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Abstract: In this paper we introduce the notions of fuzzy upper limit, fuzzy
lower limit and the fuzzy continuous convergence on the set of fuzzy continuous
functions. In examining these aforementioned notions in the present paper we find on
the one hand many properties of them whilst on the other, the following applications
take place: (a) the characterization of fuzzy compact spaces through the contribution
of fuzzy upper limit and (B) the characterization of the fuzzy continuous convergence

through the assistance of fuzzy upper limit.

Keywords: Fuzzy sets, fuzzy topology, fuzzy upper and lower limit, fuzzy com-

pact spaces and fuzzy continuous convergences.

I. Introduction.

1.1. Fuzzy sets. Throughout this paper, the symbol I will denote the unit
interval [0,1]. Let A be a nonempty set.

A fuzzy setin A is a function with domain A and values in /, that is, an element
of Ix. Let A £ Ix. The subset of A in which A assumes nonzero values, is known
as the support of A. (See [Z]).

A member A of Ix is contained in a member B of 1Y denoted A < B if and
only if A(X) < B(x), for every x £ A. (See [Z]).

Let A, B £ Ix. We define the following fuzzy sets (see [Z]):(*)

(*) This paper has been written under the financial support of the Research Com-

mittee of Democritus University of Thrace (MPENEA 96).
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(1) AAB £ Ix by (AAB)(X) = min{A(x), L?(x)} for every x £ X (intersection).
(2) AVB £ Ix by (AV B)(X) = max{A(x), B(x)} for every x £ X (union).
(3) Ac £ Ix by Ac(x) =1 — A(x) for every x £ X.

@) Let /. X Y AL and B £ 1Y. Then /(A) is a fuzzy set in F, defined

_ sup{A(x) :x £ F 1(y)} if / Hy) o
My = if /-1(y) = 0

and / 1(5) is a fuzzy set in X, defined by /7 1(B)(xX) = B(f(x)), x £ X.

Let A,Belx, then (A A B) =ACVBC( and (AV B). = Ac A £c.
Let A £ Ix and B £ 1Y. Then by A x 5 we denote the fuzzy set ini>xh for

which (A x B)(X,y) = min{A(X), B(y)}, for every (X,y) £ X XY.

1.2. Fuzzy topology. The first definition of a fuzzy topological space is due to
Chang. (See [C]). According to Chang, a fuzzy topological space is a pair (X, r),
where X is a set and r is a fuzzy topology on it, that is, a family of fuzzy sets
(r C 1x) satisfying the following three axioms:

(1) 8,7 £ T. By 0 and T we denote the characteristic functions X% and AX,
respectively.

2 IfA,BE£r,then AANB £ r.

B IfF{Aj:J £EI}Cr,then V{A] :jJ £ I} £r.

The elements of r are called fuzzy open sets. A fuzzy set K is called fuzzy
closed set if Kc £ r. We denote by rc the collection of all fuzzy closed sets in this
fuzzy topological space. Obviously, we have: (a) 0,T £ rc, (B) if K,M £ rc, then
KVME«and (7) if {Kj :j £ 3} C rc, then \{Kj :J £ J} £ rc

The closure CI(A) and the interior Int(A) of a fuzzy set A of X are defined as
C/(A) =inf{K: A< K,Kc £ r}

INt(A) = sup{O : O < A, O £ r},

respectively.
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A fuzzy set in X is called a fuzzy point if and only if it takes the value 0 for all
/G except one, say, x £ X. Ifits value at x is A (0 < A < 1) we denote the fuzzy
point by p£, where the point x is called its support. The class of all fuzzy points in
X is denoted by X. (See for example [Wi] and [M-MY]).

The fuzzy point p\ is said to be contained in a fuzzy set A or to belong to A,
denoted by pf£ £ A if and only if A < A(z). Evidently, every fuzzy set A can be
expressed as the union of all the fuzzy points which belongs to A. (See [M-MY]).

A fuzzy set A in a fuzzy topological space (X, r) is called a neighbourhood of
a fuzzy point pf£ if and only if there exists a V £ r such that p* £ V < A. (See
[M-Mx]). A neighbourhood A is said to be open if and only if A is open.

A fuzzy point p£ is said to be quasi-coincident with A denoted by p~gA if and
only if A > Ac(x) or A + A(X) > 1. (See [M-Mx]).

A fuzzy set A is said to be quasi-coinident with B, denoted AgB, if and only if
there exists x £ X such that A(x) > Bc(x) or A(X) + B{x) > 1. (See [M-MX]). If A
does not quasi-coincident with B, then we write A <fB.

A fuzzy set A in a fuzzy topological space (X,T) is called a Q—neighbourhood
of P¢ if and only if there exists B £ r such that prqB < A. The family of all
Q—neighbourhoods of is called the system of Q—neighbourhoods of p£. (See
[M-Mx]). A Q-—neighbourhood of a fuzzy point generally does not contain the
point itself. In what follows by Ai(p£) we denote the family of all fuzzy open
Q—neighbourhoods of the fuzzy point p£ in X. The set A'(p£) with the relation <*
(that is, Ui <* U2 if and only if U2 < U\) form a directed set.

A fuzzy point p£ £ CI(A) if and only if each Q—neighbourhood of p* is quasi-
coincident with A. (See Theorem 4.1' of [M-Mx]).

A fuzzy point p* £ Int(A) if and only if has a neighbourhood B contained in
A. (See [M-Mx]).

1.3. Fuzzy functions. A function / from a fuzzy topological space X into a
fuzzy topological space Y is fuzzy continuous if and only if for every fuzzy point pt
in X and every Q—neighbourhood V of f(p£), there exists a Q—neighbourhood U

of p£ such that f(U) < V. (See [M-M2]).
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Let /7 be a function from X to Y. Then (see for example [W2], [M-M2], [Y],
[A-T] and [C]):

(1) 7_1(5C) = (/_1(5))c, for any fuzzy set B in Y.

(2) f(f—1(B)) < B, for any fuzzy set B in Y.

) A< for any fuzzy set A in X.

(4) Let p be a fuzzy point of X, A be a fuzzy set in X and B be a fuzzy set in
Y. Then, we have:

() If f(p) q B, then pq Z7_1(5).

(i) Ifp g A, then f(p) q f(A).

(5) Let A and B be fuzzy sets in X and Y, respectively. Let p be a fuzzy point
in X. Then we have:

() permit f(p) eB.

(i) {p) € f{A) ifp G A.

1.4. Fuzzy nets. Let A be a directed set. Let X be an ordinary set. Let X
be the collection of all fuzzy points in X. The function 5: A — X is called a fuzzy
net in X. For every A G A, 5(A) is often denoted by s\ and hence a net S is often
denoted by {sa,A £ A}. (See [M-MY]).

Let 5 = {6x,A G A} be a fuzzy net in X. S is said to be quasi-coincident
with A if and only if for each A G A, s\ is quasi-coincident with A. S is said to be
eventually quasi-coincident with A if and only if there is an element m of A such that
if AG A and A > m, then s\ is quasi-coincident with A. S is said to be frequently
quasi-coincident with A if and only if for each m G A there is an A G A such that
A > m and s\ is quasi-coincident with A. S is said to be in A if and only if for each
A G A, € A. (See [M-Mx]).

A fuzzy net S — {">,A G A} in a fuzzy topological space (X. r) is said to be
convergent to a fuzzy point e in X relative to r and write limsa = e if and only if
S is eventually quasi-cincident with each Q—neighbourhood of e. (See [M-Mx]).

A fuzzy net {qu,u G M} in AT is called a fuzzy subnet of a fuzzy net {*sa, A G A}
in X if and only if there is a map iV : M — A such that:

(i) qu = sN(/i) and
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(ii) for the element Ao £ A there is y0 £ M such that if p > po, p £ M, then
N(4) > Mo-

It is known that (see [M-Mx] and [M-M2)):

(1) In a fuzzy topological space (X,1) a fuzzy point p £ A if and only if there
is a fuzzy net 5 in A such that S converges to p.

(2) A fuzzy subset A in a fuzzy topological space (X, r) is closed if and only if
every fuzzy net 5 cannot converge to a fuzzy point not belonging to A.

(3) A function / from a fuzzy topological space X into a fuzzy topological
space Y is fuzzy continuous if and only if for every fuzzy net 5 = {.s*, A £ A}, if 5

converges to p, then fo S = A £ A} is a fuzzy net in Y and converges to

f(p)-

Il. Fuzzy upper and lower limit.

2.1. Definition. Let {An,n £ N} be a net of fuzzy sets in a fuzzy topological
space Y. Then by F —lim(An), we denote the fuzzy upper limit of the net {An,n £
N} in ly, that is, the fuzzy set which is the union of all fuzzy points in Y such
that for every no £ N and for every fuzzy open Q—neighbourhood U of in Y
there exists an element n £ N for which n > no and AnqU. In other cases we set

F—-Ilim(An) =0
N( )

2.2. Theorem. Let {An,n £ N} be a net of fuzzy sets in Y. Then the following
propositions are true:

(1) The fuzzy upper limit is closed.

2) F—I1lim(A,) =F — lim(C7(An)).

(3) If An — A for every n £ N, then F — Ilim(A,) = CI(A)

(4) The fuzzy upper limit is not affected by changing a finite number of the An.

(B5) F - iim(An) < CK{y{An : n £ N}).

Proof, (I) It is sufficient to prove that

CI(F - Sm(An)) <<F- hrn(An).
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Let py £ CI(F—HmM(AN)) and let U be an arbitrary fuzzy open Q—neighbourhood

U of Py. Then, we have:

UgF - lim(AnN).

Hence, there exists an element y' € Y such that
U{y) + F — hmAn)(y") > L

Let F — lim(A,)(Y") = k. Then, for the fuzzy point pIy(, in Y we have
n

pk, g U and pk £ F — lim(A)).

Thus, for every element no E N there exists n > no, n E N such that AnqU. This
means that pr £ F — Iim(A,).

(2) Clearly, it is sufficient to prove that for every”® fuzzy open set U the condition
UgAn is equivalent to UqCI(AN).

Let UgANn. Then there exists an element y £T such that Uly) + An(y) > 1
Since An < CI(An) we have U{y) + CI(An)(y) > 1 and therefore UqCI(An).

Conversely, let UqCI(An). Then there exists an element y 6 Y such that
U(y) + Cl(ANn)(y) > 1.

Let CI(ANn)(y) — r. Then py £ CI(An) and the fuzzy open set U is a fuzzy
open Q—neighbourhood of py. Thus UgAnN.

(3) Follows by Theorem 4.1 of [M-Mi] and the definition of the fuzzy upper
limit.

(4) Follows by the definition of the fuzzy upper limit.

(5) Let p EF —lim(AN) and let U be a fuzzy open Q—neighbourhood of py in
Y. Then for every no £ N there exists n £ N, n > no such that AnqU and therefore

V{A, :n £ N}qU. Thus, py £ CI(V{An : n £ N}).

2.3. Theorem. Let {An,n £ N} be a net of fuzzy closed sets in Y such that

Ani < An2 if and only if n2 < n\. Then

F-1lim(A,) = A{"™ :n £ iV}
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Proof. Let py £ AN{An : n £ N}. Then py £ An or r < An(y) for every n £ N.
Let N0 £ N and U be a fuzzy open Q—neighbourhood of py, that is r + U(y) > 1
Then there exists n £ N, n > no such that An(y) + U(y) > r + U(y) > 1. Hence
AngU and therefore

py € F-]lim(AnN).

Conversely, let

pr EF - IiIGn(A,,)

and let py O A{An : n £ N}. Then there exists no £ N such that py ™ Ano, that is
r > Ano(y). Let U = (Ano)c. Then U is a fuzzy open Q—neighbourhood of py and

for every n > no, Uqg/An, which is a contradiction.

2.4, Theorem. Let {An,n £ N} and {Bn,n £ N} be two nets of fuzzy sets in
Y. Then the following propositions are true:

(1) If An < Bn for every n £ jV, then F — Iim(An) <F — HM(5,,).

(2) F — HmuAn vV Bn) —F — lim(An)VF — Hm(5n).

B) F—Ilim(An A Bn) <F — ]Jim(An)AF — Hm(Bn).

Proof. We prove only the proposition (2).

Clearly, An < AnV Bn and Bn < An V Bn, for every n £ N. Hence by
proposition (1) F—Ilim(A,) <F —-Ilim(A, Vv5n) and F—]im(Bn) <F —]im(AnVBn).
Thus F — Ii&n(A,,)VF - I—Il\lm(5,,) <F — Ii{ln(An V Bn).

Conversely, let pr £ F — lim(A,, V Bn). We prove that pr £ F — lim(yl,)VF —
lim(Bn). Let us suppose that py £ F—lim(An)Vi?—Ilim(BTl). Then py £ F—lim(An)
and py £ F— lim(B,,). Hence there exists a fuzzy open Q—neighbourhood U\ of py
and an element n\ £ N such that An c[U\, for every n £ N, n > n\. Also, there
exists a fuzzy open Q—neighbourhood U2 of py and an element n2 £ N such that
Bn <jU2, for every n £ N, n > n2

Let U = Ui AZ2 and let n0 £ N such that no > and no > n2. Then
the fuzzy set U is a fuzzy open Q—neighbourhood of py and An V Bn g/ U, for
every n £ N, n > uqg. Since py £ F — Iim(An V Bn) this is a contradiction. Thus

Py £ F — lim(An)VF - lim(Bn).
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2.5. Theorem. Let {An,n £ N} be a net of fuzzy sets in Y. Then we have:

F - lim(A,) = A{C/(V{A, :n > n0}) : n0 £ N}.

Proof. Let p)T/ EF — Ii,(ln(A,,) and let no £ N. We prove that p§ £ CIN{An :
n > Nn0}). Let U be an arbitrary fuzzy open Q—neighbourhood of Py in Y. Then,
there exists n > no, n £ N such that UgAn. Thus UgV {An : n > no} and therefore
py £ Cl(y{An : n > n0}).

Conversely, let py £ N{Cl(y{An : n > no}) . no £ N}. Then, we have
pr £ Cl{y{An : n > n0}), for every n0 £ N. We prove that pr £F — lim(An).
Let U be an arbitrary fuzzy open Q—neighbourhood of py in Y and let no £ N.
Then Uq V {An : n > no}. We prove that there exists n £ N, n > no such that
AnqU. Let us suppose that U g/ An, for every n £ N, n > no- Then, for every
n £ N, n > no and for every y E Y we have U(y) + An(y) < 1 and therefore

Uly) + (V{An : n > no})(y) < 1, which is a contradiction. Thus pr EF — lim(An).

2.6. Definition. Let {An,n £ N} be a net of fuzzy sets in a fuzzy topological
space Y. Then by F — Hlel(r](A,,), we denote the fuzzy lower limit of the net {Anin £
N} in 1Y, that is, the fuzzy set which is the union of all fuzzy points px in Y such that
for every fuzzy open Q—neighbourhood U of p“ in Y there exists an element no £ N

such that AnqU, for every n E N, n > uqg. In other cases we set F — lim(An) =0
N

2.7. Theorem. Let {An,n £ N} be a net of fuzzy sets in Y. Then the following

propositions are true:
(1) The fuzzy lower limit is closed.
2 F - KNm(A,,) =F - HNm(C7(A,,)).
(3) If An — A for every n £ N, then F — Iian(An.) = CI(A)
(4) The fuzzy upper limit is not affected by changing a finite number of the An.
5) AM{"4, :n £ N} <F — Hl\rln(y4n).
6) F - H,\rln(An) < Cl(y{An . n £ IV}).

(7) V{IA{Al,, : n > no} : n0 £ N} <F — limfA,,).

8

Institutional Repository - Library & Information Centre - University of Thessaly
18/05/2024 19:10:46 EEST - 3.139.83.82



Proof. The propositions (1), (2), (3), (4) and (6) can be proved in the same
way, as in Theorem 2.2. We prove the propositions (5) and (7).

(5) Let pr £ N{An : n £ N}. We prove that pT £F — Hm(AnN). Let us suppose
that p; £F — HrEn(An). Then there exists a fuzzy open Q—neighbourhood U of p;
such that for every n £ N there exists n' > n for which An> <fU. This means that
An'(x) + U(xX) < 1, for every x £ Y.

Now, since py £ NA{.4,, : n £ N} and U is a fuzzy open Q—neighbourhood of py
we have that r < An(y), for every n £ N and r + ?7(y) > 1. Thus An(y) + U(y) > 1,
for every n £ N. By the above this is a contradiction. Hence pT £F — lim(An).

(7) Let py GV{A{An : n > no} : no £ N}. Then, there exists no £ N such that
py G A{A, : n > n0}. Hence py £ An, for every n £ N, n > n0. and therefore
r < An(y), for every n £ N, n > no.

We prove that py £ F — hm(A,). Let U be an arbitrary fuzzy open Q—neigh-
bourhood of py in Y. Then we have pyqU or equivalently r + U(y) > 1. Since
r < An(y), for every n £ N, n > no we have that An(y) +U(y) > 1, for every n £ N,

n > no- Thus AnqU, for every n £ N, n > n0 and therefore pr £ F — HmMiAJ.
y N

2.8. Theorem. Let {An,n £ N} and {Bn,n £ N} be two nets of fuzzy sets in
Y. Then the following propositions are true:

(1) If An < Bn for every n £ N, then F — HNm(An) <F — HNm(5,,).

2 F - HNrn(Ara V Bn) >F - IirlpfAnjVF - I'i\lm(i’?,,).

(B) F—Ilim(An A Bn) <F — lim(An)AF — HmM(5,,).

Proof. We prove only the proposition (2). Let pr £F — lim(An,)VF — lim(Hn).
Then either pr £F — hm(A,) or pr £F — limii?,,). Let pi £F — Hm(A,). Then for
every fuzzy open Q—neighbourhood U of py in Y there exists an element no G N
such that AnqU, for every n > n0, n £ N. Also An < AnV Bn. Thus (An V Bn)qU,

for every n £ N, n > n0 and therefore pT £F — lim(A.n V Bn).
y N

2.9. Theorem. For the fuzzy upper and lower limit we have the relation

F — limfAn) < F — lim(An).

Proof. The proof of this theorem follows by the Definitions 2.1 and 2.6.
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2.10. Theorem. Let{An,n £ N} be a net of fuzzy sets in Y. Then the
formula p £ F — HmM(Ar) is equivalent to the existence of a fuzzy net {pn,n £ IV}
N

such that limpn = p and pn £ An.
Proof. The proof of this theorem follows by Definition 2.6.

2.11. Theorem. Let {An,n £ N} be a net offuzzy sets in Y such that

An, < An, if and only if nx < N2: Then C/(V{An : n £ N}) =F — lim(An).
N

Proof. Let py £ C/(V{An : n £ 1V}) and let U be afuzzy open Q—neighbourhood
of Py in Y. Then UqgV {An : n £ N}. Hence, there exists no £ IV such that UgAno.
By assumption we have UgAnN, for every n £ N, n > no- Thus pi £ F — Iir\}ﬁ(An).

Conversely, let py £ F—IlimfAr,) and let U be an arbitrary fu;zy open Q—neigh-
bourhood of py in Y. Then there exists an element no € N such that U gAn, for

every n £ N, n > no- Hence UqQV {An 1 n £ IV} and therefore £ECH{y{An : nf
ND.

2.12. Definition. A net {An,n £ N} of fuzzy sets in a fuzzy topological space
Y is said to be fuzzy convergent to the fuzzy set A if F—Ilim(A,) = F—lim(An) = A.

We then write F — lim(An) = A.

2.13. Theorem. Let {An,n £ IV} be a convergent net of fuzzy sets in Y. Then
the following propositions are true:
(1) CI(F - lim(An)) = F - lim(An) = F — Iim(C7(A,))-

(2) If An = A for every n £ N, then F — lim(An) = CI(A)
Proof. The proof of this theorem follows by Theorems 2.2 and 2.7.

2.14. Theorem. Let {An,n £ N} and {Bn,n £ IV} be two nets of fuzzy sets
in Y. Then the following propositions are true (in (1) and (2) the nets {An,n £ N}
and {Bn,n £ N} are supposed to be convergent):

(1) If An < Bn for every n £ N, then F —Ilim(A,) <F — lim(Bn).

2 F - Ii'(ln(An V Bn) =F - Ii{ln(An)VF - Ii,{I’n(Sn).

Proof. The proof of Proposition (1) follows by Theorems 2.2 and 2.7. We prove

the Proposition (2).

10
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By Theorems 2.4 and 2.8 we have

F—-Ilim(An V Bn) = F - lim(An) VF - lim(3J3,)
N N N
< F - UmN(AN) V F - ThnN(Bn)
< F — limAr(An V Bn)
< F —Ilim(An V Bn).
Thus F —Ilim(A, V Bn) =F — lim(A,)VF — Iim(Bn).
2.15. Theorem. Let {An,n € N} be a convergent net of fuzzy sets in Y such
that Ani > An2 for n\ < n2, then F —Ilim(A,) =A{CI(An) : n G N).
Proof. By Theorems 2.2 and 2.7. we have:
N{CI(AN) : n £ N} < F — UmN(CI(AN))

= F — Hmjv(A,)

A

F — hm(An)
N

F —1im(C7(A)))

A{CI(AN) : n G N}.
Thus F — lim(An) =A{C/(AnN) : n G N}.

2.16. Theorem. Let {An,n G N} be a convergent net of fuzzy sets in Y such

that Ani < An2 for n\ < n2, then F — hm(An) =C/(V{An : n G N}).

Proof. By Theorems 2.11 and 2.2 we have:

Cl(y{An :n G iV} < F — HmN(AN)
<F - Ii'\rIn(A,,)
< CH{V{An : n G N}).

Thus F — lim(An) =C/(V{A,, . n G N}).

It is not dificult to prove the following theorem.
2.17. Theorem. The following propositions are true:

(1) Let Ui, A G Ix and U2,B G 1Y. If U\ x U2gA x B, then U\gA and U2gB.

11
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(2) Let XJ\ and U2 be fuzzy open Q—neighbourhoods of px and py in X and Y,
respectively. Then the fuzzy set U\ x U2 is a fuzzy open Q—neighbourhood of px *

in X x Y.

2.18. Theorem. Let {An,n £ N) and {Bn,n £ N} be two nets of fuzzy sets
in Y. Then the following propositions are true (in (3) the nets {An,n £ N} and
{Bn,n £ N} are supposed to be convergent):

(1) F—I1lim(A, x Bn) <F — HMm(An)XF — lim(5n).

2 F— Iian(An. X Bn) <F — UNm(An)xF — Iill;n(j'?n).

B) F—-I1lim(A, x Bn) <F — HM(An)xF — Iim(B,,).

Proof. (1) Let px y* £F — lim(A,, x Bn). We must prove that

P{x,y) * F ~ Hm(An) x F — HM(Bn)

or equivalently

r <{F - Ii'(In(An) X F - Iil\rln(Sn))(x, y).

Let no £ N, U\ be an arbitrary fuzzy open Q—neighbourhood of px in X and
U2 be a constant fuzzy open Q—neighbourhood of py in Y. Then, the fuzzy set
U\ x U2 is a fuzzy open Q—neighbourhood of p™ y* in X X Y (see Theorem 2.17).
Hence, there exists n {. N, n > no such that U\ x U2gAn x Bn.

By Theorem 2.17 we have U\qAn and U2gBn. Thus px £ F—Ii'(ln(An). Similarly,
we can prove that pr £F— Iiy{’/n(Sn).

Hence p\xy) £F — Jim(An)xF - lim(5n).

Similarly, we can prove the propositions (2) and (3).

I1l. Compact fuzzy spaces

3.1. Definitions. (See [C]) A family A of fuzzy sets is a cover of a fuzzy set
B if and only if B < V{A : A £ A}. It is an open cover if and only if each member
of A is an open fuzzy set. A subcover of A is a subfamily of A which is also a cover.

A fuzzy topological space X is compact if and only if each open cover has a

finite subcover.
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3.2. Theorem. A fuzzy space A is compact if and only if for every net
{KX, A £ N} of fuzzy closed sets in X such that F — H/{]l(AF)\) = 0, there exists

Ao £ A for which K\ = 0, for every A £ A, A > No:

Proof. Let A be a fuzzy compact space and let {A'a, A £ A} be a net of fuzzy
closed sets in X such that F — I'i}\r](A')\) = 0. Then for every fuzzy point Pz in A
there exists a fuzzy open Q—neighbourhood Upr in A and an element Apr £ A such
that K\ c/ Upr, for every A £ A, A > Apr.

Clearly, the family {Upr : pr £ A} is an open cover of fuzzy sets of A, that is
1 = y{Upr : pr £ A}.

Since the fuzzy space A is compact, there exist fuzzy points pi, p2, ...pn £ X

such that 1 = V{UPi :i =1, 2...,n}.
Let A0 £ A such that Ao > \Pi for every i — 1,2, ...,n. Then for every A £ A,
A > A0 we have K\ gj V{API :i = 1,2,...,n} or K\ qj 1. Thus K\ = 0 for every

AEA A™ Ao

Conversely, suppose that the fuzzy space A satisfies the condition of the theo-
rem. We prove that the fuzzy space A is compact.

Let A be an open cover of fuzzy set of the space A. Let A be the set of all
finite subsets of A directed by inclusion and let {K\, A £ A} be a net of fuzzy closed
sets in A such that AE = V{A : A £ A}. Obviously K\ < K\2 if A2 C Ai. Hence
by Theorem 2.3 it follows that F — Ii/\m’\A) = A{K\ : A £ A}

Also, we have:

NAN A £ A = (V{A™ 1 A £ A}
= (V{A . A £ A}
=r=0
Thus F — 1}'\|r](A")\) = 0. By assumption there exists an element Ao £ A for
which K\ — 0 for every A £ A, A > Ao-
By the above we have

1— A" —V{A : A £ Ao}
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and therefore the fuzzy space X is compact.

IVV. Fuzzy continuous convergence.

4.1 Notations. Let Y and Z be fuzzy topological spaces. Then by FC{Y,Z)

we denote the set of all fuzzy continuous maps of Y into Z.

4.2. Theorem. Let ¥ .Y — Z be a fuzzy continuous map, p be a fuzzy
point in Y and U, V be fuzzy open Q—neighbourhoods of p and f(p), respectively

such that f(U) ™ V. Then there exists a fuzzy point p\ in Y such that piquU and

TN 4V-

Proof. Since f(U) V. We have U ™~ /_1(F). Thus there exists x G Y
such that U(x) > f—1(V)(X) or UX) — /Z/_1(F)(xX) > 0 and therefore U(X) + 1 —
/7-1(F)(X) > 1or UX) + (/-1(F)c(x) > 1. Let (f—1[V))c(X) = r. Clearly, for
the fuzzy point px we have pxqU and px G (f—1(V))c Hence for the fuzzy point

pi = px we have piqU and f(pi) <fV.

4.3. Definition. A net {/u,u G M} in FC(Y,Z) fuzzy continuously converges
to F G FC(Y, Z) if and only if for every fuzzy net {p>, A G A} in Y which converges

to a fuzzy point pin Y we have that the fuzzy net {/u(pA), (A, u) G Ax Mj converges

to the fuzzy point f(p) in Z.

4.4. Theorem. A net {/y,u G M} in FC(Y:2Z) fuzzy continuously converges
to / G FC(Y,Z) if and only if for every fuzzy point p in Y and for every fuzzy open
Q—neighbourhood V of f(p) in Z there exist an element ypjo G M and a fuzzy open

Q—neighbourhood U of p in Y such that
MU) < v,
for every p > po, y G M.

Proof. Let p be afuzzy point in Y and let V be a fuzzy open Q—neighbourhood
of f(p) in Z such that for every y G M and for every fuzzy open Q—neighbourhood

U of pin Y there exists g' > p such that
fAUW)IV.
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Then for every fuzzy open Q—neighbourhood U of p in Y we can choose a fuzzy

point pu in Y (see Theorem 4.2) such that
pu g U and fy/ {jpu) g/V.

Clearly, the fuzzy net {pu,U G Ai{p)} converges to p, but the fuzzy net
{iy{pv), (U, u) G Ai{p) x M} does not converge to f(p) in Z.

Conversely, let {pa,A G A} be a fuzzy net in FC(Y,Z) which converges to the
fuzzy point p in Y and let V be an arbitrary fuzzy open Q—neighbourhood of f(jp)
in Z. By assumption there exists a fuzzy open Q—neighbourhood U of p in Y and
an element y0 G M such that 7u([7) < V, for every p > po, 4 G M. Since the
fuzzy net {pA,A G A} converges to p in Y. There exists A0 G A such that p\qU,
for every A G A, A > A0. Let (Xo,uo) G A X M. Then for every (A,g) G A X M,
(A, ) = (AO,u0) we have Zu(pA) ? ipP) < V, that is fM(p\) g V. Thus the
net {/u(pA), A\, u) G A x M} converges to f(p) and the net {/u,u G M} fuzzy

continuously converges to /.

4.5. Theorem. Let A and B two fuzzy sets in Y and let .Y —Z be a map.

If AgB, then f(A)qf(B).

Proof. Let AgB. Then there exists y G Y such that A(y) + B(y) > 1. Let
A(y) = r. Then for the fuzzy point pj G A we have PygB. Thus f(py)qf(B). Since

Py £ A we have f(py) G /(.4) and therefore f(A)qf(B).
4.6. Theorem. A net {/a,A G A} in FC(Y,Z) fuzzy continuously converges

to / G FC(Y, Z) if and only if

F-msp(K))<rK),
for every fuzzy closed subset K of Z.

Proof. Let {/a, A G A} be a net in FC(Y,Z), which fuzzy continuously
converges to / and let K be an arbitrary fuzzy closed subset of Z. Let p GT —

lim(/~'1 (K)) and let IT be an arbitrary fuzzy open Q—neighbourhood of f(p) in Z.
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Since the net {f\, A 6 A} fuzzy continuously converges to /, there exist an open
open Q—neighbourhood V of p in Y and an element A0 € A such that \(\V) < W,
for every A 6 A\, A > Ao- (See Theorem 4.4). On the other hand, there exists an
element A > Ao such that Vqf*"1(ftT). Hence, f\(VV)QK and therefore WqK. This
means that f(p) £ CI(K) = K. Thus, p £

Conversely, let {Ff\, A € A} be anet in FC(Y, Z) and / £ FC(Y. Z) such that
the relation (1) holds for every fuzzy closed subset K of Z. We prove that the net
{/\, A £ N} fuzzy continuously converges to /. Let p be a fuzzy point of Y and W
be a fuzzy open Q—neighbourhood of f(p) in Z. Since p ™~ /-1(iv), where K = Wt
we have p ™ F — Ii/t{n(/’\‘l (K)). This means that there exists an element Ao £ A and
a fuzzy open Q—neighbourhood V of p in Y such that /~1(A") g/V, for every A £ A,
A > Ao- Then we have V < (/"1(J\)) = FM1(Kc) = /NMN1(W) (see Proposition 2.1
of [M-Mi]) and, therefore, A\(\VV) < W, for every A £ A, A > A0, that is the net

{/\, A £ A} fuzzy continuously converges to /.

4.7. Theorem. The following propositions are true:

(1) E {/N\NAE A} is anet in FC(Y, Z) such that f\ =/, for every A £ A, then
the {/A A £ A} fuzzy continuously converges to /7 £ FC(Y,Z2).

(2) E YA, A £ A} is anet in FC(Y, Z), which fuzzy continuously converges to
/ £ FC(Y, Z2) and {qu, b £ M} be a subnet of {f\, A £ A}, then the net g E M)
fuzzy continuously converges to /.

B) E {/a A £ A} is a net in FC(Y,Z) which does not fuzzy continuously
converges to / £ FC(Y,Z), then there exists a of {/{>, A £ A}, no subnet of which

fuzzy continuously converges to /.

Proof. We prove only the proposition (3). Since the net {f\, A £ A} does not

fuzzy continuously converges to /, there exists a fuzzy closed set K in Z such that

F-Pv?(K)) i

Hence, there exists y £ Y such that

fAK)(Y)< F—Ag"( K)YOWW)-

16

Institutional Repository - Library & Information Centre - University of Thessaly
18/05/2024 19:10:46 EEST - 3.139.83.82



Let ¥ 1(K)(y) = r. Then for the fuzzy point py we have that py E ¥ 1(K)
and therefore

PveF—

Let N = A x j\f(Py) and let @ be a map of N into A which defined as follows:
If n — (A, U) E N, then by @(n) we denote an element A' of A such that A' > A and
H>XAK)qU.

Clearly, the net {gn = 7¢(,,),n E N} is a subnet of {/a A E A}. Let {hT,r G T}
be an arbitrary subnet of {gu,n E N}. We prove that the net {hTIT E T} does not

fuzzy continuously converge to /. Obviously, for this it is sufficient to prove that

P;eF-M(h?((K)).

Since the net {hT, T E T} is a subnet of {gn,n E N}, there is a map ¢ of T into
N such that:

a) hT = 5y(r), for every r E T and

B) for every element Ny E N, there exists TY E T such that if r E T, T > 1%,
then Y() > nx.

Now, let To E T and U be an arbitrary fuzzy open Q—neighbourhood of py in
Y. We prove that there exists T > tq, T E T such that h~1(A") q U.

Indeed, let Y(t0) = no = (Ao, i/0), Wo = U A Uo and nx — (Ao, Wo). Then there
exists an element iy E T, ©x > tq such that if r E T, r > 1%, then (1) > nx > no-

Let T£T, T>Tx and () = n = (A, V). Then we have:

Y) h~AK) = 9~1T)(K) = 7/;,i(r))(A") and

S) &=(,,,(3X) « V.

Since

Y@ =n = (X,V) > nx = (A0, WO0)

we have that

V < Wl < U.

By the above relation and by relations y) and 8) we have that h~I(K) g V and

therefore /i~1(AT) q U, where r E T, r > Tq.
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Thus Py £ F — lim(hr 1 (A")).

4.8. Remark. For the notion of continuous convergence see [K].
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