
  
 

 
  

ΣΧΟΛΗ ΘΕΤΙΚΩΝ ΕΠΙΣΤΗΜΩΝ 

 

ΤΜΗΜΑ ΠΛΗΡΟΦΟΡΙΚΗΣ ΚΑΙ ΤΗΛΕΠΙΚΟΙΝΩΝΙΩΝ 

 

 

Μελέτη Επίδοσης της Μη Ορθογωνικής Πολλαπλής Πρόσβα-
σης με Αναμετάδοση σε Διαλειπτικά Κανάλια  

 

 

 

Ευθυμιάδης Φιλάρετος 

       ΠΤΥΧΙΑΚΗ ΕΡΓΑΣΙΑ 

 

ΕΠΙΒΛΕΠΩΝ 

 

Τσιφτσής Θεόδωρος  
Καθηγητής 

 

 

Λαμία Νοέμβριος 2022 



  

  



  

 
 

 
 ΣΧΟΛΗ ΘΕΤΙΚΩΝ ΕΠΙΣΤΗΜΩΝ 

 

ΤΜΗΜΑ ΠΛΗΡΟΦΟΡΙΚΗΣ ΚΑΙ ΤΗΛΕΠΙΚΟΙΝΩΝΙΩΝ 

 

 

Μελέτη Επίδοσης της Μη Ορθογωνικής Πολλαπλής Πρόσβα-
σης με Αναμετάδοση σε Διαλειπτικά Κανάλια 

 

 

 
Ευθυμιάδης Φιλάρετος 

 

     ΠΤΥΧΙΑΚΗ ΕΡΓΑΣΙΑ 

 

ΕΠΙΒΛΕΠΩΝ 

 

Τσιφτσής Θεόδωρος  
Καθηγητής 

 

 

Λαμία Νοέμβριος 2022 

 



  



  

 
 

 
 
  

SCHOOL OF SCIENCE 

 

DEPARTMENT OF INFORMATICS & TELECOMMUNICATIONS 

 

 

Performance Analysis of Non-Orthogonal Multiple Access for 
Relaying Transmissions over Fading Channels 

 

 

 

Efthimiadis Filaretos 

 

FINAL THESIS 

 

ADVISOR 

 

Tsiftsis Theodoros 

Professor 

 

 

Lamia November 2022 



  

  



Ημερομηνία:  ……/9/2022 

Ο – Η Δηλ. 

(1) «Όποιος εν γνώσει του δηλώνει ψευδή γεγονότα ή αρνείται ή αποκρύπτει τα αληθινά με έγ-
γραφη υπεύθυνη δήλωση
του άρθρου 8 παρ. 4 Ν. 1599/1986 τιμωρείται με φυλάκιση τουλάχιστον τριών μηνών. Εάν ο υπαί-

τιος αυτών των πράξεων
σκόπευε να προσπορίσει στον εαυτόν του ή σε άλλον περιουσιακό όφελος βλάπτοντας τρίτον ή
σκόπευε να βλάψει άλλον, τιμωρείται με κάθειρξη μέχρι 10 ετών.»

«Με ατομική μου ευθύνη και γνωρίζοντας τις κυρώσεις (1), που προβλέπονται από της 

διατάξεις της παρ. 6 του άρθρου 22 του Ν. 1599/1986, δηλώνω ότι:

1. Δεν παραθέτω κομμάτια βιβλίων ή άρθρων ή εργασιών άλλων αυτολεξεί χωρίς να
τα περικλείω σε εισαγωγικά και χωρίς να αναφέρω το συγγραφέα, τη χρονολογία, τη 
σελίδα. Η αυτολεξεί παράθεση χωρίς εισαγωγικά χωρίς αναφορά στην πηγή, είναι λογο-

κλοπή. Πέραν της αυτολεξεί παράθεσης, λογοκλοπή θεωρείται και η παράφραση εδαφίων
από έργα άλλων, συμπεριλαμβανομένων και έργων συμφοιτητών μου, καθώς και η πα-
ράθεση στοιχείων που άλλοι συνέλεξαν ή επεξεργάσθηκαν, χωρίς αναφορά στην πηγή.
Αναφέρω πάντοτε με πληρότητα την πηγή κάτω από τον πίνακα ή σχέδιο, όπως στα πα-

ραθέματα.

2. Δέχομαι ότι η αυτολεξεί παράθεση χωρίς εισαγωγικά, ακόμα κι αν συνοδεύεται 
από αναφορά στην πηγή σε κάποιο άλλο σημείο του κειμένου ή στο τέλος του, είναι αντι-
γραφή. Η αναφορά στην πηγή στο τέλος π.χ. μιας παραγράφου ή μιας σελίδας, δεν δι-

καιολογεί συρραφή εδαφίων έργου άλλου συγγραφέα, έστω και παραφρασμένων, και 
παρουσίασή τους ως δική μου εργασία.

3. Δέχομαι ότι υπάρχει επίσης περιορισμός στο μέγεθος και στη συχνότητα των παρα-
θεμάτων που μπορώ να εντάξω στην εργασία μου εντός εισαγωγικών. Κάθε μεγάλο πα-

ράθεμα (π.χ. σε πίνακα ή πλαίσιο, κλπ), προϋποθέτει ειδικές ρυθμίσεις, και όταν δημοσι-
εύεται προϋποθέτει την άδεια του συγγραφέα ή του εκδότη. Το ίδιο και οι πίνακες και τα
σχέδια

4. Δέχομαι όλες τις συνέπειες σε περίπτωση λογοκλοπής ή αντιγραφής.
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ΠΕΡΙΛΗΨΗ  

Η μ η - Ο ρθο γώνι α Πο λλαπλή  Πρόσ β ασ η  ( NO MA )  θ εω ρεί ται  ω ς μ ι α πο λλά υ-

πο σχό μ ενη  υ πο ψ ήφ ι α τεχνο λο γί α γ ι α τα δί κτυ α κι νη τή ς τη λεφω νί ας πέμπτη ς γε-

ν ι άς (5 G ) ,  καθ ώ ς μ πο ρεί να β ελτ ιώ σ ει  τη ν  φ ασ μ ατι κή  από δο ση  και το  ρυ θμ ό δι εκ-

περαί ωσ η ς του  συ στή μ ατο ς σ ε σ ύ γκρι ση  μ ε την  ο ρθο γώ νι α πο λλαπλή πρόσβ αση  

(O MA).  Ε πι πλέο ν,  η  αναμ ετάδοσ η  δι ευ ρύ νει  τη  χω ρητ ι κό τητα και  τη  περιοχ ή  κά-

λυ ψ η ς,  β ελτ ιώ νοντας έτσ ι  τη ν επ ί δο ση  το υ δι κτύ ου .  Ε πο μ ένω ς, ε ί ναι  λογ ι κό  να τα 

σ υ γχ ω νεύ σο υμ ε γ ι α να παρατη ρή σου μ ε τα ακρι βή  οφ έλη  που  παρέχ ει  ο  συ νδυ α-

σ μό ς το υ ς.  Εξ άγο νται εκφ ράσ ει ς κλεισ τή ς μο ρφή ς γ ι α τη π ιθ ανό τητα σ φ άλμ ατο ς 

και  δι εξ άγεται  ασ υ μ πτω τι κή  ανάλυσ η.  Ο  μ έσο ς ρυ θμ ό ς εξ ετάζεται  επ ίσ η ς ασυ-

μ πτωτι κά  άνω και κάτω ό ρι α.  Ε π ίσ η ς, ό λα τα αριθ μ η τι κά απο τελέσ μ ατα έχου ν  

προ σο μο ιωθ εί  μ ε Mo nte Ca rlo  σ ε περι β άλλον  MAT L AB ,  προ κει μ ένο υ να παρατη-

ρή σ ο υ μ ε  τη ν  επ ί δο σ η  το υ  σ υ σ τή μ ατος.  

 

  



  

ABSTRACT 

N o n- O rthogo na l  Mult iple  Acc ess  (N O MA) is  c o ns idered a s  a  pro mising  c a ndi -

da te  tec hno log y fo r  the  f if th -g enera t io n (5G) mo bi le  te lec o mmunic at io n s net-

w o rks,  as  i t  c a n impro ve  the  spec tral  ef f ic ienc y  a nd thro ug hput  of  the  system 

c o mpa red to  O rthogo na l  Mult iple  Ac cess  (O MA).  I n a ddit io n,  re la y ing  t ra nsmiss io n 

enla rg es  the  c a pac i ty  a nd bro a dens  the  co vera ge  a rea ,  thus  i t  impro ves  the  per-

f o rma nc e  of  the  netwo rk.  T herefo re,  i t  i s  lo g ica l  to  a ma lg a mate  them in o rder to  

o bserve  the exa ct  benef it s  tha t  the ir  co mbina t io n pro v ides.  O uta g e pro ba bi l ity  

c losed fo rm ex press io ns  a re  derived  a nd a sympto t ic  a na lys is  i s  co nduc ted.  Aver-

a g e  sum ra te  a na lys is  i s  a lso  exa mined a sympto tica l ly,  pro v iding  lo wer a nd upper  

bo unds .  MAT L AB  numerica l  results  us ing  Mo nte Ca rlo s imula t io ns  i s a lso  pro v ided 

in o rder to  o bserve  the  systems perf o rma nc e .  
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1. INTRODUCTION 
 

Non-Orthogonal Multiple Access 
 

Over the last decade, wireless telecommunication systems have been evolving in an expedi-

tious manner, as a consequence of the collective network of connective devices (IoT) and mobile 

internet rapid development. This is challenging us to revolutionize the entire network infrastructure. 

Fifth generation (5G) networks should be able to support three main technologies: 

  

1. Enhanced Mobile Broadband (eMBB) 

a) 100 Mbps user perceived data rate. 

b) >3 times spectrum efficiency improvement over the former LTE releases to provide ser-

vices including high-definition video experience, virtual reality, and augmented reality. 

 

2. massive Machine Type Communication (mMTC) 

a) large number of IoT devices will have access to the network => connection density of 1 

million devices per square kilometer.  

NOMA can increase number of users by a scale factor of 5. 

 

3.UltraReliable and Low-Latency Communication (URLLC) 

a) 0.5 ms end-to-end latency.  

b) reliability above 99.999%.  

NOMA can increase number of users by a scale factor of 9. [1] 

 

A multiple access technique that is considerably attractive for satisfying the aforementioned 

metrics, is the Non-Orthogonal Multiple access (NOMA). To begin with, we cannot overemphasize  

the superiority of NOMA over the traditional orthogonal multiple access schemes of the 1G, 2G, 3G 

and 4G wireless telecommunication systems such as FDMA, TDMA, CDMA, OFDMA respectively. In 

orthogonal multiple access (OMA), the system is transmitting the users’ signals in an orthogonal 

way, thus, each user has its own resource block. In order to support more users than the number of 

available orthogonal resources, non-orthogonal multiple access is proposed. NOMA, can be divided 

into 2 categories, based on the method each one is implementing to perform the user’s signal sepa-

ration, namely, power-domain and code-domain NOMA. [1], [2] 
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Code-domain NOMA is realized to a certain degree as the basic CDMA, sharing the available time  

and frequency resources; however, code-domain NOMA is different compared to CDMA due to the  

utilization of the user-determined sparse spreading sequences or non-orthogonal cross-correlation 

spreading sequences of low correlation index. It can be further classified into low-density spreading 

(LDS) CDMA [3], [4], low-density spreading OFDMA [5], [6] and sparse code multiple access (SCMA)  

[7], [8]. In SCMA, the incoming bits are directly mapped to low density multidimensional complex  

codewords selected from carefully designed sparse codebooks, where each codeword represents a 

single spread transmission layer. In contrast with the complex maximum a-posteriori probability de-

coding, iterative message passing algorithm (MPA) produced efficient MPA decoding with notably  

reduced complexity [9]. In LDS, each user is spreading his information among a set of subcarriers, in 

a way that every one of the latter has a small number of users compared to the total number of us-

ers. Hence, the inter-user interference is small, therefore, reliable signal detection is feasible be-

cause of the high signal to noise and interference ratio. Moreover, strong interference is circum-

vented since at each subcarrier different users interfere with each other, achieving interference di-

versity [10].  

 

        Fig.1.1   PD-NOMA network for 𝑀 users  +  Power Domain    

 

Power-domain NOMA users utilize the same orthogonal resources (time, frequency and code), 

with the multiplexing of the users realized in a non-orthogonal resource, such as the power. This  

type of multiplexing is performed by superposition coding (SC) and the demultiplexing by successive  

interference cancellation (SIC).  By allocating the same resource block for many users we could solve  
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the massive connectivity problem at the cost of a slightly more complex receiver. The receiver’s ad-

ditional function would be the successive interference cancelation [1]. Thus, the basic techniques  

used by NOMA are as follows: 

 

 

o Superposition Coding - SC  

 

At the transmitting end of the downlink system, the symbols are transmitted in dif-

ferent power levels according to the NOMA fairness and QoS policy; that is, assigning more  

power to the user with the worse channel gain to compensate for the larger channel loss  

(power control), if the minimum rate of the user is satisfied. The signals are then superim-

posed reciprocally to form a linear combination of all the users’ information. A paradigm of 

SC is provided, showing 2 different power-constrained QPSK constellations, with the first  

constellation being superimposed onto the second, creating a 16-QAM. 

 
 

                        Fig 1.2 Superposition coding to transform 2 QPSK into a 16-QAM 
 
 

 
 

o Successive Interference Cancelation - SIC 
 

At the receiving ends of the downlink system, the superimposed signal is obtained 

by the users. The SIC mechanism will then take place and alleviate the detrimental effect of 

Interuser Interference. The SIC decoding order is purely contingent to the order of the per-

ceived signal-to-noise ratio at the receivers, namely, the squared magnitude of the channel  

[11]. Therefore, at the 𝑖th user, the 𝑗th user’s message, where  𝑗 < 𝑖, will be detected, de-

coded and subtracted from the residual signal in a successive manner.  The interference can-

celation will be performed in descending order, starting from the users with the worst chan-
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nel conditions, transmitted with the most power, treating the messages of the users with  

better channel conditions as noise. We should note that, even though the weak user doesn’t 

perform SIC, the inter-user interference can still impact the efficiency of the receiver [12]. As  

a continuation of the SC paradigm, the weak user will decode symbol 𝑥 (Fig 1.1), treating the 

interference of the 𝑥2 symbol as noise, while strong user will decode symbol 𝑥1, subtracting 

it from his observation and then decode 𝑥2.  

 

 
     Fig 1.3 Successive Interference Cancelation by subtracting 𝑥1from original obser-

vation 𝑥, in order to recover the residual information symbol,  𝑥2. 

 
 

In a 𝑁 user PD-NOMA system, the 𝑖th user is detecting 𝑗th user’s message, where  𝑗 < 𝑖,  

with  

 

𝑆𝐼𝑁𝑅𝑗→𝑖 =
𝛾|ℎ𝑖|

2𝑎𝑗

𝛾|ℎ𝑖|
2∑ 𝑎𝑘

𝑁
𝑘=𝑗+1 + 1

. 

(1.1) 

 

 For the 𝑖th user, SIC will iterate 𝑖 − 1 times in order to get a signal free of weaker user inter-

ference that can be decoded with 

 

𝑆𝐼𝑁𝑅𝑖 =
𝛾|ℎ𝑖|

2𝑎𝑖

𝛾|ℎ𝑖|
2∑ 𝑎𝑘

𝑁
𝑘=𝑖+1 + 1

 

(1.2) 

 

treating the residual symbol interference of stronger users as noise. 
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 The strongest user will decode and subtract all the 𝑁 − 1 weaker users’ interference out of 

his observation. Consequently, the remaining signal can be decoded with  

 

𝑆𝑁𝑅𝑁 = 𝛾|ℎ𝑁|
2𝑎𝑁 . 

(1.3) 

 The achievable data rate of the downlink PD-NOMA can be expressed using the 𝑆𝐼𝑁𝑅’s of 

the users as: 

𝑅𝑆𝑈𝑀 =∑ log2(1 + 𝑆𝐼𝑁𝑅𝑖)

𝑁

𝑖=1

= ∑ log2 (1 +
𝛾|ℎ𝑖|

2𝑎𝑖

𝛾|ℎ𝑖|
2∑ 𝑎𝑘

𝑁
𝑘=𝑖+1 + 1

)

𝑁−1

𝑖=1

+ log2(1 + 𝛾|ℎ𝑁|
2𝑎𝑁). 

(1.4) 

 

A technique to further enhance the performance of a NOMA transmission, is cooperative  

NOMA. A cooperative transmission scheme for NOMA is realized by utilizing protocols such as de-

code and forward (DF) or amplifying and forward (AF). Relaying networks are using dedicated relays  

or users acting as relays or a combination, to achieve an increased capacity and broaden the cover-

age area while decreasing the deteriorating effects of multi-path fading. A NOMA cooperative  

scheme of a multiple dedicated relays and a user acting as a relay, is shown below in fig.1.4 

 

           

 

                                     Fig.1.4   NOMA cooperative network 
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Conventional NOMA relying on SIC can be further enhanced by combining it with advanced 

MIMO techniques, improving spectral efficiency in order to get sufficient enough for the 5G re-

quirements [13]. Users are superimposed to each other inside a space region created by base station 

transmitters using the aforementioned conventional NOMA technique. These regions are called 

beams, and this modulation is called intra-beam. More, interference exists between each beam (in-

ter-beam interference), which is removed with spatial filtering, and intra-beam interference with 

SIC. The authors of [2] were suggesting that the design of beamforming vectors and spatial filtering 

vectors will have to be very precise, as they have decisive impact on interference cancellation (intra-

beam and inter-beam).  

                

 

                                                                   Fig.1.5   NOMA in MIMO 

 

In [2], power domain NOMA was shown to be present in a physical-layer non-orthogonal 

multiplexing technology named layer-division-multiplexing (LDM), where in a 2-layered LDM 

scheme, bad channel enviroment (Upper Layer) mobile users were allocating higher transmission 

power, in addition to powerful channel coding and modulation, in order to make low-SNR detection 

realizable. The Lower Layer users, are providing a higher rate service, such as UHDTV and are  

assumed to be stationery and equipped with high antennas, compensating for the lower power 

allocation. These users’ threshold SNR -requiring 20-30 dB- is proportional to the system 

performance compared to other multiplexing technologies (TDM/FDM). 

 

NOMA can also be useful in a multi-cell scenario (NOMA in CoMP -Coordinated Multi Point-),  

if the negative effects of inter-cell interference is mitigated. In order to accomplish this task in the  

downlink, joint transmit-precoding of all users could be used. A complexity-reduced approach was 

proposed in [14], with authors assuming that 5G will be a cloud radio access network (C-RAN), mean-
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ing that central processing of various channel state information is bearable. A 2-cell, of 2 users-per-

cell NOMA network is proposed, with the precoding method applied only to the cell-edge users, 

where the severe inter-cell interference is present. As a result, NOMA can be considered a candidate  

solution for Coordinated Systems as the cell edge user will experience an improvement in data rate.  

 

 

Moreover, the authors of [15] are proposing a constellation domain NOMA scheme, where mul-

tiplexing is performed by rotating the constellation and transmitting only one dimension  of every  

symbol. The constellation is rotated in such a way that every symbol has different coordinates, 

therefore, every symbol can be uniquely determined only from one coordinate at the receiving end. 

This method also utilizes Signal-Space Diversity (SSD), and thus, is a very promising NOMA tech-

nique.  

 

 
Fig.1.6   NOMA in a 3 cell CoMP scenario 
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2. SYSTEM MODEL 
 

A downlink system consists of one base station S, two users 𝐷1  and 𝐷2 , as well as an inter-

mediate node between S and the users, working as an amplify and forward (AF) relay R. Each node  

has a single antenna and operates in a half-duplex mode. It is assumed that S cannot transmit direct-

ly to the user nodes in a single time slot since the distance separating them exceeds a threshold val-

ue or the direct links experience destructive interference leading to deep fading. The wireless chan-

nels are assumed to follow Rayleigh distribution in additive white Gaussian noise (AWGN). Channels  

between S to R and R to users 𝐷1  and 𝐷2  are denoted ℎ𝑆𝑅  and ℎ𝑅𝐷1 ,  ℎ𝑅𝐷2  and distributed as 

𝐶𝑁(0,𝜎2) respectively.|ℎ𝑆𝑅 |, |ℎ𝑅𝐷1 |, |ℎ𝑅𝐷2 |denote the channel coefficients for the 𝑆 → 𝑅, 𝑅 →

𝐷1  and 𝑅 → 𝐷2  links, respectively, and the average power for the first and second slots are 

𝔼{|ℎ𝑆𝑅 |
2} = 𝛺1  and  𝔼{|ℎ𝑅𝐷1 |

2
} = 𝔼{|ℎ𝑅𝐷2 |

2
} = 𝛺2 , where 𝔼{∙} denotes expectation.  

 

 

Fig.2.1 The proposed NOMA downlink system model 
 

 

In PD NOMA the unit power superposition symbol 𝑥𝑆 =  √𝑎1𝑃𝑠𝑥1  + √𝑎2𝑃𝑠𝑥2  is transmitted 

from S to R, where 𝑎1  and 𝑎2  are the percentages of power, that information symbols 𝑥1 and 𝑥2 are 

allocating respectively and  𝑃𝑆  is the transmission power of 𝑥𝑆 . Without loss of generality we can as-

sume that the second user has better channel characteristics than the first,  |ℎ𝑅𝐷1 |
2
≤ |ℎ𝑅𝐷2 |

2
. In 

other words, the channel gains are ordered. We also assume that  𝑎1 > 𝑎2    and   𝑎1 + 𝑎2 = 1 .  

 

In the first timeslot, the superimposed information symbol will suffer the fading and noise  

induced by the channel, which can be represented as  𝑦𝑅 = ℎ𝑆𝑅 ∙ 𝑥𝑆 + 𝑛𝑆𝑅 , where 𝑛𝑆𝑅  denotes the  

zero mean AWGN of  𝑆 → 𝑅 having a  𝜎2 variance. In the second slot, the AF relay R will amplify the 
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received signal by a factor of 𝛽 and transmit it to the users. The received signals at user 𝐷1  and 𝐷2  

can be expressed as  

 

𝑦𝑅𝐷1 = √𝑃𝑅𝛽ℎ𝑅𝐷1ℎ𝑆𝑅(√𝑎1𝑃𝑠𝑥1 + √𝑎2𝑃𝑠𝑥2 ) + √𝑃𝑅𝛽ℎ𝑅𝐷1𝑛𝑆𝑅 + 𝑛𝑅𝐷1   
(2.1) 

and 
 

𝑦𝑅𝐷2 = √𝑃𝑅𝛽ℎ𝑅𝐷2ℎ𝑆𝑅 (√𝑎1𝑃𝑠𝑥1 + √𝑎2𝑃𝑠𝑥2 ) +√𝑃𝑅𝛽ℎ𝑅𝐷2𝑛𝑆𝑅 + 𝑛𝑅𝐷2   
(2.2) 

 

respectively, where 𝛽 =
1

√𝑃𝑆|ℎ𝑆𝑅|
2+𝜎2

 ,  𝑛𝑅𝐷~𝐶𝑁(0,𝜎
2) the AWGN at 𝑅 → 𝐷  and 𝑃𝑅  the transmis-

sion power at the relay node.  

 

The two signals will be mutually interfered causing inter-user interference. In order for the users to 

attain the transmitted information symbols, they need to take advantage of the PD-NOMA scheme 

specifications on power allocation. SIC is decoding in the order specified by the users’ channel mag-

nitudes. Consequently, since 𝐷2  is the strong user, SIC will be performed first there by decoding 𝐷1 ’s 

message and subtracting it from the received superposed signal. Then, 𝐷2  will be able to decode its 

own message. On the contrary 𝐷1  can immediately decode its own message treating 𝐷2 ’s interfer-

ence as noise. For simplicity reasons we assume 𝑃𝑅 = 𝑃𝑆 = 𝑃 and 𝑛𝑆𝑅 = 𝑛𝑅𝐷1 = 𝑛𝑅𝐷2 ~𝐶𝑁(0,𝜎
2). 

In addition, the average signal-to-noise ratio will be mentioned as  𝛾 ≝
𝑃

𝜎2
. Signal-to-interference-

and-noise ratio (SINR) is evaluated for the strong user (𝐷2) to decode the weak users’ (𝐷1) message, 

𝛾𝑅𝐷1→2 , and for both users to decode their own message  𝛾𝑅𝐷1and 𝛾𝑅𝐷2 . 

 

𝛾𝑅𝐷1→2 =
𝑃𝑜𝑤𝑒𝑟

𝐼𝑛𝑡𝑒𝑟𝑓𝑒𝑟𝑒𝑛𝑐𝑒 +𝑁𝑜𝑖𝑠𝑒 
=  

𝑃2𝛽2|ℎ𝑅𝐷2|
2
|ℎ𝑆𝑅|

2𝑎1 

𝑃2𝛽2|ℎ𝑅𝐷2|
2
|ℎ𝑆𝑅|

2𝑎2 +𝑃𝑅𝛽
2|ℎ𝑅𝐷2 |

2
𝜎2 + 𝜎2

 

 

 
𝑑𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑏𝑦 𝛽2𝜎4

⇒              
 

=
𝛾2|ℎ𝑅𝐷2 |

2
|ℎ𝑆𝑅|

2𝑎1 

𝛾2|ℎ𝑅𝐷2 |
2
|ℎ𝑆𝑅|

2𝑎2 + 𝛾|ℎ𝑅𝐷2 |
2
+ (𝑃𝑆 |ℎ𝑆𝑅 |

2 + 𝜎2)/𝜎2

 

=
𝛾2|ℎ𝑅𝐷2 |

2
|ℎ𝑆𝑅|

2𝑎1 

𝛾2|ℎ𝑅𝐷2 |
2
|ℎ𝑆𝑅|

2𝑎2 + 𝛾|ℎ𝑅𝐷2 |
2
+ 𝛾|ℎ𝑆𝑅 |

2 + 1
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𝛾𝑅𝐷1→2 =
𝛾2|ℎ𝑅𝐷2 |

2
|ℎ𝑆𝑅|

2𝑎1 

𝛾2|ℎ𝑅𝐷2|
2
|ℎ𝑆𝑅|

2𝑎2 + 𝛾(|ℎ𝑅𝐷2 |
2
+ |ℎ𝑆𝑅|

2) + 1
 

. 

(2.3) 

 

The rate at which the second user is decoding the first users’ message is 𝑅1→2 =
𝑙𝑜𝑔(1+𝛾𝑅𝐷1→2

)

2
 , not-

ing that this rate must be greater or equal to 𝑅1 =
𝑙𝑜𝑔(1+𝛾𝑡ℎ1

)

2
, where R̃1 and 𝛾𝑡ℎ1  represents the 

minimum rate for user 2 to decode the first users’ signal and the minimum threshold SINR that 𝐷1 ’s  

signal can be detected, respectively. When, 𝐷1 ’s message is removed from 𝐷2 ’s observation the sec-

ond user can finally decode its own signal and obtain the message if  𝑅2 =
log(1+𝛾𝑅𝐷2

)

2
≥ 𝑅2, where 

𝛾𝑅𝐷2  is equal to 

  

𝛾𝑅𝐷2 =  
𝛾2|ℎ𝑅𝐷2 |

2
|ℎ𝑆𝑅|

2𝑎2  

𝛾(|ℎ𝑅𝐷2 |
2
+ |ℎ𝑆𝑅|

2) + 1
 

. 

(2.4) 

Accordingly, the SINR for the user D1 to decode its own signal will be expressed as 
 

 

 𝛾𝑅𝐷1 = 
𝛾 2|ℎ𝑅𝐷1|

2
|ℎ𝑆𝑅|

2𝑎1 

𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|

2𝑎2 +
𝛾(|ℎ𝑅𝐷1|

2
+ |ℎ𝑆𝑅|2) + 1
 

. 

 
(2.5) 
 

The rate at which D1 can decode its message is 𝑅1 =
log2(1+𝛾𝑅𝐷1

)

2
 and for  D2  is 𝑅2 =

log2(1+𝛾𝑅𝐷2
)

2
 

constrained on 𝑅1→2 , R1 ≥ R̃1 and  𝑅2 ≥ 𝑅2 , respectively. So, if the aforementioned inequalities 

hold, the sum rate will just be the sum of the target rates R̃1 + R̃2  
𝑏𝑝𝑠

𝐻𝑧
. 
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3.  OUTAGE PROBABILITY 
 

 
 

In this section, the Outage Probability of the proposed NOMA AF relaying system is investigated 

over Rayleigh fading channels. The network’s performance is analyzed in terms of outage probabil-

ity, since this metric is considered ideal for measuring the systems capability of meeting the users’ 

Quality-of-Service (𝑄𝑜𝑆) requirements. Both closed-form and asymptotic expressions is derived, ob-

taining the systems’ diversity order from the latter. 

  

A.  Exact Outage Behavior  

Every user has a predetermined target data rate �̃�1 , 𝑅2  which is conditioned on the Quality-of-

Service requirements of each. When the SINR is lower than the minimum threshold at which the sig-

nals can be decoded, the system will experience an outage event that can take one of two mathe-

matical forms depending on the case. In the first case, user 2 cannot decode the first users’ signal, so 

we obtain the first definition, 

 
 

Λ1→2 = { R1→2 < R̃1 } =  { γRD1→2 < γth1  }. 
(3.1) 

 

 The second case of an outage event will occur when a user cannot decode its own message, i.e.,  

 

Λ1 =  { γRD1 < γth1  } 
(3.2) 

 
 and  

Λ2 = { γRD2 < γth2  }. 
(3.3) 

 

We can also define the complementary events as   Λ1→2
c ,  Λ1

c   and  Λ2
c   of which the semantics in-

dicates that the specified event of SIC procedure was successfully completed since the SINR values 

were greater than the target,  γth . 

The outage probability for the first and second user can be expressed as 

𝑃𝑜𝑢𝑡
1 = 1 − Pr(  𝛬1

𝑐 ) = 1 − Pr( { 𝛾𝑅𝐷1 > 𝛾𝑡ℎ1  } ) 

(3.4) 

and  
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𝑃𝑜𝑢𝑡
2 = 1 − Pr(  𝛬1→2

𝑐 ∩  𝛬2
𝑐 ) = 1 − Pr({ 𝛾𝑅𝐷1→2 > 𝛾𝑡 ℎ1  } ∩ { 𝛾𝑅𝐷2 > 𝛾𝑡ℎ2  }) 

(3.5) 

respectively. 

We can procced by elaborating upon the outage events expressions deducting a corollary for the 

channel gains,  |ℎ𝑅𝐷2 |
2
and  |ℎ𝑆𝑅 |

2 as 

 𝛬1
𝑐 =

{
 
 

 
 

𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|

2𝑎1 

𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|2𝑎2+ 𝛾(|ℎ𝑅𝐷1|

2
+ |ℎ𝑆𝑅|2) + 1
 

> 𝛾𝑡 ℎ1 = 2
2R̃1 − 1  

}
 
 

 
 

 

 

= {𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|

2𝑎1 >  𝛾𝑡ℎ1𝛾
2|ℎ𝑅𝐷1|

2
|ℎ𝑆𝑅|

2𝑎2+ 𝛾𝑡ℎ1𝛾 (|ℎ𝑅𝐷1|
2
+ |ℎ𝑆𝑅|

2)+ 𝛾𝑡ℎ1  }  

 

= {𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|

2(𝑎1− 𝛾𝑡ℎ1𝑎2)− 𝛾𝑡ℎ1𝛾|ℎ𝑆𝑅|
2 > 𝛾𝑡ℎ1𝛾|ℎ𝑅𝐷1|

2
+ 𝛾𝑡 ℎ1  }  

 

       = {[𝛾2|ℎ𝑅𝐷1|
2
(𝑎1− 𝛾𝑡ℎ1𝑎2)− 𝛾𝑡ℎ1𝛾] |ℎ𝑆𝑅|

2 > 𝛾𝑡 ℎ1 (𝛾|ℎ𝑅𝐷1|
2
+ 1)}     

= {[𝛾2|ℎ𝑅𝐷1|
2
(𝑎1− 𝛾𝑡ℎ1𝑎2)− 𝛾𝑡ℎ1𝛾]>  

𝛾𝑡ℎ1
(𝛾|ℎ𝑅𝐷1

|
2
+1)

|ℎ𝑆𝑅 |2
}             

= {|ℎ𝑆𝑅|
2 > 

𝛾𝑡ℎ1
(𝛾|ℎ𝑅𝐷1

|
2
+1)

𝛾2 |ℎ𝑅𝐷1
|
2
(𝑎1−𝛾𝑡ℎ1𝑎2)−𝛾𝑡ℎ1𝛾

}   

(3.6) 

The denominator    𝛾 2|ℎ𝑅𝐷1|
2
(𝑎1 − 𝛾𝑡ℎ1𝑎2) − 𝛾𝑡ℎ1𝛾    must be greater than zero, so we can 

now determine that  |ℎ𝑅𝐷1|
2
≥

𝛾𝑡ℎ1

𝛾(𝑎1−𝛾𝑡ℎ1
𝑎2)

            

(3.7) 

 

(3.6),(3.7)

⇒        𝛬1
𝑐 =

{
 
 

 
  |ℎ𝑅𝐷1 |

2
≥

𝛾𝑡ℎ1
𝛾(𝑎1−𝛾𝑡ℎ1𝑎2)

≜ 𝜃1

|ℎ𝑆𝑅|
2 > 

𝛾𝑡ℎ1
(𝛾|ℎ𝑅𝐷1

|
2
+1)

𝛾2 |ℎ𝑅𝐷1
|
2
(𝑎1−𝛾𝑡ℎ1𝑎2

)−𝛾𝑡ℎ1𝛾}
 
 

 
 

  

(3.8) 

 

From (3.7) we can conclude that  𝑎1 > 𝛾𝑡ℎ1𝑎2, 

(3.9) 

 

If the first user’s signal was decoded successfully by the second user, we can assume that (5) is satis-

fied. If it isn’t satisfied, no matter how high the SNR of the system is, the outage probability will al-

ways deteriorate to 1. 
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The outage probability of user 1 can be written as: 

𝑃𝑜𝑢𝑡
1 = 1 − Pr

(

  
 
 

{
 
 

 
  |ℎ𝑅𝐷1|

2
≥

𝛾𝑡ℎ1
𝛾(𝑎1− 𝛾𝑡 ℎ1𝑎2)

≜ 𝜃1

|ℎ𝑆𝑅 |
2 >  

𝛾𝑡 ℎ1 (𝛾|ℎ𝑅𝐷1|
2
+ 1)

𝛾2|ℎ𝑅𝐷1|
2
(𝑎1− 𝛾𝑡ℎ1𝑎2)− 𝛾𝑡ℎ1𝛾}

 
 

 
 

)

  
 
. 

      
                (3.10) 

 

In the case of the second user, 𝐷2  we have to elaborate on the event Λ1→2 in order for the interfer-

ence signal of user 1 to be removed, and on the event Λ2. The complementary event of Λ1→2 can be 

rewritten as: 

 

  𝛬1→2
𝑐 = 

{
 
 

 
 

𝛾2|ℎ𝑅𝐷2|
2
|ℎ𝑆𝑅|

2𝑎1 

𝛾2|ℎ𝑅𝐷2|
2
|ℎ𝑆𝑅|

2𝑎2+ 𝛾(
|ℎ𝑅𝐷2|

2
+ |ℎ𝑆𝑅|

2) + 1
 

> 𝛾𝑡 ℎ1   

}
 
 

 
 

 

 

 

=

{
 
 

 
  |ℎ𝑅𝐷2 |

2
≥

𝛾𝑡ℎ1
𝛾(𝑎1 − 𝛾𝑡ℎ1𝑎2)

≜ 𝜃1

|ℎ𝑆𝑅|
2 > 

𝛾𝑡ℎ1 (𝛾|ℎ𝑅𝐷2 |
2
+ 1)

𝛾2|ℎ𝑅𝐷2|
2
(𝑎1− 𝛾𝑡ℎ1𝑎2)− 𝛾𝑡ℎ1𝛾}

 
 

 
 

=  

{
 
 

 
  |ℎ𝑅𝐷2 |

2
≥

𝛾𝑡ℎ1
𝛾(𝑎1 − 𝛾𝑡ℎ1𝑎2)

≜ 𝜃1

|ℎ𝑆𝑅|
2 > 

𝜃1 (𝛾|ℎ𝑅𝐷2 |
2
+ 1)

𝛾 (|ℎ𝑅𝐷2 |
2
− 𝜃1) }

 
 

 
 

 

     (3.11) 

 
 

And lastly complementary event of Λ2 can be expressed as: 
 

 

 𝛬2
𝑐  =  

{
 

 
𝛾2|ℎ𝑅𝐷2 |

2
|ℎ𝑆𝑅|

2𝑎2  

𝛾(|ℎ𝑅𝐷2 |
2
+ |ℎ𝑆𝑅 |

2) + 1
 

> 𝛾𝑡ℎ2

}
 

 

 =  

{
 
 

 
  |ℎ𝑅𝐷2|

2
≥
𝛾𝑡ℎ2
𝛾𝑎2

≜ 𝜃2

|ℎ𝑆𝑅|
2 >  

𝜃2 (𝛾|ℎ𝑅𝐷2|
2
+ 1)

𝛾 (|ℎ𝑅𝐷2 |
2
− 𝜃2) }

 
 

 
 

 

     (3.12) 

 

 
Moreover, the outage probability of user 2 is equivalent to 
  

1 − Pr

(

  
 

{
 
 

 
  |ℎ𝑅𝐷2 |

2
≥

𝛾𝑡ℎ1
𝛾(𝑎1 − 𝛾𝑡ℎ1𝑎2)

≜ 𝜃1

|ℎ𝑆𝑅|
2 >  

𝜃1 (𝛾|ℎ𝑅𝐷2 |
2
+ 1)

𝛾 (|ℎ𝑅𝐷2 |
2
− 𝜃1) }

 
 

 
 

 ∩  

{
 
 

 
  |ℎ𝑅𝐷2|

2
≥
𝛾𝑡ℎ2
𝛾𝑎2

≜ 𝜃2

|ℎ𝑆𝑅 |
2 >  

𝜃2 (𝛾|ℎ𝑅𝐷2|
2
+ 1)

𝛾(|ℎ𝑅𝐷2 |
2
− 𝜃2) }

 
 

 
 

)

  
 

 

or 



14 
 

𝑃𝑜𝑢𝑡
2 = 1 − Pr

(

 
 

{
 
 

 
  |ℎ𝑅𝐷2 |

2
≥ max{𝜃1 , 𝜃2} ≜ 𝜃

|ℎ𝑆𝑅|
2 > 

𝜃 (𝛾|ℎ𝑅𝐷2 |
2
+ 1)

𝛾 (|ℎ𝑅𝐷2|
2
− 𝜃) )

 
 
. 

     (3.13) 

 

Since the channel magnitude between S and the Relay follows Rayleigh distribution, we can con-

sider an exponential distribution for the channel gain |ℎ𝑆𝑅 |
2 with probability density function (PDF): 

𝑓|ℎ𝑆𝑅|2(𝑦) =
𝑒
− 
𝑦
𝛺1

𝛺1
. 

     (3.14) 

For the unordered Random Variable |ℎ̃𝑅𝐷|
2
, the PDF is given by  

 

𝑓
|ℎ̃𝑅𝐷|

2(𝑦) =  
𝑒
− 
𝑦
𝛺2

𝛺2
. 

     (3.15) 

The analogous cumulative density functions (CDF) are given by 

 

𝐹|ℎ𝑆𝑅|2 (𝑦) = 1 − 𝑒
−
𝑦

𝛺1      
     (3.16) 

 

 and   
 

  𝐹
|ℎ̃𝑅𝐷|

2(𝑦) = 1 − 𝑒
−
𝑦

𝛺2 

 
    (3.17) 

In order to derive a closed-form expression for the outage probability we can elaborate as fol-

lows 

𝑃𝑜𝑢𝑡 = 1 − Pr

(

 
 

{
 
 

 
  |ℎ𝑅𝐷𝑚 |

2
≥ 𝜃

|ℎ𝑆𝑅 |
2 >  

𝜃 (𝛾|ℎ𝑅𝐷𝑚|
2
+ 1)

𝛾 (|ℎ𝑅𝐷𝑚 |
2
− 𝜃) )

 
 

 

     (3.18.a) 

 

= 1 −∫ 𝑓
|ℎ𝑅𝐷𝑚

|
2  (𝑦)𝑒

− 
𝜃(𝛾𝑦+1)
𝛾(y−𝜃)𝛺1𝑑𝑦 

∞

𝜃
 

 

                                                                                                                                                                  (3.18.b) 

Proof: Appendix A                                                                                                                                     
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The probability density functions (PDF’s) for the ordered channel gains 𝑓
|ℎ𝑅𝐷1

|
2 and 𝑓

|ℎ𝑅𝐷2
|
2 can 

be obtained by analyzing order statistics [16]. 

 

𝑓
|ℎ𝑅𝐷1|

2(𝑦) = 2𝑓
|ℎ̃𝑅𝐷1|

2(𝑦) [1 − 𝐹
|ℎ̃𝑅𝐷1|

2(𝑦)] =
2

𝛺2
𝑒
−
2𝑦

𝛺2 

     (3.19) 

 

𝑓
|ℎ𝑅𝐷2|

2(𝑦) =  2𝑓
|ℎ̃𝑅𝐷2|

2(𝑦)𝐹
|ℎ̃𝑅𝐷2|

2(𝑦) =
2

𝛺2
(𝑒

−
𝑦

𝛺2 − 𝑒
−
2𝑦

𝛺2) 

     (3.20) 

 

The corresponding cumulative density functions (CDF’s) can be easily extracted by (3.19) and 

(3.20) as follows 

 

𝐹
|ℎ𝑅𝐷1

|
2(𝑦) = 2𝐹

|ℎ̃𝑅𝐷1
|
2(𝑦)− 𝐹2

|ℎ̃𝑅𝐷1
|
2(𝑦) = 1 − 𝑒

−
2𝑦

𝛺2 

     (3.21) 

 

𝐹
|ℎ𝑅𝐷2|

2(𝑦) = 𝐹2
|ℎ̃𝑅𝐷2|

2(𝑦) = 1 − 2𝑒
−
𝑦

𝛺2 + 𝑒
−
2𝑦

𝛺2  

     (3.22) 

 
For the first user the outage probability is: 

 

= 1 − ∫ 𝑓
|ℎ𝑅𝐷1

|
2  (𝑦)𝑒

− 
𝜃(𝛾𝑦+1)

𝛾(y−𝜃)𝛺1𝑑𝑦 
∞

𝜃
 

     (3.23.a) 

 
 

= 1 −
2

𝛺2
∫ 𝑒

−
2𝑦
𝛺2𝑒

− 
𝜃(𝛾𝑦+1)

𝛾(y−𝜃)𝛺1𝑑𝑦 
∞

𝜃
 

 
Now by substituting  y − θ = z  we get 

= 1 −
2

𝛺2
𝑒
−
2𝜃
𝛺2 ∫ 𝑒

−
2𝑧
𝛺2𝑒

− 
𝜃(𝛾𝑧+𝛾𝜃+1)

𝛾𝑧𝛺1 𝑑𝑧 
∞

0
 

 
And after some algebraic manipulations 

  

= 1 −
2

𝛺2
𝑒
−
2𝜃
𝛺2𝑒

−
𝜃
𝛺1 ∫ 𝑒

−
2𝑧
𝛺2
−
𝜃(𝛾𝜃+1)

𝛾𝑧𝛺1 𝑑𝑧 
∞

0
 

 
Using [17], Eq. (3.471.9), we can obtain   
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𝑃𝑜𝑢𝑡
1 = 1 −

4

𝛺2
𝑒
−
2𝜃
𝛺2𝑒

−
𝜃
𝛺1√

𝜃(1 + 𝛾𝜃)𝛺2
2𝛾𝛺1

𝐾1(2√
2𝜃(1 + 𝛾𝜃)

𝛾𝛺1𝛺2
) 

     (3.23.b) 

 

where,  K1(∙) is the first order modified Bessel function of second kind. 
 
 

For the second user, the outage probability is: 
 

𝑃𝑜𝑢𝑡
2 = 1 − ∫ 𝑓

|ℎ𝑅𝐷2
|
2  (𝑦)𝑒

− 
𝜃(𝛾𝑦+1)

𝛾(y−𝜃)𝛺1𝑑𝑦 
∞

𝜃
 

     (3.24.a) 

 
 

= 1 −
2

𝛺2
∫ (𝑒

− 
𝑦
𝛺2 − 𝑒

− 
2𝑦
𝛺2)𝑒

− 
𝜃(𝛾𝑦+1)

𝛾(y−𝜃)𝛺1𝑑𝑦 
∞

𝜃
 

 

= 1 +
2

𝛺2
∫ 𝑒

−
2𝑦
𝛺2𝑒

− 
𝜃(𝛾𝑦+1)

𝛾(y−𝜃)𝛺1𝑑𝑦 
∞

𝜃
−
2

𝛺2
∫ 𝑒

− 
𝑦
𝛺2𝑒

− 
𝜃(𝛾𝑦+1)

𝛾(y−𝜃)𝛺1𝑑𝑦 
∞

𝜃⏟              
𝛷

 

 
  

𝛷 = ∫ 𝑒
− 
𝑦

𝛺2𝑒
− 
𝜃(𝛾𝑦+1)

𝛾(y−𝜃)𝛺1𝑑𝑦 
∞

𝜃

 

 
Now by substituting  𝑦 − 𝜃 = 𝑧  we get 

= 𝑒
− 
𝜃

𝛺2 ∫ 𝑒
− 
𝑧

𝛺2𝑒
− 
𝜃(𝛾𝑧+𝛾𝜃+1)

𝛾𝑧𝛺1 𝑑𝑧 
∞

0

 

 
And after some algebraic manipulations 

= 𝑒
− 
𝜃

𝛺2𝑒
−
𝜃

𝛺1  ∫ 𝑒
− 
𝑧

𝛺2𝑒
− 
𝜃(1+𝛾𝜃)

𝛾𝑧𝛺1 𝑑𝑧 
∞

0

 

 
Using [17], Eq. (3.471.9), we can obtain   

= 2𝑒
−
𝜃
𝛺2𝑒

−
𝜃
𝛺1√

𝜃(1 + 𝛾𝜃)𝛺2
𝛾𝛺1

𝐾1(2√
𝜃(1 + 𝛾𝜃)

𝛾𝛺1𝛺2
) 

 
So, we can conclude that  
 

𝑃𝑜𝑢𝑡
2 = 1 +

4

𝛺2
𝑒
−𝜃(𝛺1+𝛺2)

𝛺1𝛺2 √
𝜃(1 + 𝛾𝜃)𝛺2

𝛾𝛺1
{
1

√2
𝑒
−
𝜃
𝛺2𝐾1(2√

2𝜃(1 + 𝛾𝜃)

𝛾𝛺1𝛺2
) −𝐾1(2√

𝜃(1 + 𝛾𝜃)

𝛾𝛺1𝛺2
)}. 

     (3.24.b) 

 

Note that NOMA outperforms OMA when the metric is the outage performance, presuming that 

users’ rates are above the target rates, decided based upon the users’  𝑄𝑜𝑆  needs, and power allo-
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cation coefficients are wisely chosen in order for the users to be able to detect and decode the inter-

ferences. 

B.  Asymptotic Outage Behavior 

 
 

Even though the closed-form expression for the outage probability describes exactly how the 

system behaves, it’s difficult to extract any valuable insights, in view of the fact that the expression is 

very complex. So, it seems essential to investigate the systems’ outage probability as an approxima-

tion in a high SNR environment in order to derive the asymptotic form for the outage probability.  

The outage probability expression,  

𝑃𝑜𝑢𝑡 = 1 − Pr ( |ℎ𝑆𝑅|
2 >  

𝜃(𝛾|ℎ𝑅𝐷|
2 + 1)

𝛾(|ℎ𝑅𝐷|
2− 𝜃)

) 

 

 is reformulated as: 
 

𝑃𝑜𝑢𝑡 = 1 − Pr ( 
|ℎ𝑆𝑅|

2|ℎ𝑅𝐷|
2

(|ℎ𝑆𝑅|
2+ |ℎ𝑅𝐷|

2)+
1
𝛾

>  𝜃). 

 

Under high SNR conditions, 𝛾 → ∞, the 
1

𝛾
 term is considered negligible. 

 

𝑃𝑜𝑢𝑡 ≅ 1 − Pr ( 
|ℎ𝑆𝑅|

2|ℎ𝑅𝐷|
2

(|ℎ𝑆𝑅|2+ |ℎ𝑅𝐷|2)
>  𝜃) 

     (3.25) 

 

 

Simple lower and upper bounds can be now attained after employing the inequality 

(
1

2
)min{𝑎, 𝑏} ≤

𝑎∙𝑏

𝑎+𝑏
≤ min{𝑎, 𝑏} [18]. 

 

{
𝑃𝑜𝑢𝑡 ,𝐿𝐵
1

𝑃𝑜𝑢𝑡 ,𝑈𝐵
1 = {

1 − Pr (  𝑚𝑖𝑛 (|ℎ𝑆𝑅|
2 , |ℎ𝑅𝐷1|

2
)> 𝜃1)

1 − Pr (  𝑚𝑖𝑛 (|ℎ𝑆𝑅 |
2 , |ℎ𝑅𝐷1 |

2
)>  2𝜃1)

 

     (3.26) 

 

= {

𝐹
|ℎ𝑅𝐷1

|
2(𝜃1) + 𝐹|ℎ𝑆𝑅 |2(𝜃1)− 𝐹|ℎ𝑅𝐷1|

2 (𝜃1)𝐹|ℎ𝑆𝑅 |2(𝜃1)

𝐹
|ℎ𝑅𝐷1

|
2(2𝜃1) + 𝐹|ℎ𝑆𝑅 |2

(2𝜃1)− 𝐹
|ℎ𝑅𝐷1

|
2 (2𝜃1)𝐹|ℎ𝑆𝑅|2

(2𝜃1)
 

 

= { 1 + 𝑒
−
𝜃1(2𝛺1+𝛺2)

𝛺1𝛺2

1 + 𝑒
−
2𝜃1(2𝛺1+𝛺2)

𝛺1𝛺2

 

      (3.27) 
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Similarly, for the second user: 

 

{
𝑃𝑜𝑢𝑡,𝐿𝐵
2

𝑃𝑜𝑢𝑡,𝑈𝐵
2 = {

1 − Pr (  𝑚𝑖𝑛 (|ℎ𝑆𝑅|
2 , |ℎ𝑅𝐷2|

2
) > max{𝜃1 , 𝜃2})

1 − Pr (  𝑚𝑖𝑛 (|ℎ𝑆𝑅|
2 , |ℎ𝑅𝐷2|

2
)>  2max{𝜃1 , 𝜃2})

 

 

= {

𝐹
|ℎ𝑅𝐷2

|
2(max{𝜃1 , 𝜃2}) +𝐹|ℎ𝑆𝑅 |2(max{𝜃1 , 𝜃2}) −𝐹|ℎ𝑅𝐷2|

2(max{𝜃1 , 𝜃2})𝐹|ℎ𝑆𝑅 |2(max{𝜃1 , 𝜃2})

𝐹
|ℎ𝑅𝐷2

|
2(2max{𝜃1 , 𝜃2}) + 𝐹|ℎ𝑆𝑅 |2(2max{𝜃1 , 𝜃2}) −𝐹|ℎ𝑅𝐷2|

2(2max{𝜃1 , 𝜃2})𝐹|ℎ𝑆𝑅 |2(2max{𝜃1 , 𝜃2})
 

  

= {
1 − 2𝑒

−
max{𝜃1 ,𝜃2}(𝛺1+𝛺2)

𝛺1𝛺2 + 𝑒
−
max{𝜃1 ,𝜃2}(2𝛺1+𝛺2)

𝛺1𝛺2

1 − 2𝑒
−
2max{𝜃1 ,𝜃2}(𝛺1+𝛺2)

𝛺1𝛺2 + 𝑒
−
2max{𝜃1 ,𝜃2}(2𝛺1+𝛺2)

𝛺1𝛺2

 

     (3.28) 

 

The asymptotic expressions for 𝐹|ℎ𝑆𝑅|2(𝜃1), 𝐹|ℎ𝑅𝐷1|
2(𝜃1) and 𝐹

|ℎ𝑅𝐷2|
2(𝜃1) can be obtained by 

making use of the 2 first terms of the Taylor expansion and the fact that when 𝛾 → ∞, 𝜃 → 0 . 

 

𝐹|ℎ𝑆𝑅|2(𝜃1) ≅
𝜃1

𝛺1
 

                                             (3.29) 
      

𝐹
|ℎ𝑅𝐷1

|
2(𝜃1) ≅ 2

𝜃1

𝛺2
 

                    (3.30) 
      

𝐹
|ℎ𝑅𝐷2|

2(𝜃2) ≅ (
max{𝜃1, 𝜃2}

𝛺2
)

2

 

                                            (3.31) 

 
These three approximations will let us decrease the computational complexity and perceive the 

system behavior.  

                      

{
 

 𝑃𝑜𝑢𝑡,𝐿𝐵
1 ≅ 2

𝜃1

𝛺2
+
𝜃1

𝛺1

𝑃𝑜𝑢𝑡,𝑈𝐵
1 ≅ 4

𝜃1

𝛺2
+ 2

𝜃1

𝛺1

 

                                                            (3.32) 
   

{
 
 

 
 
𝑃𝑜𝑢𝑡,𝐿𝐵
2 ≅

max{𝜃1 , 𝜃2}

𝛺1
+ (
max{𝜃1 , 𝜃2}

𝛺2
)

2

𝑃𝑜𝑢𝑡,𝑈𝐵
2 ≅ 2

max{𝜃1 , 𝜃2 }

𝛺1
+ 4(

max{𝜃1 , 𝜃2}

𝛺2
)

2 
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          (3.33) 

 

 As a result, the diversity order achieved by Rayleigh fading NOMA is  𝑃𝑜𝑢𝑡 →
1

𝛾
, meaning  𝐺𝑑 =

1, which is the same diversity order as the conventional Orthogonal multiple access scheme. 
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4.  ERGODIC SUM RATE 
 

In this section, we suppose the targeted rates R̃1 and R̃2  are opportunistically allocated based 

upon the users’ channel conditions, i.e.  R̃1 = R1 and R̃2 = 𝑅2 . As a consequence, we can conclude 

that 𝑅1→2 ≥ R̃2 = 𝑅2  always holds since |ℎ𝑅𝐷1 |
2
≤  |ℎ𝑅𝐷2 |

2
, meaning that the first users’ signal can 

always be detected, decoded and removed from the second users’ observation. For this reason, the 

sum rate should be 𝑅𝑠𝑢𝑚 = R1 + 𝑅2 , therefore, the ergodic sum rate can be expressed by  

 
𝑅𝑠𝑢𝑚
𝑎𝑣𝑒 = 𝐸{𝑅𝑠𝑢𝑚 } 

 

= 𝐸

{
 
 

 
 
1

2
log2

(

 
 
1 +

𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|

2𝑎1 

𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|2𝑎2+ 𝛾(|ℎ𝑅𝐷1 |

2
+ |ℎ𝑆𝑅|2) + 1
 )

 
 

}
 
 

 
 

⏞                                          

𝑢𝑠𝑒𝑟  𝐷1

 

+ 𝐸

{
 

 
1

2
log2

(

 1 +
𝛾2|ℎ𝑅𝐷2 |

2
|ℎ𝑆𝑅|

2𝑎2  

𝛾(|ℎ𝑅𝐷2 |
2
+ |ℎ𝑆𝑅 |

2) + 1
 )

 

}
 

 

⏟                            
𝑢𝑠𝑒𝑟 𝐷2

 

(4.1) 

  

In the high-SNR regime,  R1 can be approximated by the expression  
1

2
log2 (1 +

𝑎1  

𝑎2
), therefore  

𝑅1
𝑎𝑣𝑒 =

1

2
log2 (1 +

𝑎1 

𝑎2
) 

(4.2) 

is a constant rate dependent on the ratio of the power allocation coefficients 
𝑎1 

𝑎2
. 

Additionally, it’s simple to conclude that the ergodic rate of the second user must be equal 

to: 

 

𝑅2
𝑎𝑣𝑒 =

1

2
 ∫ ∫ log2 (1 + 𝑎2𝛾

𝑥𝑦

x + 𝑦
)

∞

0

𝑓
|ℎ𝑅𝐷2

|
2(𝑦)𝑓|ℎ𝑆𝑅|2

(𝑥)𝑑𝑦𝑑𝑥
∞

0

. 

=
1

𝛺1𝛺2
 ∫ ∫ log2 (1 + 𝑎2𝛾

𝑥𝑦

x + 𝑦
)

∞

0

(𝑒
− 
𝑦
𝛺2
 − 
𝑥
𝛺1 − 𝑒

− 
2𝑦
𝛺2
 − 
𝑥
𝛺1)𝑑𝑦𝑑𝑥

∞

0

 

(4.3a) 

𝑅1
𝑎𝑣𝑒 =

1

2
 ∫ ∫ log2 (1 + 𝑎2𝛾

𝑥𝑦

x + 𝑦
)

∞

0

𝑓
|ℎ𝑅𝐷1

|
2(𝑦)𝑓|ℎ𝑆𝑅|2

(𝑥)𝑑𝑦𝑑𝑥
∞

0

. 

=
1

𝛺1𝛺2
 ∫ ∫ log2 (1 +

𝑎1𝛾𝑥𝑦

𝛾2𝑥𝑦𝑎2+ 𝛾(x + 𝑦) + 1
)

∞

0

𝑒
−
2𝑦
𝛺2
− 
𝑥
𝛺1𝑑𝑦𝑑𝑥

∞

0

 

(4.3b) 
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Based on the inequality (
1

2
)min{𝑎, 𝑏} ≤

𝑎∙𝑏

𝑎+𝑏
≤ min{𝑎, 𝑏} [18] we can bound 𝑅2

𝑎𝑣𝑒  as follows  

𝑅2,𝐿𝐵
𝑎𝑣𝑒 = 𝐸 {

1

2𝑙𝑛2
𝑙𝑛 (1 +

𝑎2𝛾

2
𝑊)} ≤   𝑅2

𝑎𝑣𝑒 ≤ 𝐸 {
1

2𝑙𝑛2
𝑙𝑛(1 + 𝑎2𝛾𝑊)} = 𝑅2,𝑈𝐵

𝑎𝑣𝑒  

                              (4.4) 

Were, 𝑊 ≜ 𝑚𝑖𝑛 (|ℎ𝑆𝑅|
2 , |ℎ𝑅𝐷2 |

2
) and the expression can be further analyzed as   

  

1

2𝑙𝑛2
∫ 𝑙𝑛 (1 +

𝑎2𝛾

2
𝑤) 𝑓𝑊 (𝑤)𝑑𝑤

∞

0

≤  𝑅2
𝑎𝑣𝑒 ≤

1

2𝑙𝑛2
∫ 𝑙𝑛(1 + 𝑎2𝛾𝑤)

∞

0

𝑓𝑊 (𝑤)𝑑𝑤 

(4.5) 
 

We can observe that 𝑔(0) = 0  for  𝑔(𝑤) = 𝑙𝑛 (1 +
𝑎2𝛾

2
𝑤), so we can transform the inequality into: 

 

𝑎2𝛾

4𝑙𝑛2
∫ ∫

1

1 +
𝑎2𝛾
2 𝑥

𝑤

0

 

∞

0

𝑑𝑥𝑓𝑊 (𝑤)𝑑𝑤 ≤   𝑅2
𝑎𝑣𝑒 ≤

𝑎2𝛾

2𝑙𝑛2
∫ ∫

1

1 + 𝑎2𝛾𝑥

𝑤

0

 

∞

0

𝑑𝑥𝑓𝑊 (𝑤)𝑑𝑤 

 (4.6) 
 

After changing the order of the integrals, we obtain the following expression 

𝑎2𝛾

4𝑙𝑛2
∫

1

1 +
𝑎2𝛾
2
𝑥
 

∞

0

∫ 𝑓𝑊 (𝑤)𝑑𝑤

∞

𝑥

𝑑𝑥 ≤   𝑅2
𝑎𝑣𝑒 ≤

𝑎2𝛾

2𝑙𝑛2
∫

1

1 + 𝑎2𝛾𝑥
 

∞

0

∫ 𝑓𝑊 (𝑤)𝑑𝑤

∞

𝑥

𝑑𝑥  

(4.7) 
 

And after some algebraic manipulations the result will be 
  

𝑎2𝛾

4𝑙𝑛2
∫
1 − 𝐹𝑊 (𝑥)

1 +
𝑎2𝛾
2 𝑥

 

∞

0

𝑑𝑥 ≤   𝑅2
𝑎𝑣𝑒 ≤

𝑎2𝛾

2𝑙𝑛2
∫
1 − 𝐹𝑊(𝑥)

1 + 𝑎2𝛾𝑥
 

∞

0

𝑑𝑥  

 (4.8) 

 
 
To procced forward, we need to evaluate the CDF 𝐹𝑊(𝑊), which can be calculated as 

 

𝐹𝑊(𝑊) = Pr(𝑊 ≤ 𝑤) = Pr (𝑚𝑖𝑛 (|ℎ𝑆𝑅|
2 , |ℎ𝑅𝐷2|

2
) ≤ 𝑤) 

= 1 − Pr (𝑚𝑖𝑛 (|ℎ𝑆𝑅|
2 , |ℎ𝑅𝐷2|

2
) ≥ 𝑤) = 1 − Pr(|ℎ𝑆𝑅|

2 ≥ 𝑤) Pr (|ℎ𝑅𝐷2|
2
≥ 𝑤) 

= 1 − [1 − Pr(|ℎ𝑆𝑅|
2 ≤ 𝑤)] [1 − Pr (|ℎ𝑅𝐷2 |

2
≤ 𝑤)] 

= 1 − 2𝑒
−
𝑤(𝛺1+𝛺2)

𝛺1𝛺2 + 𝑒
−
𝑤(2𝛺1+𝛺2)

𝛺1𝛺2  
(4.9) 

Substituting back to (4.8), we attain: 
 

𝑅2,𝑈𝐵
𝑎𝑣𝑒 =

𝑎2𝛾

𝑙𝑛2
∫
𝑒
−
𝑥(𝛺1+𝛺2)

𝛺1𝛺2

1 + 𝑎2𝛾𝑥
 

∞

0

𝑑𝑥 −
𝑎2𝛾

2𝑙𝑛2
∫
𝑒
−
𝑥(2𝛺1+𝛺2)

𝛺1𝛺2

1 + 𝑎2𝛾𝑥
 

∞

0

𝑑𝑥  
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=
𝐸1(𝜆1 + 𝜆2)𝑒

(𝜆1+𝜆2)

𝑙𝑛2
−
𝐸1(2𝜆1 + 𝜆2)𝑒

(2𝜆1+𝜆2)

2𝑙𝑛2
 

 

=
2𝐸1(𝜆1 + 𝜆2)𝑒

(𝜆1+𝜆2)− 𝐸1(2𝜆1 + 𝜆2)𝑒
(2𝜆1+𝜆2)

2𝑙𝑛2
 

 
(4.10) 

 

Where 𝐸1(∙) denotes the exponential integral and  𝜆1 ≝
1

𝛺2𝑎2𝛾
 and 𝜆2 ≝

1

𝛺1𝑎2𝛾
. 

 

𝑅2,𝐿𝐵
𝑎𝑣𝑒 =

𝑎2𝛾

2𝑙𝑛2
∫
𝑒
−
𝑥(𝛺1+𝛺2)

𝛺1𝛺2

1 +
𝑎2𝛾𝑥
2

 

∞

0

𝑑𝑥 −
𝑎2𝛾

4𝑙𝑛2
∫
𝑒
−
𝑥(2𝛺1+𝛺2)

𝛺1𝛺2

1 +
𝑎2𝛾𝑥
2

 

∞

0

𝑑𝑥  

 

=
𝐸1(2(𝜆1 + 𝜆2))𝑒

(2(𝜆1+𝜆2))

𝑙𝑛2
−
𝐸1(4𝜆1 + 2𝜆2)𝑒

(4𝜆1+2𝜆2)

2𝑙𝑛2
 

 

=
2𝐸1(2(𝜆1 + 𝜆2))𝑒

(2(𝜆1+𝜆2)) − 𝐸1(4𝜆1 + 2𝜆2)𝑒
(4𝜆1+2𝜆2)

2𝑙𝑛2
 

 
(4.11) 

 

Resultantly, we can derive the high-SNR approximation of the ergodic sum rate bounds, 

combining  𝑅1
𝑎𝑣𝑒  and the inequality of  𝑅2

𝑎𝑣𝑒 . 

 

𝑅𝑠𝑢𝑚,𝐿𝐵
𝑎𝑣𝑒 =

log2 (1 +
𝑎1 
𝑎2
)

2
+
2𝐸1(2(𝜆1 + 𝜆2))𝑒

(2(𝜆1+𝜆2)) − 𝐸1(4𝜆1 + 2𝜆2)𝑒
(4𝜆1+2𝜆2)

4𝑙𝑛2
 

(4.12) 
 
  

𝑅𝑠𝑢𝑚 ,𝑈𝐵
𝑎𝑣𝑒 =

log2 (1 +
𝑎1 
𝑎2
)

2
+
2𝐸1(𝜆1 + 𝜆2)𝑒

(𝜆1+𝜆2)− 𝐸1(2𝜆1 + 𝜆2)𝑒
(2𝜆1+𝜆2)

2𝑙𝑛2
 

(4.13) 
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5. POWER ALLOCATION OPTIMIZATION 
 

 

In this chapter, an optimization analysis of the power allocation coefficients selection will be  

introduced in order to maximize the Sum Rate of the system. By proving that the objective func-

tion is concave (Appendix B), and since the restrictions are linear, thus, can be considered either  

convex or concave, the problem can be classified as convex. Consequently, in order to define the  

optimal 𝑎1and 𝑎2  Karush-Kuhn-Tucker conditions can be used. The problem can be formulated 

as follows  

 

max
α
    𝑅𝑠𝑢𝑚  

(5.1) 

                       s.t.  

𝑎1 + 𝑎2 ≤ 1 

 

𝛾|ℎ𝑅𝐷𝑚 |
2
(𝑎1− 𝛾𝑡 ℎ1𝑎2)> 

𝛾𝑡 ℎ1 (𝛾|ℎ𝑅𝐷𝑚 |
2
+ 1)

𝛾|ℎ𝑆𝑅|2
+ 𝛾𝑡ℎ1 ,   𝑚 = 1,2 

 

𝑎1 , 𝑎2 ≥ 0 

(5.2) 

 

 
The constraints can be represented as  

 

𝐶1 =  
𝛾𝑡ℎ1 (𝛾|ℎ𝑅𝐷𝑚 |

2
+ 1)

𝛾|ℎ𝑆𝑅 |2
− 𝛾|ℎ𝑅𝐷𝑚 |

2
(𝑎1− 𝛾𝑡ℎ1𝑎2)+ 𝛾𝑡ℎ1  

(5.11) 

 

𝐶2 = 𝑎1 + 𝑎2 − 1 
(5.12) 

 
Thus, the Lagrange function of the problem is 

 
𝐿(𝑎1 , 𝑎2 , 𝜇1, 𝜇2) = 𝑅𝑠𝑢𝑚 − 𝜇1𝐶1− 𝜇2𝐶2 

(5.13) 

 
Optimality conditions (first derivatives tests) 

 
𝜕𝑅𝑠𝑢𝑚

𝜕𝑎1
− 𝜇1

𝜕𝐶1

𝜕𝑎1
− 𝜇2

𝜕𝐶2

𝜕𝑎1
= 0 

(5.14) 

 



24 
 

𝜕𝑅𝑠𝑢𝑚

𝜕𝑎2
− 𝜇1

𝜕𝐶1

𝜕𝑎2
− 𝜇2

𝜕𝐶2

𝜕𝑎2
= 0 

(5.15) 

 
Slackness conditions are formulated as 

 

𝜇1{
𝛾𝑡ℎ1 (𝛾|ℎ𝑅𝐷𝑚|

2
+ 1)

𝛾|ℎ𝑆𝑅|2
− 𝛾|ℎ𝑅𝐷𝑚 |

2
(𝑎1− 𝛾𝑡ℎ1𝑎2) + 𝛾𝑡 ℎ1} = 0 

(5.16) 

 

𝜇2  {𝑎1 + 𝑎2 − 1} = 0 
(5.17) 

 

In order to prove that the Lagrange multipliers are non-negative we can elaborate on (5.14) and 

(5.15) as follows 

 

𝜇2 =
𝜕𝑅𝑠𝑢𝑚

𝜕𝑎1
+ 𝜇1𝛾|ℎ𝑅𝐷𝑚 |

2
 

(5.18) 
 

𝜕𝑅𝑠𝑢𝑚

𝜕𝑎2
− 𝜇1𝛾|ℎ𝑅𝐷𝑚 |

2
𝛾𝑡ℎ1 − 𝜇2 = 0 

(5.19) 

By substituting (5.18) in (5.19) we can derive  
 

𝜕𝑅𝑠𝑢𝑚

𝜕𝑎2
−
𝜕𝑅𝑠𝑢𝑚

𝜕𝑎1
= 𝜇1𝛾|ℎ𝑅𝐷𝑚 |

2
(𝛾𝑡ℎ1 + 1) 

(5.20) 

 
𝜕𝑅𝑠𝑢𝑚

𝜕𝑎2
−
𝜕𝑅𝑠𝑢𝑚

𝜕𝑎1
 can be proven positive and as a result, 𝜇1 is positive since 𝛾|ℎ𝑅𝐷𝑚 |

2
(𝛾𝑡ℎ1 + 1) is posi-

tive. 𝜇2 is also positive since 
𝜕𝑅𝑠𝑢𝑚

𝜕𝑎1
+ 𝜇1𝛾|ℎ𝑅𝐷𝑚 |

2
 is positive and thus, the Lagrange multipliers are 

both positive. We can calculate the closed form optimal expressions for the power allocation coeffi-
cients from the slackness conditions  

 

𝑎1
𝑜𝑝𝑡 =

𝛾𝑡ℎ1

𝛾𝑡ℎ1
+ 1

∙
𝛾2|ℎ𝑅𝐷1|

2
|ℎ𝑆𝑅|

2 + 𝛾 (|ℎ𝑅𝐷1|
2
+ |ℎ𝑆𝑅|

2) + 1

𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|2

 

 

(5.21) 

 

 
 

𝑎2
𝑜𝑝𝑡 =

𝛾2|ℎ𝑅𝐷1 |
2
|ℎ𝑆𝑅|

2 − 𝛾
𝑡ℎ1
(𝛾 (|ℎ𝑅𝐷1|

2
+ |ℎ𝑆𝑅|

2) + 1)

𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|2 (𝛾𝑡ℎ1 + 1)

 

 

                                                                                                                                                              (5.22) 
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6. NUMERICAL RESULTS 
 

In this chapter, the previous performance analysis results are presented in terms of the system’s 

transmit SNR and the distance between S and R, denoted as 𝑑𝑆𝑅 . The normalized distance betwee n 

the base station and the mobile users is set to 1, hence the distance from the relay to each user is  

1 − 𝑑𝑆𝑅 . Thus, we can conclude that  𝛺1 = 𝑑𝑆𝑅
−α
  and 𝛺1 = (1− 𝑑𝑆𝑅 )

−α  ,where α symbolizes the  

path loss exponent and is fixed to 3. We also set 𝛼1 = 1 − 𝑎2   and 𝑎1 > 𝑎2 abiding to the NOMA 

principle for power allocation. Outage Probability is investigated and in order to validate the derived 

closed-form expressions for the networks ergodic sum rate, numerical integration is performed. 

Monte Carlo simulations are also conducted in order to verify the closed form expressions for the  

outage probability and ergodic sum rates. 

    

 

                                     Fig 6.1.  Outage probability vs. transmit SNR with 𝑎1 =
2

3
, 𝑎2 =

1

3
 

                                                    ,𝛾𝑡ℎ1 = 0.9(𝑑𝐵),   𝛾𝑡ℎ21.5(𝑑𝐵)  𝑎𝑛𝑑 𝑑𝑆𝑅 = 0.5 
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In Fig 6.1, the outage probability for each user is plotted versus the transmit SNR of 

the system in dB, as 𝛾 increases, the tighter the lower bound becomes to each user. In addi-

tion, we can observe that there is a significant performance gap between upper bound and 

exact outage probability, demonstrating how poor the performance can be. Monte Carlo 

simulations are matching with the exact analytical results. Moreover, the Rayleigh channels  

are achieving a diversity order of 1, which can be interpreted as the worst-case scenario. 

  

 

                Fig 6.2. Outage probability vs. distance 𝑆 → 𝑅 link with    𝑎1 =
2

3
, 𝑎2 =

1

3
, 𝛾𝑡ℎ1 = 0.9(𝑑𝐵),   𝛾𝑡ℎ2 =

1.5(𝑑𝐵)  𝑎𝑛𝑑 𝛾 = 20(𝑑𝐵) 
 

 

The Outage Probability for transmit  𝑆𝑁𝑅 = 20(𝑑𝐵) is illustrated in Fig 6.2 with re-

spect to the normalized distance from the base station to the dedicated relay. The weak us-

er (𝐷1), has the optimal relay location closer to the user side, whereas, the strong user (𝐷2), 

has its optimal relay location almost at the same place as the base station. The most power 

is allocated by the user with the worst channel conditions (𝐷1) and since SIC is not required 

after the signal reception, the location of the relay should be closer to the user side. Accord-
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ingly, since the strong user (𝐷2) has better channel conditions, from 𝑅 to 𝐷2 , shows that 𝐷2  

should use this channel more by restricting the channel between 𝑆 and 𝑅, in order to 

achieve better 𝑆𝑁𝑅 at the relay. Consequently, the distance 𝑑𝑆𝑅  should be small enough to 

help the strong user to achieve the lowest possible outage probability. Additionally, even if  

OMA can outperform NOMA in terms of OP, the latter would achieve better spectral effi-

ciency and provide user fairness.  

 

  
Fig 6.3.Outage probability  vs.distance 𝑆 → 𝑅 link for various power allocation parameters with 

              {𝑎1 ,𝑎2} = {0.6 , 0.4}, {
2

3
 ,
1

3
} , {0.8 , 0.2}    𝛾𝑡ℎ1 = 0.9(𝑑𝐵),   𝛾𝑡ℎ2 = 1.5(𝑑𝐵)  𝑎𝑛𝑑 𝛾 = 20(𝑑𝐵). 

 

  

In Fig 6.3.  we can observe the effect of different power allocation assignments among the 2  

users. When the power coefficient 𝑎2  is increased (𝑎1 is decreased), both users experience an in-

crease in outage probability, whereas, when 𝑎2  is decreased (𝑎1 is increased) users experience a de-

crease in outage probability. This can be explained as follows: Both users have to decode the symbol 

of the weaker user. However, we can observe from equations (3.8) and (3.11) that it is more proba-

ble to be in outage when the 𝑎1 − 𝛾𝑡ℎ1𝑎2  term increases as it can enlarge the denominator and 

thus, make it more probable for the outage conditions to be satisfied.  Additionally, when 𝑎2  is de-
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creased (𝑎1 is increased) the optimal relay location for the stronger user is shifted towards the base 

station and for the weaker user is shifted towards the user side. The distance 𝑑𝑆𝑅  is correlated with 

the average channel powers  ( 𝔼{|ℎ𝑆𝑅 |
2} = 𝑑𝑆𝑅

−α
  and 𝔼 {|ℎ𝑅𝐷2 |

2
} = (1 − 𝑑𝑆𝑅 )

−α), therefore for a 

certain value of 𝑑𝑆𝑅  outage probability is taking its minimum value, since the average channel gain is 

affecting the system performance. 

 

 

                             Fig 6.4. Rate vs transmit SNR with 𝑎1 =
2

3
, 𝑎2 =

1

3
, 𝛾𝑡ℎ1 = 0.9(𝑑𝐵),   𝛾𝑡ℎ2 = 1.5(𝑑𝐵)  𝑎𝑛𝑑 𝑑𝑆𝑅 = 0.5 

 

 
 

In Fig. 6.4, we can observe the analytical expressions of the ergodic rates of the users in ac-

cordance to the system 𝑆𝑁𝑅. Firstly, we can notice that the first user has a very poor rate perfor-

mance compared to the second, hence, last users’ rate must be maximized, under the condition that 

first achieves a minimum threshold, in order to maximize the systems throughput. Additionally, we 

can observe that the analytic expression for the weak user is tightly bounded by the high 𝑆𝑁𝑅 ap-
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proximation in the corresponding region. The dotted plots are the exact expressions and are derived 

via numerical integration. Moreover, simulations are shown to be very well matched with the exact 

expressions. 

 
 

 

Fig 6.5. Rate vs. distance 𝑆 → 𝑅 link with 𝑎1 =
2

3
, 𝑎2 =

1

3
, 𝛾𝑡ℎ1 = 0.9(𝑑𝐵),   𝛾𝑡ℎ2 = 1.5(𝑑𝐵)  𝑎𝑛𝑑 𝛾 = 30(𝑑𝐵) 

 

 

In this figure, we can see that the Rate of 𝑈𝑠𝑒𝑟 1 maintained the fixed value nature but the sec-

ond 𝑈𝑠𝑒𝑟  seems to have a maximum value when 𝑑𝑆𝑅 = 0.45. In the region of maximum 𝑆𝑢𝑚 𝑅𝑎𝑡𝑒  

the exact expression tends to get near to the lower bound, but when the relay is located near the 

user or the base station, the exact expression is shown to be tight with the upper bound, high-SNR 

approximation. As a consequence, for each 𝑑𝑆𝑅  different bounds would describe the system tightly.  
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                    Fig 6.6. Rate vs.distance 𝑆 → 𝑅 link for various power allocation parameters with {𝑎1,𝑎2} =

                                             {0.6 ,0.4}, {
2

3
 ,
1

3
} , {0.8 , 0.2},   𝛾𝑡ℎ1 = 0.9(𝑑𝐵),   𝛾𝑡ℎ2 = 1.5(𝑑𝐵)  𝑎𝑛𝑑 𝛾 = 30(𝑑𝐵) 

 

The ergodic sum rate is degraded when user 1 is allocating an increased power coefficient, since 

the second users’ rate is more important for the performance in terms of sum rate. As we can ob-

serve in Fig.6.3 and Fig.6.6, there is a trade-off in sum rate and both users’ outage probability when 

the power is distributed to the users. Particularly, as the power allocated from the strong user in-

creases the sum rate increases, whereas, outage probability of weak and strong user is increased as 

well.
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7.  CONCLUSION 

 

The main goal was to study the power domain NOMA transmission and investigate the per-

formance of this cooperative network under Rayleigh fading channels. Firstly, in chapter 1 we dis-

cussed about why NOMA is considered as a candidate 5G technique and how it works in much detail. 

In chapter 2, the model of the system is formulated, taking into account all the constraints and deriv-

ing the 𝑆𝐼𝑁𝑅’s that we’ll use in chapter 3, in order to obtain the exact outage probability of 𝑈𝑆𝐸𝑅1  

and 𝑈𝑆𝐸𝑅2. In the same chapter, in an effort to reduce the computational complexity, high-SNR re-

gime bounds are derived. Moreover, in chapter 4, the ergodic sum rate of the system is also exam-

ined asymptotically. Numerical analysis was conducted as a means to verify the analytical results, 

giving us some insights about the behavior of the system. 
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Appendix A 
 

 

 

𝑃𝑜𝑢𝑡 = 1 − Pr

(

 
 

{
 
 

 
  |ℎ𝑅𝐷𝑚 |

2
≥ 𝜃

|ℎ𝑆𝑅 |
2 >  

𝜃 (𝛾|ℎ𝑅𝐷𝑚|
2
+ 1)

𝛾 (|ℎ𝑅𝐷𝑚 |
2
− 𝜃)

)

 
 

 

 

= 1 − ∫ ∫   𝑓
|ℎ𝑅𝐷𝑚|

2
,|ℎ𝑆𝑅|

2  (𝑥,𝑦)   𝑑𝑥𝑑y  
∞

𝜃(𝛾𝑥+1)
𝛾(𝑥−𝜃)

∞

𝜃

 

 

We can rewrite   𝑓
|ℎ𝑅𝐷𝑚

|
2
,|ℎ𝑆𝑅|

2  (𝑥, 𝑦)   as    𝑓
|ℎ𝑆𝑅|

2 | |ℎ𝑅𝐷𝑚
|
2  (𝑦 | 𝑥) × 𝑓

|ℎ𝑅𝐷𝑚
|
2  (𝑥) 

 

= 1 − ∫ ∫   𝑓
|ℎ𝑆𝑅 |

2 | |ℎ𝑅𝐷𝑚|
2  (𝑦 | 𝑥)𝑓

|ℎ𝑅𝐷𝑚|
2  (𝑥)     𝑑𝑥𝑑y  

∞

𝜃(𝛾𝑥+1)
𝛾(𝑥−𝜃)

∞

𝜃

 

 

After changing the order of the integrals, we obtain 

 

= 1 − ∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (y)∫   𝑓|ℎ𝑆𝑅 |2  
(𝑥 ) 𝑑𝑥𝑑y  

∞

𝜃(𝛾𝑦+1)

𝛾(𝑦−𝜃)

∞

𝜃

 

 

= 1 − ∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦) [1 −∫  𝑓|ℎ𝑆𝑅 |2  
(𝑥 )

𝜃(𝛾𝑦+1)

𝛾(𝑦−𝜃)

−∞

]  𝑑𝑥𝑑y
∞

𝜃

 

  

= 1 − ∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦) [1 −  𝐹|ℎ𝑆𝑅 |2  (
𝜃(𝛾𝑦 + 1)

𝛾(y − 𝜃)
)]𝑑y

∞

𝜃

 

 

= 1 − ∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦)𝑑𝑦+∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (y) 𝐹|ℎ𝑆𝑅 |2  (
𝜃(𝛾y+ 1)

𝛾(y − 𝜃)
)𝑑y

∞

𝜃

∞

𝜃
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= ∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦)𝑑y +∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦) 𝐹|ℎ𝑆𝑅 |2  (
𝜃(𝛾𝑦+ 1)

𝛾(y− 𝜃)
)𝑑y

∞

𝜃

𝜃

−∞

 

 

 And since |ℎ𝑅𝐷𝑚 |
2
 ≥ 0  

 

= ∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦)𝑑y+∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦) 𝐹|ℎ𝑆𝑅 |2  (
𝜃(𝛾𝑦 + 1)

𝛾(y − 𝜃)
)𝑑y

∞

𝜃

𝜃

0

 

 

According to (3.16), we can elaborate as follows 

 

= ∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦)𝑑y+∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦) [1 − 𝑒
− 
𝜃(𝛾𝑦+1)

𝛾(y−𝜃)𝛺1 ]𝑑y
∞

𝜃

𝜃

0

 

 

= ∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦)𝑑y +∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦)𝑑𝑦 
∞

𝜃

𝜃

0

− ∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦)𝑒
− 
𝜃(𝛾𝑦+1)

𝛾(y−𝜃)𝛺1𝑑𝑦 
∞

𝜃
 

 

= 1 −∫ 𝑓
|ℎ𝑅𝐷𝑚|

2  (𝑦)𝑒
− 
𝜃(𝛾𝑦+1)

𝛾(y−𝜃)𝛺1𝑑𝑦 
∞

𝜃
 

 

 

 

 

 

 

Appendix B 
 

 
 

In order to prove the concaveness of the original function 𝑅𝑠𝑢𝑚 ,  we prove that the 2 × 2 Jaco-

bian matrix of the gradient of the original function is definite negative. Consequently, we need to 

prove that the hessian matrix of 𝑅𝑠𝑢𝑚  is a definite negative matrix 

 

𝐻𝑅𝑠𝑢𝑚 = 𝐽(∇𝑅𝑠𝑢𝑚(𝑎1, 𝑎2)) =

[
 
 
 
 
𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎1
2

𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎1𝜕𝑎2

𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎2𝜕𝑎1

𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎2
2 ]
 
 
 
 

≺ 0 

(B.1) 
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First order partial derivatives can be represented as follows 
 

𝜕𝑅𝑠𝑢𝑚

𝜕𝑎1
=

𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|

2

2𝑙𝑛2 (𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|2(𝑎1+ 𝑎2)+

𝛾(|ℎ𝑅𝐷1 |
2
+ |ℎ𝑆𝑅 |2)+ 1
 

)

 

(B.2) 

𝜕𝑅𝑠𝑢𝑚

𝜕𝑎2
=

𝛾2|ℎ𝑅𝐷2|
2
|ℎ𝑆𝑅|

2

2𝑙𝑛2 (𝛾2|ℎ𝑅𝐷2|
2
|ℎ𝑆𝑅|2𝑎2+ 𝛾 (|ℎ𝑅𝐷2|

2
+ |ℎ𝑆𝑅|

2)+ 1
 

)

 

−
(𝛾2|ℎ𝑅𝐷1|

2
|ℎ𝑆𝑅|

2)
2

𝑎1

2𝑙𝑛2 (𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|2(𝑎1+ 𝑎2)+

𝛾 (|ℎ𝑅𝐷1|
2
+ |ℎ𝑆𝑅 |2)+ 1
 

)

 

1

(𝛾 2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|

2𝑎2 +
𝛾 (|ℎ𝑅𝐷1 |

2
+ |ℎ𝑆𝑅|2) + 1
 

)

 

     (B.3) 
 

Second order partial derivatives can be represented as follows 

 

𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎1
2 =

𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎1𝜕𝑎2
=
𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎2𝜕𝑎1
=

− (𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|

2)
2

2𝑙𝑛2 (𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|2(𝑎1+ 𝑎2)+

𝛾 (|ℎ𝑅𝐷1|
2
+ |ℎ𝑆𝑅|2)+ 1
 

)
2 

(B.4) 
 

𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎2
2 =

1

2𝑙𝑛2

[
 
 
 
 2(𝛾2 |ℎ𝑅𝐷1|

2
|ℎ𝑆𝑅 |

2)
2

𝑎1((𝛾
2 |ℎ𝑅𝐷1

|
2
|ℎ𝑆𝑅|

2)
2
(𝑎1+2𝑎2)+2𝛾

2 |ℎ𝑅𝐷1
|
2
|ℎ𝑆𝑅|

2(𝛾(|ℎ𝑅𝐷1
|
2
+|ℎ𝑆𝑅 |

2)+1))

(𝛾2 |ℎ𝑅𝐷1
|
2
|ℎ𝑆𝑅|2(𝑎1+𝑎2)+𝛾(|ℎ𝑅𝐷1

|
2
+|ℎ𝑆𝑅|2)+1)

2

(𝛾2 |ℎ𝑅𝐷1
|
2
|ℎ𝑆𝑅|2𝑎2+𝛾(|ℎ𝑅𝐷1

|
2
+|ℎ𝑆𝑅 |2)+1)

2 −

(𝛾2 |ℎ𝑅𝐷2
|
2
|ℎ𝑆𝑅|

2)
2

(𝛾2 |ℎ𝑅𝐷2
|
2
|ℎ𝑆𝑅|2𝑎2+𝛾(|ℎ𝑅𝐷2

|
2
+|ℎ𝑆𝑅 |2)+1
 

)

2

]
 
 
 
 

  

 
(B.5) 

 
The Hessian matrix of 𝑅𝑠𝑢𝑚  after gaussian elimination takes the following form 
 

𝐻𝑅𝑠𝑢𝑚 =

[
 
 
 
 
𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎1
2

𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎1𝜕𝑎2

0
𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎2
2
−
𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎1
2 ]
 
 
 
 

 

(B.6) 
 

And can easily be proven negative definite with Sylvester’s criterion.  
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𝜕2𝑅𝑠𝑢𝑚

𝜕𝑎1
2 < 0 

 
(B.7) 

 

det(𝐻𝑅𝑠𝑢𝑚) > 0 ⟹
𝜕
2
𝑅𝑠𝑢𝑚

𝜕𝑎2
2
<
𝜕
2
𝑅𝑠𝑢𝑚

𝜕𝑎1
2

 

 
(B.8) 

And thus, 𝑅𝑠𝑢𝑚  is shown to be concave. 
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MATLAB CODE 

 
 
1.Outage probability VS SNR 
 
g = 0:0.01:30; 
gamma1db=0.9; 
gamma1=10^(gamma1db/10); 

gamma2db=1.5; 
gamma2=10^(gamma2db/10); 
a1=2/3; 

a2=1/3; 
snr=10.^(g/10); 
theta1=gamma1./(snr.*(a1-gamma1*a2)); 

theta2=gamma2./(snr*a2); 
dsr=0.5; 
a=3; 

omega1=(dsr).^(-a); 
omega2= (1-dsr).^(-a);  
 
% Plotting exact outage probability for each user 
 
Prob1Out=1-(4/omega2)*exp(-2* theta1./omega2).*exp(-theta1./omega1).* 

sqrt(theta1.*(1+snr.*theta1).*omega2./(2*snr.*omega1)).* besselk(1,2*sqrt(2*theta1.*(1+snr.*theta1)./(snr.*omega1.* 
omega2))); 

 

semilogy(g,Prob1Out) 
hold on 
 

Prob2Out=1+(4/omega2)*exp(-max(theta1,theta2).*(omega1+omega2)./(omega2*omega2)).* 
sqrt(max(theta1,theta2).*(1+snr.* max(theta1,theta2)).*omega2./(snr.*omega1)).*( (1/sqrt(2))*exp(-
max(theta1,theta2)./omega2).*besselk(1,2*sqrt(2* max(theta1,theta2).*(1+snr.* max(theta1,theta2))./(snr.*omega1.* 
omega2)))-besselk(1,2*sqrt(max(theta1,theta2).*(1+snr.* max(theta1,theta2))./(snr.*omega1.* omega2)))); 

 
semilogy(g,Prob2Out) 
hold on  

 
axis([0 30 0 1]) 
xlabel ('SNR(dB)'); 

ylabel('Outage Probability') 
grid on 
 
% Plotting asymptotic bounds (--) 

 
p1outLB=2*theta1./omega2+theta1./omega1; 

p1outUB=4*theta1./omega2+2*theta1./omega1; 
p1outLB_line=semilogy(g, p1outLB,'--'); 
hold on 

p1outUB_line=semilogy(g, p1outUB,'--'); 
hold on 
p1outLB_line.Color= "#0072BD"; 

p1outUB_line.Color= "#0072BD";  
 
p2outLB=theta2./omega1+(theta2./omega2).^2; 

p2outUB=2*theta2./omega1+4*(theta2/omega2).^2; 
p2outLB_line=semilogy(g, p2outLB,'--'); 
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hold on 
p2outUB_line=semilogy(g, p2outUB,'--'); 

hold on 
p2outLB_line.Color= "#D95319"; 
p2outUB_line.Color= "#D95319"; 
 
% Plotting asymptotic bounds + and *  
 
g=linspace(3,29,10); 

snr=10.^(g/10); 
theta1=gamma1./(snr.*(a1-gamma1*a2)); 
theta2=gamma2./(snr*a2); 
 p1outLB=2*theta1./omega2+theta1./omega1; 

p1outLB_line=semilogy(g, p1outLB,'+k'); 
hold on 
p2outLB=theta2./omega1+(theta2./omega2).^2; 

p2outUB=2*theta2./omega1+4*(theta2/omega2).^2; 
p2outLB_line=semilogy(g, p2outLB,'+k'); 
hold on 

p2outUB_line=semilogy(g, p2outUB,'*k'); 
hold on 
g=linspace(6,29,10); 

snr=10.^(g/10); 
theta1=gamma1./(snr.*(a1-gamma1*a2)); 
theta2=gamma2./(snr*a2); 

p1outUB=4*theta1./omega2+2*theta1./omega1; 
p1outUB_line=semilogy(g, p1outUB,'*k'); 
hold on 
 
% Monte Carlo outage probability simulations for each user 
 
% Number of channel realizations 

N=10000000;   
g = 0:1:30; 
snr=10.^(g/10); 

theta1=gamma1./(snr.*(a1-gamma1*a2)); 
theta2=gamma2./(snr*a2); 
outage11=zeros (1 , length ( g ) ) ; 

outage21=zeros (1 , length ( g ) ) ; 
no_outage1=zeros (1 , length ( g ) ) ; 
no_outage2=zeros (1 , length ( g ) ) ; 

 
% Creating exponential distribution objects 

pd1= makedist ('Gamma','a',1,'b',omega1); 

pd2= makedist ('Gamma','a',1,'b',omega2); 
 

% Inserting randomness according to exponential distribution objects  
h_SR =random ( pd1 ,1,N) ; 
h2a =random ( pd2 , 1 ,N) ; 
h2b =random ( pd2 , 1 ,N) ; 

for i=1:length(g) 
     theta(i)=max(theta1(i),theta2(i)); 
     for j=1:N 

 
% Ordering the channels 
h_RD_1=min(h2a(j),h2b(j)); 

h_RD_2=max(h2a(j),h2b(j)); 
 
% User 1 

if h_RD_1 > theta1(i) 
       if h_SR(j) > theta1(i)*(1+snr(i)*h_RD_1)/(snr(i)*(h_RD_1-theta1(i))) 

no_outage1(i)=no_outage1(i)+1; 

                      elseif h_SR(j) < theta1(i)*(1+snr(i)*h_RD_1)/(snr(i)*(h_RD_1-theta1(i))) 
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                             outage11(i)=outage11(i)+1; 
                      end 

              elseif h_RD_1 < theta1(i) 
                      outage11 ( i )= outage11 ( i )+1; 
              end 

             % User 2 
              if h_RD_2 > theta(i) 
                      if h_SR(j)  > theta(i)*(1+snr(i)*h_RD_2)/(snr(i)*(h_RD_2-theta(i))) 
                               no_outage2 (i)= no_outage2 (i)+1; 

                      elseif h_SR(j)  < theta(i)*(1+snr(i)*h_RD_2)/(snr(i)*(h_RD_2-theta(i))) 
                               outage21 ( i )=outage21 ( i )+1; 
                      end 

              elseif h_RD_2 < theta(i) 
                      outage21(i)=outage21(i)+1; 
              end 

      end 
end 
Pout1=outage11 /N; 

Pout2=outage21 /N; 
x=0:length(g)-1; 
semilogy(x,Pout1,'ok') 

hold on 
semilogy(x,Pout2,'ok') 
legend('$User 1$','$User 2$', '$Lower bound$','$Upper bound$', '$Simulations$','Interpreter','latex','Location','Best'); 

 

 2.Outage probability VS distance(S->R) 
 

gamma1db=0.9; 
gamma1=10^(gamma1db/10); 
gamma2db=1.5; 

gamma2=10^(gamma2db/10); 
a1=2/3; 
a2=1/3; 
a=3; 

d=0:0.01:1; 
g=20; 
snr=10.^(g/10); 

theta1=gamma1./(snr.*(a1-gamma1*a2)); 
theta2=gamma2./(snr*a2); 
omega1d=d.^(-a); 

omega2d= (1-d).^(-a); 
 
% Plotting exact outage probability for each user 
 
dProb1Out=1-(4./omega2d).*exp(-2* theta1./omega2d).*exp(-theta1./omega1d).* 

sqrt(theta1.*(1+snr.*theta1).*omega2d./(2*snr.*omega1d)).*  

besselk(1,2*sqrt(2*theta1.*(1+snr.*theta1)./(snr.*omega1d.*omega2d))); 
 
semilogy(d, dProb1Out) 

hold on  
 

dProb2Out=1+(4./omega2d).*exp(-theta1.*(omega1d+omega2d)./(omega1d.*omega2d)).* 

sqrt(theta1.*(1+snr.*theta1).*omega2d./(snr.*omega1d)).*( (1/sqrt(2))*exp(-
theta1./omega2d).*besselk(1,2*sqrt(2*theta1.*(1+snr.*theta1)./(snr.*omega1d.* omega2d)))-
besselk(1,2*sqrt(theta1.*(1+snr.*theta1)./(snr.*omega1d.* omega2d)))); 

semilogy(d, dProb2Out) 
hold on  
xlabel ('$d_{SR}$','Interpreter','latex'); 

ylabel('Outage Probability') 
grid on 
 

N=1000000; 
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d=0:0.1:1; 
omega1d=d.^(-a); 

omega2d= (1-d).^(-a); 
outage11=zeros (1 , length(d)); 
outage21=zeros (1 , length(d)); 

no_outage1=zeros (1 , length(d)) ; 
no_outage2=zeros (1 , length(d)); 
for i=1:length(d)-2 
      pd1(i)=makedist ('Gamma','a',1,'b',omega1d(i+1)); 

      pd2(i)=makedist ('Gamma','a',1,'b',omega2d(i+1)); 
      h_SR=random ( pd1(i) ,1, N); 
      h2a=random ( pd2(i) , 1 , N) ; 

      h2b=random ( pd2(i) , 1 , N) ; 
      for j=1:N 
          h_RD_1=min(h2a(j),h2b(j)); 

          h_RD_2=max(h2a(j),h2b(j)); 
          if h_RD_1 > theta1 
              if h_SR(j) > theta1*(1+snr*h_RD_1)/(snr*(h_RD_1-theta1)) 

                   no_outage1(i)=no_outage1(i)+1; 
              elseif h_SR(j) < theta1*(1+snr*h_RD_1)/(snr*(h_RD_1-theta1)) 
                   outage11(i)=outage11(i)+1; 

              end 
           elseif h_RD_1 < theta1 
              outage11 ( i )= outage11 ( i )+1; 
           end 

           if h_RD_2 > theta1 
                 if h_SR(j)  > theta1*(1+snr*h_RD_2)/(snr*(h_RD_2-theta1)) 
                         no_outage2 (i)= no_outage2 (i)+1; 

                 elseif h_SR(j)  < theta1*(1+snr*h_RD_2)/(snr*(h_RD_2-theta1)) 
                         outage21 ( i )=outage21 ( i )+1; 
                 end 

           elseif h_RD_2 < theta1 
                 outage21(i)=outage21(i)+1; 
           end 

      end 
end 
Pout1=outage11 /N; 
Pout2=outage21 /N; 

Pout1(end)=[]; 
Pout1(end)=[]; 
Pout2(end)=[]; 

Pout2(end)=[]; 
x=1:length(d)-2; 
semilogy(x/10,Pout1,'ok') 

hold on 
semilogy(x/10,Pout2,'ok') 
legend('$User 1$','$User 2$','$Simulations$','Interpreter','latex','Location','Best'); 

3. Rate VS SNR 

lim
𝛮→∞

1

𝛮
∑log2

(

 
 
1 +

𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|

2𝑎1 

𝛾2|ℎ𝑅𝐷1|
2
|ℎ𝑆𝑅|2𝑎2+ 𝛾(|ℎ𝑅𝐷1|

2
+ |ℎ𝑆𝑅 |

2)+ 1
 )

 
 

𝛮

𝜄

+ lim
𝛮→∞

1

𝛮
∑log2

(

 1 +
𝛾2|ℎ𝑅𝐷2 |

2
|ℎ𝑆𝑅|

2𝑎2  

𝛾(|ℎ𝑅𝐷2 |
2
+ |ℎ𝑆𝑅 |

2) + 1
 )

 

𝛮

𝜄
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N=1000000; 
g = 0:0.01:30; 

gamma1db=0.9; 
gamma1=10^(gamma1db/10); 
gamma2db=1.5; 

gamma2=10^(gamma2db/10); 
a1=2/3; 
a2=1/3; 
snr=10.^(g/10); 

theta1=gamma1./(snr.*(a1-gamma1*a2)); 
theta2=gamma2./(snr*a2); 
dsr=0.5; 

a=3; 
omega1=(dsr).^(-a); 
omega2= (1-dsr).^(-a); 

lamda1=1./(omega1.*a2.*snr); 
lamda2=1./(omega2.*a2.*snr); 
 

rate2LB=expint(2*(lamda1+lamda2)).*exp(2*(lamda1+lamda2))/(log(2))-
expint(4*lamda1+2*lamda2).*exp(4*lamda1+2*lamda2)/(2*log(2)); 

rate2UB=expint(lamda1+lamda2).*exp(lamda1+lamda2)/(log(2))-

expint(2*lamda1+lamda2).*exp(2*lamda1+lamda2)/(2*log(2)); 
SumrateLB=(1/2)*log2(3)+expint(2*(lamda1+lamda2)).*exp(2*(lamda1+lamda2))/(log(2))-

expint(4*lamda1+2*lamda2).*exp(4*lamda1+2*lamda2)/(2*log(2)); 
SumrateUB=(1/2)*log2(3)+expint(lamda1+lamda2).*exp(lamda1+lamda2)/(log(2)) -

expint(2*lamda1+lamda2).*exp(2*lamda1+lamda2)/(2*log(2)); 
 
plot(g,rate2LB,'--r')  

hold on 
plot(g,rate2UB,'--r')  
hold on 

 plot(g, SumrateLB,'--b')  
hold on 
plot(g, SumrateUB,'--b')  

hold on 
xlabel('SNR(dB)','Interpreter','latex'); 
ylabel('Rate')  
 

 
user1_numerical = 

@(x,y,g)(1/(omega1.*omega2))*log2(1+(a1.*((10.^(g/10)).^2).*(x.*y))./(((10.^(g/10)).^2).*x.*y.*a2+(10.^(g/10).*(x+y))+1)).

*(exp(-2.*y./omega2-x./omega1)); 
  
user2_numerical = @(x,y,k)(1./(omega1.*omega2)).*log2(1+((10.^(k/10)).*a2).*(x.*y./(x+y))).*( exp(-y./omega2-

x./omega1)-exp(-2.*y./omega2-x./omega1)); 
 
for i=0:0.3:30 

h1 = @(x,y) user1_numerical (x,y,i);  
h2 = @(x,y) user2_numerical (x,y,i); 
num_res_1= integral2(h1,0,Inf,0,Inf); 

num_res_2= integral2(h2,0,Inf,0,Inf); 
plot(i, num_res_1,'.k');  
hold on 
plot(i, num_res_2,'.k'); 

hold on 
plot(i, num_res_1+ num_res_2,'.k');   
hold on 

end 

rate1_ub = (1/2)*log2(1+a1/a2); 

yline(rate1_ub,'--g') 
hold on   

 
sim_rate_1=zeros (1 , 11); 
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sim_rate_2=zeros (1 , 11); 
sim_sum_rate=zeros (1 , 11); 

pd1= makedist ('Gamma','a',1,'b',omega1); 
pd2= makedist ('Gamma','a',1,'b',omega2); 
h_SR =random ( pd1 ,1,N) ; 

h2a =random ( pd2 , 1 ,N) ; 
h2b =random ( pd2 , 1 ,N) ; 
for i=0:3:30 
     for j=1:N 

         h_RD_1=min(h2a(j),h2b(j)); 
         h_RD_2=max(h2a(j),h2b(j)); 
         sim_rate_1(i/3+1)= sim_rate_1(i/3+1) + log2( 1 +  (10.^(i/10)).^2*h_RD_1* h_SR(j)*a1/((10.^(i/10)).^2* 

h_RD_1*h_SR(j)*a2+10.^(i/10).*(h_RD_1+h_SR(j))+1)); 
         sim_rate_2(i/3+1)= sim_rate_2(i/3+1) + log2( 1 +  (10.^(i/10)).^2*h_RD_2* 
h_SR(j)*a2/(10.^(i/10).*(h_RD_2+h_SR(j))+1)); 

      end 
end 
sim_rate_1=sim_rate_1/(2*N); 

sim_rate_2=sim_rate_2/(2*N); 
sim_sum_rate=sim_rate_1+sim_rate_2; 
x=0:3:30; 

plot(x,sim_rate_1,'ok') 
hold on 
plot(x,sim_rate_2,'ok') 
hold on 

plot(x,sim_sum_rate,'ok') 
hold on 

 
g = 0:3:30; 

snr=10.^(g/10); 
theta1=gamma1./(snr.*(a1-gamma1*a2)); 
theta2=gamma2./(snr*a2); 

lamda1=1./(omega1.*a2.*snr); 
lamda2=1./(omega2.*a2.*snr); 
rate2LB=expint(2*(lamda1+lamda2)).*exp(2*(lamda1+lamda2))/(log(2))-

expint(4*lamda1+2*lamda2).*exp(4*lamda1+2*lamda2)/(2*log(2)); 
rate2UB=expint(lamda1+lamda2).*exp(lamda1+lamda2)/(log(2))-

expint(2*lamda1+lamda2).*exp(2*lamda1+lamda2)/(2*log(2)); 

SumrateLB=(1/2)*log2(3)+expint(2*(lamda1+lamda2)).*exp(2*(lamda1+lamda2))/(log(2)) -
expint(4*lamda1+2*lamda2).*exp(4*lamda1+2*lamda2)/(2*log(2)); 

SumrateUB=(1/2)*log2(3)+expint(lamda1+lamda2).*exp(lamda1+lamda2)/(log(2))-
expint(2*lamda1+lamda2).*exp(2*lamda1+lamda2)/(2*log(2)); 

plot(g,rate2LB,'+k')  
hold on 
plot(g,rate2UB,'*k)  

hold on 
 plot(g, SumrateLB,'+k)  
hold on 

plot(g, SumrateUB,'*k')  
hold on 

        plot(g,rate1_ub,'*k') 

 
        plot(2,5.5,'+k') 
        hold on  

        plot(2,5.2,'*k') 
        hold on 
        plot(2,4.9,'ok') 
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4.Rate VS Distance 

 
gamma1db=0.9; 
gamma1=10^(gamma1db/10); 
gamma2db=1.5; 

gamma2=10^(gamma2db/10); 
a1=2/3; 
a2=1/3; 

a=3; 

d=0:0.01:1; 

g=30; 

snr=10.^(g/10); 

theta1=gamma1./(snr.*(a1-gamma1*a2)); 

theta2=gamma2./(snr*a2); 

omega1d=d.^(-a); 

omega2d= (1-d).^(-a);  
lamda1d=1./(omega2d.*a2.*snr); 
lamda2d=1./(omega1d.*a2.*snr); 

 
rate2LB=expint(2*(lamda1d+lamda2d)).*exp(2*(lamda1d+lamda2d))/(log(2))-
expint(4*lamda1d+2*lamda2d).*exp(4*lamda1d+2*lamda2d)/(2*log(2)); 

rate2UB=expint(lamda1d+lamda2d).*exp(lamda1d+lamda2d)/(log(2))-
expint(2*lamda1d+lamda2d).*exp(2*lamda1d+lamda2d)/(2*log(2)); 
plot(d,rate2LB,'--r')  

hold on 
plot(d,rate2UB,'--r')  
hold on 

drate_2 = @(x,y,k)(1./((k.^(-a)) .*((1-k).^(-a))).*log2(1+((10.^(g/10)).*a2.*x.*y)./(x+y)).*( exp(-y./ ((1-k).^(-a))-x./ 

(k.^(-a)) )-exp(-2.*y./ ((1-k).^(-a))-x./ (k.^(-a)) ))); 
drate_1 =  (1/2)*log2(1+a1/a2); 

yline(drate_1,'--g') 
hold on  

 

for j=0:0.01:1 

      h = @(x,y) drate_2(x,y,j); 

      numeric_res=integral2(h,0,Inf,0,Inf); 

      plot(j,numeric_res ,'.k');  

      hold on 

      plot(j, numeric_res+ drate_1,'.k');  

      hold on 

end 

 

  
srrate2LB=(1/2)*log2(3)+expint(2*(lamda1d+lamda2d)).*exp(2*(lamda1d+lamda2d))/(log(2))-
expint(4*lamda1d+2*lamda2d).*exp(4*lamda1d+2*lamda2d)/(2*log(2)); 

 
srrate2UB=(1/2)*log2(3)+expint(lamda1d+lamda2d).*exp(lamda1d+lamda2d)/(log(2))-
expint(2*lamda1d+lamda2d).*exp(2*lamda1d+lamda2d)/(2*log(2)); 
 

plot(d, srrate2LB,'-.b')  
hold on 
plot(d, srrate2UB,'-.b')  

hold on 

ylabel('Rate')  

xlabel('$d_{SR}$','Interpreter','latex'); 

 

 

d= linspace(0,1,11); 
omega1d=d.^(-a); 
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omega2d= (1-d).^(-a);  
lamda1d=1./(omega2d.*a2.*snr); 

lamda2d=1./(omega1d.*a2.*snr); 
 
rate2LB=expint(2*(lamda1d+lamda2d)).*exp(2*(lamda1d+lamda2d))/(log(2)) -

expint(4*lamda1d+2*lamda2d).*exp(4*lamda1d+2*lamda2d)/(2*log(2)); 
plot(d,rate2LB,'+k')  
hold on 
 

rate2UB=expint(lamda1d+lamda2d).*exp(lamda1d+lamda2d)/(log(2))-
expint(2*lamda1d+lamda2d).*exp(2*lamda1d+lamda2d)/(2*log(2)); 
plot(d,rate2UB,'*k')  

hold on 

 

 
srrate2LB=(1/2)*log2(3)+expint(2*(lamda1d+lamda2d)).*exp(2*(lamda1d+lamda2d))/(log(2))-
expint(4*lamda1d+2*lamda2d).*exp(4*lamda1d+2*lamda2d)/(2*log(2)); 

plot(d, srrate2LB,'+k')  
hold on 
 

srrate2UB=(1/2)*log2(3)+expint(lamda1d+lamda2d).*exp(lamda1d+lamda2d)/(log(2))-
expint(2*lamda1d+lamda2d).*exp(2*lamda1d+lamda2d)/(2*log(2)); 
plot(d, srrate2UB,'*k')  

hold on 
 
plot(d, drate_1,'*k') 

hold on 

 

 

 
  

  

N=1000000; 
d=0:0.1:1; 
omega1d=d.^(-a); 
omega2d= (1-d).^(-a);  

sim_rate_1=zeros (1 , length(d)-2); 
sim_rate_2=zeros (1 , length(d)-2); 
sim_sum_rate=zeros (1 , length(d)-2); 

for i=1:length(d)-2 
      pd1(i)=makedist ('Gamma','a',1,'b',omega1d(i+1)); 
      pd2(i)=makedist ('Gamma','a',1,'b',omega2d(i+1)); 

      h_SR=random ( pd1(i) ,1, N); 
      h2a=random ( pd2(i) , 1 , N) ; 
      h2b=random ( pd2(i) , 1 , N) ; 

      for j=1:N 
          h_RD_1=min(h2a(j),h2b(j)); 
          h_RD_2=max(h2a(j),h2b(j)); 

          sim_rate_1(i)= sim_rate_1(i) + log2( 1 +  (10.^(g/10)).^2*h_RD_1* h_SR(j)*a1/((10.^(g/10)).^2* 
h_RD_1*h_SR(j)*a2+10.^(g/10).*(h_RD_1+h_SR(j))+1)); 
         sim_rate_2(i)= sim_rate_2(i) + log2( 1 +  (10.^(g/10)).^2*h_RD_2* h_SR(j)*a2/(10.^(g/10).* (h_RD_2+h_SR(j))+1)); 
      end 

end 
sim_rate_1=sim_rate_1/(2*N); 
sim_rate_2=sim_rate_2/(2*N); 

sim_sum_rate=sim_rate_1+sim_rate_2; 
x=0.1:0.1:(length(d)-2)/10; 
plot(x,sim_rate_1,'ok') 

hold on 
plot(x,sim_rate_2,'ok') 
hold on 

plot(x,sim_sum_rate,'ok') 
hold on 
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plot(0.7,3,'+k') 

hold on  
plot(0.7,2.5,'*k') 
hold on 

plot(0.7,2,'ok') 
 
 
 

 
 
 


