2)- |+(1 OOA/l +5\Ap - 249B//)

+100//(A + 5B)sin2 ©

-25//(A + 5B)(3-2cos#) + 50//(A + 5B)(3-2cos#)cosO-
(+15/8) c r'32 cos(0/2) -(1 00A2 + 51 Ap - 249B//) + 2(1 OOAA + 51Ap- 249B//)cos6> +

+100//(A + 5B)sin2#

-75u(A + 5B) - (100A2 + 51 Al - 249B//) +
(+15/8) cr'32 cos(#/2)- +[SOMU(A +5B) + 150u(A + 5B) + 2(i00A2 + 51Ap -249B//)Jcos# - -

-IOO//(A + 5B)cos20 + I00//(A + 5B)sin? 6

[IOOA/I + (-75-51) Ap +(-375+ 249) Bp] +
= (+15/8) c '3 cos(#/2). * [200A/1 + (50 +150 +102) A// +(250+ 750-498)13//] COSH#- -

-100//(A +5B)cos(2%$)
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-(1O0AA +126A// +126B//) +
= (+15/8) ¢ '3 cos(#/ 2) + (200AA + 302A// + 502B//)cos#
—100// (A + SB) cos(2#)

the partial derivative of sum 2' with respect to x is:

d
dx
-(100AA + 126A// + 126B//) +

= (+15/8) cr'32 cos(0/2) +(200AA +302A// + 502B//)cos 01
-100//(A + 5B)cos(26>)

Partial derivative of sum 2' with respect to v

—(cos© +sin@mm) =

cos# d i

I N A
(cos“mwv+sm”mw).

dt _n 1 n \
=sm”™-(c°s"mw+sm ") + —

JZS//(A +5B)(3-2cos#) +

=sin#— (-15/4) cr cos(#/2)
dr |[+(100AA +51A// - 249B//)J

cos# 5 25//(A + 5B)(3-2cos#)+|’
(-15/4) cr  cos(#/2)
+or a# {+(100AA +51Ap - 249B//)j

) 25//(A +5B)(3-2cos#) +
= (+15/8) cr'3l2 sin# cos(#/2) +

[+(100AA + 51A//-249B//)

o ot S
+ + -
+2020 (-1§/r4f)\ cr 17 o )

r -cos(#/2)[25//(A + 5B)(0 + 2sin#) + 0

50//(A + 5B)sin 0
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i25//(A + 5B)(3-2cos0) + | sin#cos(0/2) +
(+15/8) cr'3l2- [+(100A/l + 51A//-249B//)j + cosb6)sin(#/2)

-100// (A +5B)sin©cos@cos(#/2)

25//(A +5B)(3-2cos6) +
) sin(3#/2)~
= (+15/8) cr'3/2- +(1 OOA/i +5\Ap - 249B//)

-100// (A +5B) - 2sin(0/2) cos2 (0 / 2) cos ©

By using the identities:
sin(361/2) = sin(#/2) (1 + 2 cos 6%
and

2co0s2(®/2)cosO =X cos0O =

=N 1+ cos(2
= cos 8 +cos O - cos 8 HS ($)- =

= +cosO+ c0s(26?) =" (1 +2cos0O + cos(2#))

one can obtain:

f2*(A +3B)(3-2««,) +1

(+15/8) cril sin(@)/2)< [+(100AA + 51A//-249B//)J\

-100//(A + 5B)—~(l + 2cos# + cos(260)

25//(A + 5B)(3-2cos6,) + 50//(A + 5B)(3-2cos<9)cos< +
= (+15/8)cr3i2sin(®/2)< + (100AA +5\Ap - 249B//) + 2 (1 00A2 + 51 Ap - 249B//)cos# - -
-50//(A +5B)(l + 2cos6> + cos(260)

75//(A + 5B)-50//(A + 5B)cos<9 +
+150//(A + 5B)cos6>-100//(A + 5B)cos2< +
= (+ ¢ i
(+15/8)c iz sin(#/ 2)¢ +(100A2 + 51 Al - 249B//) + 2(100A2 + 5\AI-249B//) cosO -

-50//(A +5B) (1 + 2cos# + cos(2£))
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100AA + (75 + 51-50) Ap + (75 x 5 — 249 - 250) B// +
200A\ + (-50 + 150 + 102-100) Ap +

=(+15/8)cr sin(0/2) + COS#-
+(-250+ 750-498-500) B//

-50//(A + 5B)cos(20) -100// (A + 5BB) M

(IOOA2 + 76A//-124BI//) +
= (+15/8)cr sin(<?/2) +(200AA +102Ap - 498B//)cosO -
-50// (A + 5B)cos(2f?) - 50//( A + 5B) - 50// (A + 5B)cos(2£)

[I0O0AA + (76-50)A// + (-124-250)B//] +
= (+15/8)cr'3z sin(0/2) +(200A2 +102Ap - 498B//) cos© -
-100//(A + 5B)cos(2f?)

(I00A/1 + 26Ap - 374B//) +
= (+15/8)c r'32 sin(#/ 2) ¢ +(200A/1 +102Ap - 498B//) cos O -
-100//(A + 5B)cos(26>)

the partial derivative of sum 2’ with respect to y is:
(IOOA/l + 26 A - 374BI/) +
(cos© +sin®@mm) = (+15/8)cr 32 sin((9/2) +(200A/I +102A//-498B//)cos”-
-100pu (A +5B) cos(20)

Having calculated the partial derivatives of suml' and sum 2’ with respect to x
and vy, the full form of Subterm C' of Pv can be reached.

Dx ( Nn*mxxy + nymyxy) + Dy ( ) =
sin2 O dx ( nym~™ + ) —cos O sin@dy ( NjN”™ + nymyxy) +

+c0s? O dy ( nxTn”™ + nymyyy) — sin@cos 0 3X ( nxTt™ + nymm) =
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(-26A-126B) +
=sin #(-15/8) c// r"3l2sin(#/2) +(-102A-502B)cos#-

-100(A+5B)cos(2#)

(-74A -374B) +
-COos# sin#(+15/8) c// r'32 cos(#/2) +(98A+498B)cos# - +

-100(A+5B)cos(2#)

(LOOA/N + 26A/I - 374B//) +
+cos #(+15/8)crilz sin(#/2) +(200A/l + 102A//-498B//)cos#

-100//(A + 5B)cos(2#)

-(1 OOA/I + 126A// + 126B//) +
-sin#cos# (+15/8) cr'3 cos(#/2) + (200A/l +302A// +502B//) cos# -

-100//(A + 5B)cos(2#)

-(-26A - 126B) //sin? # + (| OOAA + 26A// - 374B//)cos? # +

-(-102A -502B)//sin # +
= (+15/8)cr"32 sin(#/2) cos# +
+(200AN +102 A//- 498B//) cos? #

+[100//(A + 5B)sin2 #-100//(A + 5B)cos2#]cos(2#)

(-74A - 374B)p - (1 00AA +126A// +126B//) +

(98A+498B) p +
-(15/8) cr'3 sin#cos#cos(#/2) + COS# +

+(200A/1 + 302A// + 502B//)

+[-100//(A +5B)-100//(A + 5B)]cos(2#)
To help perform the calculations, the penultimate set of brackets is called term (iV
and the last one term (iiV.
Term (iV
Each part of term (iV will be simplified separately.

> The representation:
-(-26A- 126B)//sin? # + (100A/L + 26 A//—374B//)cos? # becomes:
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- (-26A -126B) psin2 © + (1LO0AA + 26 Ap — 374Bp) cos? B =
= 100A/I cos? O + 26 sin2 6*+ 26 cos? #)A// + (126sin2 0-347 cos? ©"Bu =

= 100AA cos2 0 + 26A// + (126sin2 0-126c0s? <9-248cos? O}B =
= IOOA/LCOS? 8 + 26Ap + A-126c0s(20) - 2481 + c°s(2g) jB// =

= 100AX c0s2 0 + 26Ap + (-124- 250 cos(20)) Bu

> the representation:
J™-(-102A-502B)//sin2 0 + (200A/l + I02A//-498B//)cos2<9] becomes:

[- (-102A - 502B) psin2 6 + (200AA +102Ap - 498Bp) cos? 6] =
= 200AAcos? B + (102 sin2 <9+ 102 cos?2 B) Ap + (502 sin2 © — 498 cos?2 O) Bu =

= 200A/Icos2 0 + 102A// + (4sin2 <9 + 498sin2 0-498cos?2 ©"Bu =
= 200AA cos? B +\O2Au + A x—"20) - 498 cos(ZO)J Bu =
= 200A2cos?2 8 +102Ap + (2 - 500 cos(20)) Bu

> the representation:
[*100//(A +5B)sin2 O-IOO//(A +5B)cos?  becomes:

100//(A + 5B)sin2 © - 100u(A + 5B)cos? 0 =
= -100//(A + 5B)cos(20)

Term (iV transforms into:

[1 00AA cos? 0 + 26 Ap + (-124- 250¢0s(20))B//J +

200A2c0s20 + 102A// +

(+15/8)cr-J/12sin(0/2)
+(2-500co0s(2<9))B//

+[-100p (A + 5B) cos(20)] cos(20)

In the same fashion, term (iiV
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(-74A - 374B)u - (100AN +126 Au + 126BY/i)
. (98A+498B)u +
(15/8) cr sin©cosOcos{6/2) coS O T-
+(200AA\ + 302Ap + 502B//)

[-100//(A + 5B)-100u(A + 5B)]cos(267?)

> |ts first factor: (-74A-374B)//-(100AA + 126A// + 126B//)
becomes:
(-74A - 374B)p - (I00A/i + 126Ap + 126B//) =

= -(IOOA/I + 200A// + 500Bp)

> |ts second factor: (98A+498B)u + (200AA + 302Ap + 502B//)
is:
(98A+498B) u + (200AN + 302Ap +502B//) -
= (200A/L + 400A// +1000B//)

and finally
> lts third factor: [-100//(A + 5B)-100/u(A + 5B)J takes the form:

-100//(A + 5B)-100//(A + 5B) =
=-200u(A +5B)

The simplified form of term (iiV is:

-({00A/1 + 200Au + 500Bp) +
(-15/8) crsin (9cos#cos(#/2) +(200A/1 + 400Ap +1000B//)cos0 +
-[-200//(A + 5B)]cos(2<9)

where:
sin ®cos O cos(@/2) =2sin(#/2)cos2(©/2)cosO -

—ain(0/2) 2110 s @ = sine8 5. FLEEDS cos -
2 /

=1sin(<9/2) (cos© +cos? B8) =sin(<9/2)icos O + "+ COS" ™ ¢

=sin(6*/2) (1+2cosO + cos(2<9))

e ThP sum of term fiV and term (ii)' is:

Institutional Repository - Library & Information Centre - University-df7lhessaly
17/04/2024 04:28:14 EEST - 18.219.86.155



[1 O0AA cos2 O + 26 Au + (-124-250 cos(20)) B//] -

200AJ. cos? 6* +102A// +_

(+15/8)cr'iz sin(6*/2) €0S<9- >—
+ (2 - 500cos(2#)) By

+[-100// (A + 5B) cos(20)] cos(26>)

—(15/8) cr'32 «sin(6>/2) (1 + 2c0s<9 + cos(261))-

—(100A/1 + 200Ap + 500B//) +
+ (200AX + AOOAp +1000B//)cos 6 +

+[-200//(A + 5B)]cos(20)

100A2 cos2 © + 26 Ap + (-124- 250 cos(2#)) Bu +

+ o (I + 2cos# + cos(20))(-)(IOOA/I + 200A/l + 500B//)
vV *m)
200AA cos? 8 +102Ap + (2 - 500 cos(2(9)) B// +
(+15/8)c r'32 sin(6»/ 2) L cos @
(I + 2cos6> + cos(2#))(200A2. + AOOAY +1000B//)
vV 2y
100//(A + 5B)cos(2<9) +
+ cos(2%)
(1 +2cos 0+ cos(2#))(-200) 4 (A + 5B)
\ z/

The first component when simplified becomes:
100AA cos? © + 26 A + (-124- 250cos(261))B// +

f \\
+ (1+ 2 cos 0 + cos(260) (-1) (LOOAA + 200Ap + 500B//) =

v J
= 100AA cos? (9 +-"-(I + 2cos0 + cos(26>))

+AU 26 +200—(l + 2 cos#+ cos(2#)) +

+B//  -124 - 250c0s(2#) + 500—(1 + 2 cos O + cos(2#))
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-1 O0A/I —+—co0s(20) +2— +cos0 +2—cos(20) a

+Ap [26 + 100 + 200 cos 0 + 100 cos(20)] +

+B/"-124-"5iLcesf20y + 250 + 500c0s0 + 25ikes(™0T] =

= 100AA[l + cos 0 + cos(20)] +
+Au [126 + 200cos 0 +1 OOcos(20)] +
+Bp (126 + 500 cos 0)

The second component (the one multiplied by cos0) when simplified
becomes:

200A/1 cos2 0 +102A// + (2 - 500co0s(20)) Bu +
f

P
(1 + 2cos0 + cos(20))(200A/ + 400A// + 1000B//) =
\'

= 200A/l cos20--"-(1 + 2cos0 + cos(20)) +

+Ap[102 -200(1 +2cos0 +cos(20))J +

+B//[2-500c0s(20)- 500(1 + 2cos 0 + cos(20))j =

1+ cos(20)
= 200A/1 ) ——-cosO- cos(20) +

+A//[102 - 200 - 400cos 0 - 200 cos(20)] +

+B/z[2 - 500c0s(20) - 500 -1 O00c0s0 - 500c0s(20)] =
- -200AA cosO0 +

+A//[-98 - 400 cos 0 - 200co0s(20)] +

+Bu[-498 -1000co0s 0 -1 O00co0s(20)]

The third component (the one multiplied by co0s20) is simplified into the form:
-IOOV/i(A +5B)cos(20) +

+i-IM (1 + 2cos0 + cos(20))(-200)/i(A + 5B) =
v 2)

=-100u (A +5B)cos(20) +
+100p (A +5B)(1 + 2cos0 + cos(20)) =

=-100p (A +5B)[-cps(20T +1 + 2cos 0 + cpstffi) J =

= -100p(A + 5B)(1 + 2005 0)
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By unifying the three components, the obtained overall form is:

100AA I +cos 0 + cos(20)] +
+Ap [126 + 200 cos 0 +100 cos(20)] + +
+B// (126 + 500 cos 0)
-200AA cosO0 +
(+15/8)cr'i2sin(0/2)  +A/I[-98 - 400 cos 6*- 200c0s(20)] + cos0 +
+Bp [-498 -1000 cos 6 -1000 cos(20)]

[-100p (A + 5B) (1 + 2 cos 0)] cos(20)

Alternatively, by grouping it in terms of AA,Ap,Bu\

AN
IOOAI[l + cos0 + cos(20)-2cos? 0) =
= 100AA, M + c0s © + cos(20) - / 1+ cx(2<9)
= 100AA cos0

Al:

126 + 200 cos 0 +100 cos(20) — 98 cos © — 400 cos?2 © — 200 cos © cos(20) +
V]
+100(1 + 2cos0)cos(20)

126 +102 cos 6 +100 cos(20) - 4001 + cos(29) - +
+100008(20) + "OOcos”cos(20y

- Ap[126+102cos 6 + - 200 - 200c©s(20)" + M)£065(20X] =
= Al (-74 + 102 cos ©)

Bu:

B 126 + 500cos 6 - 498 cos 6 -1000cos2 6 - +
V]
+500 cos(20) + KKKIlcos#co8(20y

=Bu[ 126 + 2 cos 0 -1000 Itcos(2”) + 500 cos(20)

-B//[126 +2cos0 - 500 - =
=B//(-374 + 2cos0)

Institutional Repository - Library & Information Centre - University of-Tipgsaly
17/04/2024 04:28:14 EEST - 18.219.86.155



Finally, Subterm C' of P, in its most compact form is:

100A/lcos O +
+(-74 +102 cos 8) Ap +
+(-374 + 2cos#)Bly

It should also be reminded that Pv has a component (Nnr +nr )- This

component’s order of r, after the integration, is greater than zero, which means that
this term does not contribute to the final result for the ~-Integral.

CALCULATION OF SUBTERM D: (Djnj)Rv

It has already been shown, while calculating the Subterm D of Pt that the operator

(Djnj) is:
£{Djnj ) = DXNX + Dyny =

sSin2 © cos? 9_ 1

[ — B e ===

In virtue of this, Subterm D' of P is:

R,.
Subterm D' (Z2)/n/)Ry=—

With all 4 Subterms of P} estimated, the full form of Pv can be acquired. First, the

Subterms B' and C' will be summed. Then, P, =-(Subterm B'+Subterm C’)+

Subterm D’

CALCULATION OF SUM: SUBTERM B+ SUBTERM C'

Subterm B'+ Subterm C'=
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=(+15/8)c pu r3/2sin(<9/ 2) [200 (A + 5B)J-

100ATcos# +
+(15/8)cr'32sin(#/2) +(-74 +102cos0) Ap +
+(-374 +2cos O)Bu

100A/lcos (9 +

- (+15/8)cM32 sin(#/2) +(-74 +102cos© + 200) Ap +
+(-374 + 2cos6* + 1000)B//
100ATcos# +

= (+15/8)cr"32 sin(#/2) +(126 + 102 cos#)A/l +
+(626 + 2cos#)B//

100AT cos# +
Subterm B’+ Subterm C'=(+15/8)cr'3/2sin(#/2) +(126 + 102 cos#)A// +

+(626 + 2cos#)B//

CALCULATION OF SUM: -(SUBTERM B+ SUBTERM C’)+ SUBTERM D'

Subterm D' is: — where Ruvis:
r

Rv=(-15/2)cr'12sin(#/ 2) {50A/L + 63 [Au + Bu) + [SO0AA + 51 A + Bu] cos 6}
Then, -(SUBTERM B+ SUBTERM C’)+ SUBTERM D’, which is:

100AT cos (9 +
(-15/8)cr"3i2sin(#/2) + (126 + 102cos (9) Ap + +
+(626 + 2 cos (9) By
+(-15/2)c r'32sin(<9/ 2) {50AT + 63 (Ap + Bu) + [5O0AT + 5\Apu + Bu] cos<9} =

4.50AT + (126 +4-63) A + (626 + 4 - 63) Bu +
= (-15/8)cr'32 sin(#/2)
+[(100 + 4-50)A/1 + (102 + 4-51)A// + (2 + 4)B//]cos

\jZOOAT +31%Ap + 878By +

= (-15/8)c r'32 sin(#/2)
j+(300AT + 306A// + 6B//)cos<9
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-(Subterm B’ of Pv+ Subterm C' of Pv) + Subterm D' of Pv

(200A2 + 378A// + 878B// +
=(-15/8)cr-32sin(™/2)
[+ 300A/1 + 306A// + 6B// cos<9

y includes the component +nyryy\, so the final expression for Pyis:

r200A/l + 378A// + 878B// +

Pv = [nxrxy +nyTyy) +(~15/8)C ™ sin("1 2)' +(300A/I + 306A// + 6B//)COS6>

The component’s (nxt”™ +nvt/\ order of r, after the integration, is greater than

zero, which means that this term does not contribute to the final result for the
Ji-Integral.

Omitting +nyryy}, the remaining Pv is:

Pv= (-15/8)c 32 sin(#/2) [(200AA+378A// + 878Bp) + (300AA + 306Ap + 6BL)Q)8 ]

du
Pv will be multiplied by —L,
J dx

ANJL= (-—)rl2 5in(6,/2) 3(17A-83B)+25(A + 5B)(2cos6M)I =
dx 4 L

= (—)rl2sin(<9/2) [(26A-3 74B)+50(A + 5B) cos <J]

du
Calculation of the product: q y
X

This product is:

L d u 1 ]
dx
= (-15/8)c r'32 sin(#/2)[(200A2.+378A/"+ 8785//) +(300AA. +306A// + GB//)coso].

«(-15/4)r12 sin(5/2)[(26A-374B)+50(A + 5B)costf] =
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(200AA+378A// + 878i?//)(26A-374B) +
[ (200AA+378A// + 8785//)(50A + 250B) +

= (+225/32)c r~' sin2(#/2)- cos6' +
+ +(300AA +506Apu + 6B//)(26A-374B)

+[(300AA + 306A// + 6B//)(50A + 250B)] cos2 ©

The decomposition of the last set of brackets into 3 parts gives:
First part

(200AA+378A// + 8785//)(26A-374B) =

- 200 26A2A - 200 374ABA + 378 - 26 A2 - 378 - 374AB//+
+878 26AB// -878-374B\/ =

= (5200A2 - 74800AB) A + (9828A2 -118544AB - 328372B2) u

Second part

(200AA+378A// + 878 Bp) (50A + 250B) +

+(300AA + 506Ap + 6BY) (26A-374B) =

=200 50A2A + 200 - 250ABA + 378 50A2p + 378 - 250AB// +
+ 878 50AB// + 878 - 250B2// +

+300 26A2\ — 300 - 374ABA + 306 - 26 A2 - 306 - 374AB// +
+6- 26AB// - 61374B2// =

= (i 7800A2 - 62200AB) A + (26856A2 + 24112AB + 217256B2)p

Third part

(300AA + 306Ap + 6B//)(50A + 250B) =
=300 50A2A + 300 250ABA + 306 - 50A2// + 306 - 250AB// +

+ 6-50AB// + 6-250B2// =
= (i 5000A2 + 75000AB) A + (I 5300A2 + 76800AB// +1500B2 )

These 3 parts combined give:
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rdu

(5200A2 -74800AB)A +

+(9828A2 -1 18544AB-328372B2)//

(17800A2 - 62200AB)/I +
= (+225/32)c r sin2(#/2) COS0 +
+(26856A2 +24112AB + 217256B2) p

(15000A2 + 75000AB)A +
cos? 0

+(1 5300A2 + 76800AB// +1500B2)

1.4 Integrations in J!

The Ji-Integral can now be formulated, by integrating its parts in the interval
[-mT, m).

Integration of Wterms in Ji

Term W1

This integral is zero, due to the order of r (vanishes at crack-tip).

Term W2

This integral is zero, too, for the same reason.

Term W3

Bearing in mind that: dy=ni dT= cos® dT= cos0 r dO= r cos0 a6, the value of the
definite integral is: (in the interval [-TT,11])

ds, . diyh (ds, ,de. " q4u-g (140625A0 r)rcos#d# =
p dx dx dy dy

= 140625A2 cos<9 GO = 140625A2 [SinB]* = 140625A1 [sin~r-sin(-zr)] =

J-IT

= 140625A2 [0-0] = 0 =>
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der  Bfyy q
dy dy

Term W4

Term W4(a)

I

£1 (-H)r'l,2cos(0/2)[SO(A + 5B)(cos0-cos(20)) + 124(A+B)] | r cosrtd//

dy=——(149A+249B) T
|-7F-| dx Y 128( )

Term W4(b)
2
rfSyy
dy=
I dx Y

= U_-j[ I(? r'1/2sin(”/2)[-50(A + 5B)(cos<9 + cos(2<9)) + (24A+124B)] | rcos<9d<9

0% ay="") (a0 249B)?
= =+ Tt
5 dx y 128(
Term WA4(c)
2
£[ dEyy dy=
dx

=£11+my | r12cos(0/2)[50 (A +5B)(cos® -cos(20)) + (-76 A+124B)] | r cosBa ©;

="~ (]J7A- 83B)2 Tt
Yy 108 d

r
~18)°

Term WA4(d)
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A O¢,,

=£1 [ =y r'12sin(0/2)[-50(A + 5B)(cos0 + cos(26»)) + (24A-376B)] rcos$d#:
Term W4(e)
2
dy=
£ 15 hcos(6>/2)[50(A +5B)(-cosb + cos(265)) + (76A+376 B)'| rcosada;
*ide 99S p
G Y dy=——(51A+251B) "
S dy 128
Term WA4(f)
rfe gy-
aM ay
£ r'i2 sin(6>/2)[-50(A + 5B)(cosa + cos(20)) + (-I76 A-376B)]J r costfda

1008y Gy=—— (151A+251B) 1
dy 128

By summing the results of the integrations of the W terms, we get:

£ ffdy=£ W rcos<9d# =

=0+0+0+
A

25,
+MN149A+249B)2 1 + 2|—’\£§§9A+24QB): m o+ 7A““ 83BI m+

128
25,
225(49A-251B):x +2A(B1A+251B)“ + - ——2(151A+251B)" \'

128
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Uit
= y-n Wdy—O

This means that Wdoes not contribute to Ji. Furthermore, we notice that,
when integrating the squares of the strains' gradient, we obtain 6 non-zero terms,
whose sum, though, is zero!

Integration of RO terms in Ji

r Ry Dflaodr: [ RXD (<O | g =
Ix" X dXJ XX {dx J

(481A2 +1512AB - 3969B2) // +

(I850A2-3150AB)/I +

— " A €0s<9 + Py
£ (+225/8)cr-‘cos2(™N2) +(2138A2+76AB + 7938B2) r a6

56(A2 + 5AB)/1 +
+25 cos2 0
+(49A2+244AB-5B2)//

5625
3y 1AOar=2cn 124(c2+B)N +(173A2+368A-582)//1
1dx) 16

and additionally,

rde)\d _ oo
I" J r= |;<R)\’/D{dx ; rae =
UX

(650A2 -9350AB)/L +
+(819A2 -10962AB-11781B2)// +

(1900A2 -3100AB)/I +

[ (+225/8)cr 'sin2(e>/2)m *
: +(2238A2 - 74AB+7688B2)1

C0s<9+  rgo=>
(I250A2+6250AB)A +

+ COS2#
+(1275A2 + 6400AB + 125B2) p
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Cu \k 5625
iT— 124582/ — A (26/1 + 2111) + AB(374/1 + 618//)]:
ry\g\dx , 6 o' ( M) ( )|

" ME 5625
U (26A1 - 374AB) A + (27A2 - 618AB -1245B2)
1=B, & 16

Integration of P7 terms in Ji

rpi~rv=r ofX rge-=
YRR o

(-7400A2 +12600AB) A +
+(5772A2 + 55144AB -110628B2) y

(17200A2 -62800AB)/I +
= i (+225/32)c r'l cos2(6*/2) + cos#+ rao-
sn +(25656A2 +25912AB + 220256B2)//

15000(A2+5B)A +
cos? 0
+(14700A2 + 73200AB-1500B2) u

F pir+Virs X8R0\ 12582/ + 3A2(58A + 173//) + AB(374A + 2094//)]:
\ dx ) 16 L

;fl

‘fa, ‘Igﬂz 5?55”[ (174A2 +374AB) A + (519A2 + 2094AB - 25B2)//]
dx

and also
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(5200A2 -74800AB)/1 +

+(9828A2 -118544AB- 328372B2)

(17800A2-62200AB)A +
T (+225/32)c r-'sin2(6>/2) cos@+ rd$:
m +(26856A2+24112AB + 217256B2)//

(I5000A2+75000AB)I +
cos? 0
+ (15300A2 + 76800AB// +1500B2) u

r P.fNldr= M-8725B2p + A2(76/1 + 8\)-4AB(3U +461//)1.
y, dx 16 L J

ar=2525 . (76A1 -124AB)A + (81A2 -1844AB-8725B2)//]

TN 8x J 16

The total sum for Ji is:

du,,
A = | wdy-P.-"~"-R.D dT
v dx

u ? (du_ A

fd
= Jwdy-J| p>F r—+r, ~ —f|k,8 dT+R D YoaT
(DG | ax J 1dx)

5625
cte[(i 7T4A2 + 374AB)/1 + (519A2 + 2094AB - 25B2) ] +

5625
+ cMN[(76A2 -124AB)/I + (81A2 -1844AB-8725B2)(u

625
; CTU 124(A2+B)/1 + (i73A2+368A-5B2)u +

5625
17 cn[(26A2 - 374AB) A + (27A2 - 618AB -1245B2) p
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=>J, =-140625c7r[*-25B2// + A2(/1 + 2//) | =

= -140625cn A2/I+(2A2 - 25B2)// ]:

J] = -140625c;r// —+€2A2 —2582)
M
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APPENDIX 3
EXPLICIT CALCULATIONS FOR THE J2-INTEGRAL

2.1 Terms Win J2
Calculation of terms W

W is the same for Ji and J2. The only difference is that W is multiplied by cos©
in Ji and by sinf? in J2

2.2 Terms Rqin J2

Calculation ofterms R£> —V

du'| o
Ry n is literally:
dy
QUY\

Rt M

The terms Rv,RV are identical for Ji and J2.

Additionally,
dux”®
( J =n,.dr [dus = nv<3 (du*j +nvdy {dwx)
AJ 1 % )
=n, dau +nv dad - Cos6r>1—(3|—2—li)£i—sih;’-ﬁg:l 2
dxdy y dy: dxdy dy?
and
"duy ' du du du
D =n d,.( y)znvgv( y)+nydy( yj
dy \ Ldy) {dy) { dy
du d2uv d2uv - d2uv
-n y +n —-T" = cos6>——- + sin<9——
dxdy vy dy? dxdy dy?
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These two expressions can be estimated only after calculating the partial

Ja -\
derivatives ° ™ B o p du, ) ang G AL oD o

dxdy ' dy? J dxdy ' dy dy

Calculation of the partial derivatives of the displacements

1.
dxdy

... d2ux
The derivative has already been found to be:
dxdy
A2 1T

= (.11) r-1 sin(0/ 2) {(49A-251B) - 25(A + 5B)[l + 2c05<9 + 2 COS(26)]]

2
dy
dur d, B \ N di x cos# d, «x
—— =—(Wr) = sin#.—(ux_ +------- )=
dy dyXx ’ dr’ x) r doy ’

= sin# ~-{(-5/2)r32 [(49A-25! B)cos(3 #/2) + 75(A + 5B)cos(#2)]} +

+ COS™ _a_r(_5/2)r32 r(49A-25 IB)cos(3#/2) + 75(A + 5B)cos(#/2)]} =
r dé¢{

=siNn#(-™M)rl2 [(49A-251 B)cos(3#/2) + 75(A + 5B)cos(#/2)] +

+ cos#r' 2(-5/2) (49A-251B) [-sin(3#/2)] —+ 75(A + 5B) [-sin(6>/ 2)] I

15 |2 JSin#[(49A-251B)cos(3 ©12) + 75(A + 5B)cos(©/2)] -
(“"T)Hr |-cos#[(49A-251B)sin(3#/2) + 25(A + 5B)sin(#/2)]

The bracketed term becomes:
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sin# [(49A-25! B)cos(3 ©/2) + 75 (A + 5B) cos(0/2)] -

-cOS#[(49A-251B) sin(3#/2)+25 (A + 5B) sin(#/ 2)] -

= (49A-251B) [sin#cos(3 6V2)-cos O sin(36>/ 2)] +
+25 (A + 5B)[3sin6,cos(”/2)-cos”sin(61/2)] =

= - (49A-251B) sin(#/2) +
+25 (A + 5B) [2sin#cos(#/2)+sin#cos(#/2)-cos O sin(6»/ 2)] =

= - (49A-251B) sin(#/2) + 25 (A + 5B) [2sin#cos(#/2)+ sin(#/ 2)] =

. sin#cos(#/2)
=sin(#/2) (49A-251B)+ 25(A +5B) ) +1
sin(#/2) )

First, the quotient S*fn cos(®/2) ~ Sjimpljfjec
sin(#/2)

sin#cos(<9/2) _ 2sp(#/Zfcos(#/2)cos(0/2)
. = 2c0s2(#/2)=1+cos6l
sin(#/2)

So,

dux sin#cos(#/2) +1

sin(#/2)

Sin(#/2) -(49A-25IB) + 25(A +5B) 2

=sin(#/2)[-(49A-251B) + 25(A + 5B)(2(I+cos#) + 1)
=sin(#/2)[-(49A-251B) + 25(A + 5B) (3+20056»)] =>

A ir

Ar=(—)r2sin#/2) [-(49A-251B) + 25 (A + 5B) (3+2cos#)]

dy?

The second order partial derivative is:
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d2ii d
iduA =siNnO=xfe , cos# d fa

dy dry dy r dé dy

15
SN (—)r2sin(™2) [- (49A-251B) + 25(A + 5B)(3+2c°s6'): +

£7 ~AL(—HN2sin(™N2)[- (49A-251B) + 25(A + 5B) (3+2c°sMN)]J =

= (- r'sin#sin(#/2)[-(49A-251B) + 25(A + 5B)(3+2cos#)] +

cos(#/2)|[-(49A-251B) + 25(A + 5B)(3+2cos#)] +
+(--"-)r'li2cos#

+sin(#/2)[0 + 25(A + 5B)(0-2sin#)]

= (—)r-12sin#sin(#/2)[-(49A-25! B) + 25(A + 5B)(3+2cos#)] -

. -cos(#/2)[-(49A-251B) + 25(A + 5B)(3+2cos#)]
+ (-T? i""l2cos#
v

+(-50)(A + 5B)sin(#/2)sin#
sin#sin(#/2)[-(49A-251B) + 25(A + 5B)(3+2cos#)] +
(-%)r'”2 +COSHCOS(#/2)[-(49A-251B) + 25(A + 5B)(3+2c0sH)]

-100(A + 5B)sin(#/2)sin#cos#

15. 1 N-(49A-251B) + 25(A + 5B)(3+2cos#)][sin#sin(#/2) + cos#cos(#/2) ]1-
—r
8 -100(A + 5B)sin#sin(<9/2)cos#

15 qp [F(49A-251B)+ 25 (A + 5B)(3+2cos#)]cos(#/ 2) -
,
8 -100(A + 5B)x 2sin(#/2)cos(#/2)sin(#/2)cos#

[-(49A-251B) + 25(A + 5B)(3+2cos#)] -
=(-—)r 2 cos(#/2)
8 200(A + 5B)sin2(#/2)cos#

-(49A-251B) +

C(——) M2 cos(#/2) )
8 “k25 (A + 5B)(3+2cos#-8sin2(#/2)cos#)
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Simplification of: sin2(#/2)cos# leads to:

- ! 1 I+cos(2#
sin2(#/2)cos# = 1-cos# Cos# =?cos# —]2—‘c032# =—Cos# (2#)

1 11 1
=—COS #--------- cos(2#)=— +Ccos# ——CoS(2#)
2 4 4 2 2 2

and the simplification already in progress continues this way:

_(49A-251B) +
d2 15 (
W =22 rai2 cos(#/2)

+25(A + 5B)(3+2cos#-8sin2(#/2)cos#)

-(49A-251B) +

)rili2 cos(#/2) 1 1
8 +25(A +5B) 3+2cos#-8 A +cos# ——cos(2#)

(-li,r-COS(,/2) —-(49A-251B)+
8 1+25 (A + 5B) [3+2cos# + 2 - 4cos# + 2cos(2 #)]I

= (—)r'l2cos(#/2) {- (49A-251B) + 25 (A + 5B) [5 - 2cos# + 2cos(2 #)]}:

-jjprH +y)rl2 cos(#/ 2)[(49A-25 IB) + 25 (A + 5B)(-5+2cos# - 2cos(2#))]

d2uy
' dxdy

This partial derivative has already been found to be:
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d
YL =#(, )=sinen(, Y+ E~(,, )=
dy dyr dr™ y' r 30"y

= sin# %{(-15/2)3/2 [(17A-83B)sin(3 0/2) + 25(A + 5B)sin( 0/2)]} +

cosO d . .
dQ [(-15/2)r32 [(17A-83B)sin(3 ©/2) + 25(A + 5B)sin(6>/2)]} =

15,3
= (—5); rsin0[(17A-83B)sin(30/2) + 25(A + 5B)sin(0/2)] +

+(—) ri2cosO . (17A-838)c0s(30/2)-" + 25(A + 5B)cos(0/2)4-

= (—) rl2sin0[3(17A-83B)sin(30/2) + 75(A + 5B)sin(<9/2)] +

+(—) rl2cos0[3(17A-83B)cos(30/2) + 25(A + 5B)cos(0/2)] =

15 i3(17A-83B)[sin0sin(30/2)+cos0cos(30/2)] +
ro4h o |+25(A + 5B)[3sin0sin(0/2)+cos0cos(0/2)]

3(17A-83B)cos(0/2) +

S5(A + 5B sin0sin(0/2)+cos0cos(0/2)+
+ +
( ) +2sin0sin(0/2)

15  i/2j3(17A-83B)cos(0/2) +
N4 }+25(A +5B)[cos(0/2)+2sin0sin(0/2)]

3(17A-83B) +

= (") rlf2cos(0/2)- sin0sin(0/2)
+25(A +5B) 1+2
cos(0/2)
But
sin0sin(0/2) _ 2sin(0/2)c9s(072)sin(0/2) _ 2sjn2(<9/2)=1-cos
cos(0/2)
So:
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du 15 3(17A-83B<+
—— = (-—) rlcos(#/2)i | r A=
dy 4 |+25(A + 5B)[I+2(I-cos#)J

= ((—)rilcos(#/2)[3(1I7A-83B) + 25(A + 5B)(3-2cos#)]=>

oy (") rl2cos#/2)[3(17A-83B) + 25(A + 5B)(3-2cos#)]

-..dy

d2uy _d (du : # d rdtiA
y (duy) Hne 5 K] & cos :

dy2  dy ;o4 &{dyy = d{%J

= sin# ~—] (—) rllcos(#/2)[3(17A-83B) + 25(A + 5B)(3-2cos#)] ] +

—— AL (=) rlicos(#/2) [3 (17A-83B) + 25(A + 5B)(3-2cos#)]j -

- (~y)r-12sin#{cos(#/2)[3(I7A-83B) + 25(A + 5B)(3-2cos#  +

-sin(#/2)i[3(17A-83B) + 25(A + 5B)(3-2cos#)] +
+(-—) r'll2cos#

+cos(#/2) [O + 25 (A + 5B)(0+2sin#)]

= (—) ri2sin#jcos(#/2) [3 (17A-83B) + 25 (A + 5B) (3-2cos#)] +

(-~ rl2cos# -sin(#/2)|[3(I7A-83B) + 25(A + 5B)(3-2cos#)] +

+50 (A + 5B)cos(#/2)sin#

= (~y)riisin#{cos#/2)[3(17A-83B) + 25(A + 5B)(3-2cos#)]

-sin(#/2)[3(1 7A-83B) + 25(A + 5B)(3-2cos#)]
+(-—) r"ll2cos#
8 +100(A + 5B)cos(#/2)sint#

[3(17A-83B) + 25(A + 5B)(3-2cos#)J[sin#cos(#/2)-cos#sin(#/2)] +

(--)r-1
8 +100(A + 5B)cOSH#COS(#/2)sin#
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( 15/5 iz [3(17A-83B) + 25(A + 5B)(3-2costf)]sin(6>/2) +
(-=)r
8 +100(A + 5B)cos#cos(#/2)sin#

[3(I7A-83B) + 25(A + 5B)(3-2cos0) +
:(—)r-12sin(™2) sin#
+100(A + 5B)cos#cos(#/2)-
sin(#/2)

[3(17A-83B) + 25 (A + 5B)(3-2cos#)] +

1(—)r-|!sin(«2) . . 2 sm(#/2ycos(#/2)
+100(A + 5B)cos#cos(#/2)-

[3(17A-83B) + 25 (A + 5B)(3-2cos#)] +
:(-"™Mr-,0sin(W2)
o +200 (A + 5B) cos#cos? (#/2)

= (—) r'i2zsin(#/2) (3 (1 7A-83B) + 25 (A + 5B) (3-2cos# + 8cos#cos? (#/2))

where
| . l+cos(2#)
COS #C0S? (#/2):cos#1+02°— = ’\Z(cos# + COoS2#) = j COSH +---------—-
A
-+cos# +—cos(2#) =—(l+2cos# + cos(2#))
/

and finally,

d2uv = 15y pipsin(#/2) |3(17A-83B) + 25(A + 5B)(3-2c0s# + 8CoSHCOS2(#/2))j =
ay? 8

= (—) rizsin@#/2) 3(17A-83B) + 25(A +5B) 3-2cos# + 8-(l +2cos# + cos(2#))
8

= (-—) r-2sin(#/2)[3(17A-83B) + 25(A + 5B)(5+2cos# + 2cos(2#))]:
8
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dn- =

r-12sin(*/2)[3(17A-83B) + 25(A + 5B)(5+2c0s0 + 2c0s(2£))]

. fdu * d2ur d2uy dvVv 1 ~d2w
Calculation of D N——~+nvj COSH——-—-—+sin#-
vo~g o (Bxev dy dxdy dy~
(du,\ d2ux dZPx ,2 3V . nd2ux
D =n,---—+ Nnv—i- = cosO-——- -+ sin#—
3 dxdy vy dy? dxdy dy?

:cos#(-18—5) r'li2 sin(#/2) {(49A-25 IB) - 25(A + 5B) [l + 2cos# + 2 cos(2#)]} +

15
+sin #(=2) r'12 cos(#/ 2) [(49A-251B) + 25 (A + 5B) (-5+2¢0s 0 — 2c0s(2 6»))] =

(49A-251B) [cosOsin(#/2) - sin@cos(#/ 2)] —

:(-?) r'1/ cosOsin(#/2) [l + 2cos# + 2 cos(2#)] +

-25(A + 5B)
+sin @ cos(#/2) (-5+2cos# — 2cos(2#))

-(49A-251B) sin(#12)-
. (——}—%r A2 _ _ _
g _25(A + 5B) cos#sin(<9/ 2) + 2cos2# sin(#/ 2) + 2cos# sin(<9/ 2)cos(2#) -

"[-5sin©cos(#/2) +2sin 0 cos(#/2)cosO - 2sin ©cos{®/2)cos(20)_

-(49A-251B)sin(#/2)-

(_E)r_ilz cos#sin(#/2) -sin©cos(#/2) —4sin© cos(#/2) +
8 -25 (A +5B) +2cos0O[cosOsin(#/2) +sin©cos(#/2)] +
+2c0s(20) [cosOsin(#/2) —sin<9cos(#/ 2)]
-(49A-251B)sin(#/2)-
( 15? AR —-sin(#/2) -4sin0cos(#/2) +
-—)r
8

-25(A +5B) +2cos#[sin(3#/2)] +

+2c0s(2 0) [—sin(6"/ 2)]
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-(49A-251B)sin(0/2) -
N A~ sin0cos(0/2)
sin(0/2)
-25(A +5B)sin(0/2) +2cos0sin,3<""2)-
sin(0/2)
-2c0s(20)

and by replacing:
sin0cos(0/2) _ InpWii) cos? (0/2)
sin(0/2) jnji(0-/'2y
sin(30/2)
sin(0/2)

2cos2(0/2),

=]+ 2cos0

we get:
-(49A-251B)sin(0/2) -
-1 -4X 2cos2(0/2) +
(—)r"1
v 8 -25 (A + SB) Sln(O/ 2) +2cos0(1 + 2cosO)-

-2c0s(20)

-(49A-251B)sin(0/2) -
-1-4 (1 + cos0) +
(=-"™Mr-12 ]
8 -25(A +5B)sin(0/2) +2cos0 + 4c0s20-
-2c0s(20)

-(49A-251B)sin(0/2) -
-1-4 (1 +cos0) +

) I+cos(20)
-25(A +5B)sin(0/2) +2cos0 + 4------- ST

-2c0s(20)
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- (49A-251B)sin(#/2) -
-1-4-4cos# +
-25 (A + 5B)sin(#/2) +2cos# + 2+ Txyxtffif) -

(.15 -/2{-(49A-251B)sin("/2)-
"8 I j-25(A+5B)sin(<9/2)(-3-2cos0)

= (+Pri2sin#/2)[(49A-251B) + 25(A + 5B)(-3- 2cos 0)] =

= (+y)r'i2sin(0/2)[49A-251B - 75 (A +5B) - 50 (A + 5B) cos O] =

= (+y)r'2sin(<9/2)[-26A - 626B - 50(A + 5B)cos#] =

= (—)r' 2 sin(0/2)[(1I3A+313B) + 25(A + 5B)cos6>] =>

D = (—)r'2sin(0/2)[(13A+313B) + 25 (A + 5B) cos#]
. rduy” d2u d2u d\
Calculation of D - n L n —L =cos# + sin#
dy dxdy y dy? dxdy
*dUy d2u d2u d2u, d2u,
D =n, - —+Nn ------ = cost#- -+ sin<9-
& dxdy vy dy2 dxdy dy?2

15
=cost . rincos(#/2){3(17A-83B)+25(A + 5B) [I - 2¢0s © + 2cos(2#)]} +

+sin#(-—) r'12sin(#/2)[13(17A-83B) + 25(A-i-5B)(5-i-2cos# + 2cos(2#))] =
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3(17A-83 B) [cos# cos(6>/ 2) + sin <9sin( 6>/2)]

15,
——)r c0s0cos(<9/2) (1 - 2 cos © + 2 cos(2<9))
8 +25(A + 5B)

+sin0sin(0/2)(5+2cos0 + 2co0s(20))

3(17A-83B)cos(61/2) +

o _
8 +25(A + 5B) cos 0 cos(6>/2) — 2cos2<9cos(<9/ 2) + 2cos6> cos(6>/ 2) cos(20) +

+5 sin #sin(6/2)+2 sin 0sin(#/2)cos# + 2 sin #sin( ©/2) cos(20)

3(17A-83B)cos(<9/2) +

AR €0s6)cos(”N/2) — 2cos#[cos#Hcos(#/ 2) - sin#sin(<9/2) | +
8 +25(A +5B) +sin#sin(#/2)+4sin6,sin(<9/2)+

+2c0s(20)[cos#cos(#/2) +sin#sin(#/2) |

3(I7A-83B)cos(#/2) +
15, 1P COS(#/2) — 2cos O cos(3#/2) +

8 +25(A +5B) +4sin 0sin(0/2)+
+2 cos(2$) cos((9/2)

3(17A-83B)cos(#/2) +
N0 cos#cos(3#/2)
COs(#/2)
+/| sin#sin(#/2) +
COS(#/2)
+2c0s(2#)

+25(A + 5B)cos(#/2)

Though:

COSECOSBH#12)_ | _ 054\ cos(20)

€0s(<9/2)
sin<9sin(#/2)  2siN2(#/2)ojs(#7'2y
COs(#/2) cgs"9inT)

= 2sin2(6V2)=Il -cos#

and by virtue of these:

Institutional Repository - Library & Information Centre - University gfgpessaly
17/04/2024 04:28:14 EEST - 18.219.86.155



r3(17A-83B)cos(0/2) +
i du, A I-2(I-cos# +cos(26>)) +
?rllz‘
8 +25 (A + SB) cos(#/ 2) +4(|-COS(9)+

+2c0s(26l)
1
3(17A-83B)cos(#/2) +
15 r'1/2 \-2 + 2c0s6- 2ysMW) +
8 +25 (A +5B)cos(#/2) +4-4cos#
+ 27°0NO)

| |3(17A-83B)cos(0/2) +
= (——)r'w
( 8 r [+25 (A +5B)cos(0/2) (3 - 2cos0)

= (~y)r',/2cos(0/2)[3(17A-83B) + 25(A + 5B)(3-2cos?)] =
= (-y)r'l2 cos(0/2)[51A - 249B + 75A + 375B - 50(A + 5B)costf] =
= (-y)r'l2cos(*2)[126 A+126B-50(A + 5B)cos?] =

= (-"™M)r12cos(0/2)[(63A+63B)-25(A + 5B)cos6>]

Dfduy

| = (-—y/mcos(E/2) [(63A+63B) - 25 (A + 5B) cos 0]
dy

So far, all those terms which contribute to:

fao _ dux
R*D =R D + RVD | /\ J
17 [cp )
have been obtained. Following these, the products:

RXD and
v % j
Iduyl ) )
R, D will be acquired.
dy
Calculation of the product: R,Dfdu' A

V]
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R D =l

= (-15/2) c r'l2cos(#/ 2) [(L3A+63B)pu + (50A2 + 49K - B//)cos O] |

- (—)r-12sin(*/2)[(13A+313B) + 25(A + 5B)cos?] =

(iI3A+63B)u(i3A+313B) + (iI3A+63B)u25(A + 5B)cos# +
225
: (+--é--)cr‘c05(6'/2)sin(6,/2) +(50A2 + 49Au-B//)(I3A+313B)cos” +

+ (50A2 + 49Ap - BU)25 (A + 5B)cos

(13A+63B)(13A+313B)// +

225 (13A+63B)25(A + 5B)// +
: (+——)cr-,cos(0/2)sin(0/2) + COSO0 +
8 +(50A/1 + 49Au- B//)(13A+313B)

+(50A/1 + 49Apu - BU)(25A + 125B)cos2tf

The 3 parts of the term in brackets are:

e the first part:
(13A+63B)(13A+313B)u = (I32A2 + 13 313AB+63: 13AB+63 - 313B2)u =

= (I69A2 +4888AB+19719B2)u

e the second part (multiplied by cosO ).
(13A+63B) (25A + 125B) u + (50AA + 49Au — Bu) (13A+313B) =

= (13- 25A2 + 13 125AB+63 - 25AB+63 - 125B2) y +
+50 13A2A + 50 - 313ABA + 49 - 13AB/t + 49 - 313ABu —

—13ABp — 313B2y =

= (325A + 3200AB+7875B2) u + (650A2 + 15650AB)A +

+ (637A2 + 15324AB - 313B2)p =

= [(325 + 637) A2 + (3200 + 15324) AB+ (7875 — 313) B2|u +

+ (650A2 + 15650AB)A =

= (9624A2 + 18524AB+7562B2)//, + (650A2 + 15650AB)A
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e the third part (multiplied by cos2# ):
(50AN + 49Ap — Bp) (25A + 125B) =

= 50 25A2N\ + 50 - 125ABA + 491 25A2u + 49 - 125ABu — 25ABu — 125B2u =
= N250A2A\ + 6250ABA + 1225A2u + (6125 — 25) ABu — 125B2u =

= (1250A2 + 6250AB)A\ + (1225A2 + 6100AB — 125B2)

/\du N
The overall RrD is:
dy
fdu. »
\dy j
(I69A2+4888AB+19719B2) +
(650A2 +15650AB)/| +

NG — crcos(#/2)sin(#/2 COS# +
) SHI2)SIN(#12) | 9624m +18524AB+7562B2)

(I250A2+6250AB)/I +
COS2#
+(1225A2 + 6100AB-125B2)pu

de\

Calculation of the product: Ry D g
Yy

= (-15/2)cr-12sin(£/ 2) {50AA + 63 (Ap + Bp) + (50AA + 5 IAp + Bl) cos#}

(-™Mr"12cos(#/2)[(63A+63B) - 25 (A + 5B) cos#] =

50A2, (63A+63B) - 50 - 25AA. (A + 5B) cos# +

e 225 it/ 2) cos(# 1 2): +1(63A+63B)~ - 63 25(A+B)U(A + 5B)cos# +
=(+ g !

+(50A2, + 51Ap + BH)oo8#(63A+63B)-
-(50A1 +51Ap + BU)25(A + 5B)0o082#
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50AA(63A+63B) + //(63A+63B) +
-50-25AA(A + 5B)-
+ -63-25(A+B)//(A+5B) + cos#-

225 _
C(+ ?-)c r'sin(<9/2) cos(<9/ 2)
+(50AA +5\Ap + B//)(63A+63B)

-(50AA +5\Au + B/)25(A + 5B)cos2#
The first component of this representation is:

50AA(63A+63B) + //(63A+63B)) =

=3150(A2+AB)A + 3969(A2+2AB+B). 1

1 The second component is:

-50 25AA(A + 5B) - 63125(A+B)//(A + 5B) + (50AA +5\Ap + B//)(63A+63B) =

=-1250AA (A + 5B) -1575(A2+5AB+AB+5B2) i +
+50- 63A2A + 50 - 63ABA + 51- 63A2 + 51 63AB// + 63AB// + 63B2 =

=-1250 (A2 + 5AB)A-1575(A2+6AB+5B2)// +
+3150A2A + 3150ABA + 3213A2u + 3213ABy + 63AB// + 63B2// =
=[(3150-1250)A2 +(3150-1250-5)AB]A +

+[(-1575+ 3213) A? + (-1575-6 + 3213 + 63) AB+(-1575 - 5+63) B2] =

= (1900A2 -3100AB)A + (I638A2 - 6174AB-7812B2 )

Finally, the third component is:

-(50AA +51A// + B//)25(A + 5B) =
= -25[50A2A + 250ABA + 51 A2 + 255AB// + AB// + 5B2//] =

= .25 50(A? +5AB)A + (51A2 +256AB// + 5B2)//

All three components placed together give:
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R n (du)y 1_
I fyJ
3150(A2+AB)A + 3969(A2+2AB+B)2 u +
2 (1900A2-3100ABU +

5
(h--—-- er' sin(0/2)cos(0/2) + v coso-
8 +(1638A2 -6174AB-7812B2)//

-25"50(A2 +5AB)2 + (51A2 + 256AB// + 5B2)//]cos20

2.3 Terms Pz in J2

. fdu.
Calculation of terms P. u

(du. * —
can expanded in this manner:

Y
P duz =Py (dUXA+Py (duA

[ty {2o)
Pt and P" are identical for Ji and J2.

The components of Pt, P* that vanish at the crack-tip (r—>0), after being

dux (druy’

integrated, will not be included in the products Px f ‘] and Py |

[ty dy \]

"du,N

Calculation of the product: P §
y

It has been calculated that:
n 1C

= .i™N) ri sin(E/ 2) [-(49A-251B) + 25 (A + 5B) (3+2c0s 0)] =
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= (—)ri2 sin(£/2)[-49A+251B + 75(A + 5B) + 50( A + 5B)cosfl] =
= (- 112 sin(E/2)[(-49+75) A+(251+375) B + (50A + 250B)costf] -
= (-7 rl2sin(#/2)[26A+626B + (50A + 250B)cos6>]"

A ir
= (Li£) ri2sin(0/2) [26A+626B + (50A + 250B) cos 0

. fdu ,
Forming the product PA , We acquire:

V& j
/\du N
i
(-100A1 + 78A// + 878Bp +

(-15/8) cr cos(#/2)
[+(300A/I + 294A// - 6B//)costf)

«(-15/4)r12 sin(0/2)[26A+626B + (50A + 250B)c0s6>] =

(-100A/I + 78AJl + 878Bu)(26A+626B) +

+(-100A/l + 78 Ap + 878B//)(50A + 250B)cosE +
=(+"™M-)cr" cos(#/2)sin(#/2)

+(300A/I + 294Ap - 6B/U)(26A+626B)cos 0 +

+(300A/1 + 294Ap - 6B//)(50A + 250B)cos20

(-100AA + NK + 878BL)(26A+626B) +

(-100A/1 + 78Au + 878Bp)(50A + 250B) +

(+™N)cr-! 0/2)sin(0/2 cos# +
(Fyer-1cos(02)sin(02) | 300a/1+ 204411 - 6B//)(26A+626B)

+ [(300A/1 + 294A// - 6B//)(S50A + 250B) | cos2d

The multiplications are performed separately.

First part
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(-1 OOA/l + 78A// + 878Bp)(26A+626B) =

=-100 26 A2A -100- 626AB2 + 78 26A2// + 78 626 ABu +
+878 26 ABu + 878 - 626B2u =

=-2600A2/1 - 62600ABA + 2028AV/ + (48828 + 22828) AB// + 878 626B2u =

= (-2600A2 - 62600AB)/l + (2028A2 + 71656AB + 549628B2)

Second part (multiplied by cos0)

(-1 OOA/l + 78A// + 878B//)(50A + 250B) + (300AA + 294Ap - 6BL)(26A+626B) =

- -100:50A2A -100- 250AB/1 + 78 - 50A2u + 78 - 250AB// + 878 - 50ABu + 8781 250B2 +
+300 - 26 A2\ + 300 626AB/1 + 294 - 26 A2u + 294 - 626 AAU - 6 - 26 ABU - 6 626B2u =

= (-5000 + 7800) A2\ + (-25000 +187800) ABA +
+(3900 + 7644) A2p + (19500+43900+184044 -156) AA + (219500 - 3756) B2p =

- (2800A2 +162800AB)l + (1 1544A2 + 247288AB + 215744B2)

Third part (multiplied by cos2fl)

(300A/l + 294Ap - 6B//)(50A + 250B) =

=300 50A2A + 300 250AB/1 + 294  50Alu + 294 - 250AB// -
-6-50AB//-6-250B2/ =

= (15000A2 + 75000AB) A + (1 4700A2 + 73200AB -1500B2) i =

= 15000(A2 + 5AB) 1 + (14700A2 + 73200AB -1500B2)

N
Concluding, the product P fdu is:

Vo]
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~a

(-2600A2 - 62600AB) A +
+(2028A2 + 71656AB + 549628B2) b +
(2800A2 +162800AB)/i.+

225
= (+-"-)cr'lcos(6*/2)sin(6/2) + COS0 +
+(11544A2 + 247288AB + 215744B2)//

15000(A? +5AB)/I +
+ CoS2e

+(14700A2 + 73200AB -1500B2)//

Calculation of the product:

The partial derivative —-is:
dy

= (—) rl2cos(™/2)[3(17A-83B) + 25(A + 5B)(3-2c0s0)] =
= (™) rl2cos(<9/2)[51A-249B + 75(A + 5B)-50(A + 5B)cos6>] =
=(-1M) rlcos(#/2)[(51+75)A+(-249+375)B-50(A + 5B)cos#] =

=(.H) rl2cos(6*/2)[126A+126B - 50(A + 5B)cos6>] =>

du =(-—) rl2cos(2)ri26(A+B) —50(A+5B)cos”]
dy 4

rdu” )
The product becomes:
v.dJ
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= (-15/8)c r'32 sin(0/2)[(200AA+378A// + 878Bp) + (300AA + 306A// + 6B//)cos 6>] -
-(-15/4) rli2cos(6>/2) [1 26(A+B) - 50 (A+5B) cosO] =

126(200AA+378Ap + 878B//)(A+B) +

-50(200AA+378A// + 878B//)(A+5B) +

= (+-"-)c r ' sin(<9/2)cos(6V2)- + v cosf? +
+126(300AA + 306A// + 6B/z)(A+B)

+[-50 (300AA + 306Ap + 6Bp) (A+5B)] cos2#

Separate calculations give:

—> For the first multiplication:

126(200AA+378Ap + 8785//)(A+B) =
= 126[200Az/t + 200AB/1 + 378A\/ + 378AB// + 878AB// + 878B2//] =

= 126[208(A2 + AB) A + (378A2 + 1256AB + 878B2) //] -

= 25200(A? + AB) A + (47628A2 +158256AB +110628B2) i

-> For the second multiplication:

-50(200AA+378A// + 878Bp)(A+5B) + 126(300AA + 306A// + 6B//)(A+B) =

=-50(200A2A + 1000ABA + 378A2u +1890ABu + 878AB// + 4390B2//) +
+126(300A2/t + 300AB/1 + 306A2// + 306ABp + 6AAM + 6B2//) =

=-50(200A2A + 1000ABA + 378A2u + 2768AB/Z + 4390B2//) +
+126(300A2A + 300ABA + 306A2// +312ABu + 6B2u) =

= [(-10000 + 37800) A2 + (-50000 + 37800) AB] A +
+[(-18900 + 38856) A2 +(-138400 + 39312) AB+(-219500+756) B2]// =
= (27800A2 - 12200AB) A + (19656A2 —99088AB - 218744B2)p

— For the third multiplication:
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-50(300A2. + 306A// + 6B)(A+5B) =
= -50(300A2/1 +1500AB/1 + 306A2u +1530AB// + 6ABU + 30B2//) =

=-506(300A2/1 +1500AB/1 + 306A2// +1536AB// +30B2//) =

= -15000(A? + 5AB)A - (i 5300A2 + 76800AB +1500B2) p

Combining these three results, the final form for the product into consideration is:

25200 (A2 + AB)/1 +

+
+(47628A2 +158256AB + 1 10628B2)/u
775 (27800A2 -12200AB)/I +
= (+") c r'lsin(0/2)cos(#/2).
+(19656A2 —99088AB-218744B2)//
-15000(A2 +5AB)A-
s26

-(15300A2 + 76800AB +1500B2)

2.4 Integrations in J2

J2 can now be calculated, by integrating its parts in the interval [-1, .
Integration of Wterms in J?

The terms consisting W are multiplied by sinO.

Term W1

This integral is zero, due to the order of r (vanishes at crack-tip).

Term W2

This integral is zero, too, for the same reason.

Term W3
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> dsm* +¥Fd Se,, A
£ 1 O S Oy sin<9dr=j[ (140625A2 r'")rsin#d#
J dx dx dy dy

= 140625A2 £sin<9 46 = -140625A2 [cos6*]" = -140625A2 [cos;r-cos(-7r)]

= 140625A2 [cos7r-cos7r] =0 =>

de, 3g,> N fAx* + dSyy
dx OX dy dy

sin™dr =0

Term W4

Term W4(a)

rsin<9d(9=
*1 dx

=£1| (-y)r-12co0s(<9/2)[50 (A + 5B) (cos® - cos(26»)) + 124 (A+B)] ] r sinfd<9 = 0:
2
&(oe ” r sin(9d#=0
Sk B

Term W4(b)

og A
f* Y roneae=
W dx

15\
]: r12sin(61/2)[-50(A + 5B)(cos0 + cos(20)) + (24A+124B)] | r sin0d<9 = 0;

2
mfoe ~

r sin#d <9=0
Froax s

Term W4(c)
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l’l

l [l.|J r sin0d<9=

-£[ I+y r'l2cos(0/2)J'50(A +5B) (cos# —cos(20)) + (-76 A+124B)J | rsin6»d6>:

m (o¢ )\2
_ rsinBd6=0
y 0X ]
Term W4(d)
*(0g, M .
_rﬁ( & r sin6>d6)-
J dy

Ol Ir 12 sin(™"/2)[-5°(A + 5B)(c°s™ + c°s(2<9)) + (24A-376B)] rsin0d6l = O=>

2
(e r sin#d0=0
H dyJ
Term W4(e)
2
rlidev | gingrdo=
37, dy
£ 15 |r'12c0s(<9/2)[S0(A + 5B)(-cos<9 + cos(2<9)) + (76A+376 B)] rsin#d0 = O;
(A
2
fm{deyv\ .
r sin#d#=0
H dy )

Term WA4(f)

2

r(dsy r sin<9d0=
M dy

Jripi r-12sin(6»/2)[-50(A + 5B)(cos6» + cos(26»)) + (-176A-376B)]j rsin<9dtf = 0:

2
fir ( 0E.,. "
r s\n0d0=()
H dy
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We observe that W consists of zero terms.

Integration of Ra terms in J?

rd<9 =

(I69A2 +4888AB+19719B2)// +

(650A2 +15650AB)A +
- J_A (+——)cr-lcos(™2)sin(™M2) + coso+ rd<9=0:
N8 +(9624A2 +18524AB+7562B2) U

(I250A2 + 6250AB)1 +
+ COS2#
+ (1225A2 + 6100AB -125B2) u

rxD Y A =0
ST X J

and
( Uv nr d
f"(Azlrzf R D( L&Aré(ﬁ—
{dyl ™y 12)
3150(A2+AB)2 + 3969(A2 +2AB+B) p
(I900A2 -3100AB)/I +

99
= [ (+-—5-)crisin(6l/2)cos(#/2) cos(9— rd# = O
g +(I638A2 -6174AB-7812B2)

-25[50(A? +5AB)/t + (51A1 +256ABla + 5B2)/i]jcos2®

m fdu
R, D dr=0
Sy

18

Integration of P, terms in J?
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Moi~Ir=r pi™ rdg=
{fyJ Lx

(-2600A2 -62600AB)2 +

+(2028A2 + 71656AB + 549628B2) b +

(2800A?2 +162800AB)/I +

= ‘(* (+§£\)CFlCOS(6>/2)Sin(0/2) + COSO+ Tdo = o
L +(1 1544A2 + 247288AB + 215744B2) p

I5000(A2+5AB)A +
c0s20
+(14700A2 + 73200AB -1500B2)//

m du”®
Lp dy dr=0

and finally,

«  (3mwn pi (duvA
P dr=

_ dr= r d6-
L* y{dy J
25200(A2 + AS)/! +

+(47628A2 + 158256AB + 110628B2)//

(27800A2-12200AB)/l +

= I (+—)c r'isin(#/2)cos(0/2) COSO +
32 +(19656A2 — 99088AB - 218744B2)

r&0-0

—15008(A? +5AB)/I-
+ Ccos2#

-(1 5300A2 + 76800AB +1500B2 )

Noticing these results, we see that all terms in J2 are zero! This means that
there is no energy dissipation in the direction which is perpendicular to the

direction of the crack advancement!

y2=0
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APPENDIX 4
TRIGONOMETRIC IDENTITIES AND INTEGRALS

Some useful trigonometric identities and integrals are listed in this
Appendix.

Trigonometric identities

Most of these trigonometric identities have already been in the
calculations for the Ji and J2-Intgrals. Their full proofs are shown in the
Appendixes containing the explicit calculations for Ji and J2 ( Appendixes 2 and

3).
cos(a +b) =cosa cosb -sina sinb, cos(a-b) =cosa cosb +sinasinb
sin(a+b) - sina cosb +cosa sin b, sin(a-b) =sina cosb - cosa sinb
sin(2”) = 2sin6lcos6> , cos(26*) = cos2#-sinN2#
sin6,sin(361/2 i
( ) = c0s<9-cos(2/9), sin#cos(3#/2) = C0S6* + cos(2#)
cos(<9/2) sin(#/2)
sin# sin(#/2
(#12) =sin#tan(#/2) =1 - cos#, cos# cos(3#/2) = |-COS# + cos(2#)
COS(#/2) COS(#/2)
cos# sin(3#/2 i i
_ ( ) = I + cost + cos(24), sin# sin(3#/2) = sin# + sin(2#)
sin(#/2) sin(#/2)
sin# cos(#/2)
=1+ cos#

sin(#/2)
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sin(36*/2) cos(3#/2) _

) =1+ 2cos6* |, -1 +2cos0
sin(6*/2) cos(6*/2)
sin(5#/2) 005(56*/ 2

) = [+2cos# + 2cos(2#) ( ) =1 - 2cos# + 2cos(2 0)
sin(6*/2) COS(#/2)

cos(3#/ 2) + cos(0/ 2) = 2cos0 cos(©/ 2), cos(3#/2) - cos(6*/ 2) = -2sin O sin(6>/ 2)
sin(3(9/2) + sin(#/2) = 2sin# cos(#/ 2), sin(3#/2) - sin(#/2) = 2cos# sin(#/ 2)

cos(3#/2) - cos(56*/2) = 2cos(#/2) (-1 + 2cos O - cos(2<9))

Trigonometric integrals

The following trigonometric integrals appear in the calculations for Ji and
J2. They have been calculated using Mathematica.

Integrals for Ji

J* cos2(@/2)cos BGO-~- | jNcos(6>/2)(cos<9-cos(20))]2cos0dO =N

J* sin2(6*/2)cos6*i66* = -y , JIN[sin(0/2)(cosO + cos(20))]'cosOrfo = ==

J* |*cos((9/2)(-cos6* + cos(26*))J cos OaO-N
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" cos2(0/2)d0O=—, T cos2(6!2)cos? 6aB ="~
X 2 M2

Jj/r OyMOIT)A0 - 1T I sin2(#/2)cos#i/tt = —— | 2 [ SiN2(#/2)cos2#£/# ="

~A—TT

Integrals for J?
I cos2(0/2)sin0i/0 =0, £ [cos(#/2)(cos#-cos(260)] vNOAB =0

J sin2(#/2)sin0£/6>=0 , J* [sin(#/2)(cos# + cos(27))J2 LNBA6 =0

Ji_)\‘ cos(0/2)sin(#/2)c/0 = i, cos(W2)sin(#/2)cos#i/0 =0

2

£ cos(0/2)sin(#/2)cos2#i/# =0
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