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Abstract

Optimization of Flexible Production and Supply Systems
loannis Papachristos

Supervisor: Associate Professor Dimitrios Pandelis

In this thesis we deal with stochastic optimization problems that are related to the design
and operation of flexible production and supply systems. In particular, we study server
allocation problems in tandem queueing systems and the use of backup supply sources to

hedge against supply risks.

For the first category of problems we consider two-stage queueing systems with one dedi-
cated server in each station and a flexible server that can serve both stations. Assuming
exponential service times and linear holding costs accrued by jobs present in the system, we
seek optimal server allocation strategies within the classes of preemptive and non-preemptive
policies for systems without external arrivals (clearing systems) and systems with Poisson
arrivals under the discounted and the average cost criteria. For the model with a preemp-
tive service discipline we assume that two servers can collaborate to work on the same job.
When the combined rate of collaborating servers is less than the sum of their individual
rates (partial collaboration), we identify conditions under which the optimal server alloca-
tion strategy is non-idling and has a threshold-type structure. Our results extend previous
work on systems with additive service rates, either clearing or systems with arrivals and no
dedicated server upstream. When the aforementioned conditions are not satisfied we show
by examples that the optimal policy may have counterintuitive properties, which is not the
case when a fully collaborative service discipline is assumed. We also obtain novel results for
any type of collaboration when idling policies may be optimal and for systems with arrivals
and dedicated servers in both stages. For the model with a non-preemptive service discipline
we assume that the servers cannot collaborate and the dedicated servers are faster than the
flexible server. We show that the dedicated server of the downstream station should never
idle, and the same is true for the dedicated server of the upstream station when holding costs
are larger there. On the other hand, the optimal allocation of the slow server is investigated
through extensive numerical experiments that lead to conjectures on the structure of the

optimal policy.

For the second category of problems we consider newsvendor models in which a retailer

facing random demand with known distribution places an order to a primary supplier who
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vi

may not deliver the whole quantity ordered. We study two models of supply risk: suppliers
who deliver a random portion of the order (random yield) and suppliers subject to random
capacity, in which case the delivered quantity is limited by the realized capacity. To miti-
gate against such supply risks, the retailer contracts with a reliable backup supplier to buy
the option to use his capacity after the delivery from the primary supplier. Depending on
the responsiveness of the backup supplier, this option may be exercised before or after the
demand becomes known as well. For the random yield case we also study models with two
primary suppliers or two products sharing the same backup supplier. For all the aforemen-
tioned models we derive expressions for the optimal order and reservation quantities and
obtain properties of these quantities. For the random capacity models we also determine the
impact of the cost and revenue parameters on the optimal solution. Finally, we supplement

our theoretical results with conjectures based on numerical experiments.
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Chapter 1

Introduction

Efficient operations are required for a firm to be able to compete in a global environment.
Malecki [52] cites three sectors of a firms operations that are crucial to the achievement
of its goals: (i) inter-firm relations, (ii) resources and infrastructure, and (ii) workforce.
In this dissertation we study models that are related to the three aforementioned sectors.
Specifically, we consider server allocation problems in queueing networks, which are used to
model production systems (sectors (ii) and (iii)), and newsvendor problems with multiple
suppliers, which are used to model supply chain management issues (sector (i)). There are
two unifying factors for these two classes of problems. First, our objective is to determine
optimal rules for allocating resources to different tasks and for placing orders to the suppliers.
Second, there are flexibility elements in our models; servers that can perform multiple tasks
(e.g., cross-trained workforce) and backup suppliers for responding to supply shortages.

Due to the complexity of realistic production systems, the optimization of the queueing
neworks that are used to model them is practically impossible. Therefore, in most cases
the best we could expect is to come up with suboptimal policies that result in satisfactory
performance with respect to some criterion (see, for example, Parvin et al. [63]). On the
other hand, when we are concerned with optimality issues, we can either derive structural
properties of optimal policies or study simple models for which we can determine optimal
strategies. In this dissertation we consider two-stage queueing systems with one dedicated
server for each stage and a flexible server that is trained to perform the tasks of both stages.
We study variants of such systems resulting from whether preemptions are allowed or not
and from various degrees of server collaboration. We address the questions of which stage
should be given priority by the flexible server and to which server should a job be assigned
in case collaboration is not permitted. By dealing with these optimization issues we get
a deeper understanding of fundamental issues related to system performance, and insights
that can be essential for performance improvement by forming the basis for the construction
of good suboptimal policies.

Supply uncertainty is a problem often faced by firms and occurs when the delivered
quantity is less than the quantity ordered, causing stock-outs and lost sales. The delivered
quantity may be a fraction of the order (random yield) or may be constrained by the suppli-
ers capacity (random capacity), which includes complete supply disruptions as an extreme
special case. Examples of random yield causes include damages during transportation and
uncertain production processes at the suppliers side. For instance, high-tech industries such
as the semiconductor and liquid crystal display industries are known to experience high yield
losses (Nahmias [54], Hu et al. [40]). On the other hand, random capacity is often associ-
ated with offshore suppliers who are characterized by relatively low reliability in terms of
product delivery and quality (Sting and Huchzermeier [75]). In this dissertation we study
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2 Chapter 1. Introduction

random yield and random capacity models in a newsvendor context. As a supply risk mit-
igation strategy we consider the use of a reliable backup supplier whose capacity needs to
be reserved in advance by paying a premium. Then, the firm has the option to order from
the backup supplier after the supply uncertainty is resolved and either before or after the
demand becomes known as well. For all the aforementioned models we obtain properties of
the order and reservation quantities that maximize the firms expected profit.

The dissertation is organized as follows. Chapter 2 considers the server allocation prob-
lems in two-stage queueing systems. In Chapter 3 we analyze the newsvendor models. Long
proofs are contained in appendices at the end of the manuscript. Note also that the mate-

rial of Section 2.3.1 is under publication as an individual research paper (Papachristos and
Pandelis [60]).
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Chapter 2

Optimal Server Allocation in Two-Stage

Queueing Systems

2.1 Introduction

We study two-station tandem queueing systems with one dedicated server in each station
and one flexible server that is trained to work in both stations. Our objective is to determine
properties of server allocation strategies that minimize expected linear holding costs for
systems with exponential service times. The problem we consider is motivated by the use of
cross-trained workers in manufacturing systems in order to cope with variability in demand,
processing times, and operating conditions. Unlike traditional settings where each worker
could perform a single task, cross-trained workers can be assigned to tasks where they are
needed the most resulting in increased efficiency in the form of higher throughput, lower
inventory, etc. Hopp and Van Oyen [35] have provided a literature survey on workforce
flexibility as well as a framework for evaluating a flexible workforce in an organization. A
more recent survey can be found in Andradottir et al. [11] along with design guidelines for
eliminating bottlenecks.

We analyze systems with Poisson arrivals and systems without arrivals (clearing systems).
Systems with arrivals model manufacturing facilities with continuous production where we
are concerned with the long term performance of the system. On the other hand, some
examples of clearing systems that occur in practice are the following: (i) production systems
during end-of-shift operations where all unfinished work has to be completed, (ii) service
systems (for example, banks) where no new customers are accepted after a certain time, but
all customers already in the system have to be served, and (iii) production systems where at
the beginning of each period (for example, every week) priority is given to unfinished work
from previous periods, that is, new work orders have to wait until all previous orders are
processed.

The models we study are also differentiated with respect to service discipline as we seek
optimal server allocations within the classes of preemptive and nonpreemptive policies. In
the first case a server may be reassigned to a different job at the time of an arrival or a
service completion by another server. For this class of problems we extend previous work
for various types of server collaboration. In the case of nonpreemptive policies a server must
finish the processing of a job before being assigned to another job. Assuming that servers
cannot collaborate to work on the same job and that the flexible server is slower than each
dedicated server, we obtain some structural properties of the optimal policy and provide
conjectures based on numerical experiments.
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4 Optimal Server Allocation in Two-Stage Queueing Systems

2.2 Related literature

Models of serial systems with the objective of maximizing throughput have received a lot
of attention. For production lines with workers trained for all tasks (full cross-training) Van
Oyen et al. [81] computed the improvement in throughput that can be achieved by worker
flexibility as opposed to the optimal static allocation. Hopp et al. [36] demonstrated the
effectiveness of D-skill chains where each worker is trained for his base station and D —1 more
tasks down the line (U-shaped lines were assumed) with emphasis on 2-skill chains. Parvin et
al. [63] presented a zone chaining pattern with limited cross-training that can achieve high
throughput. Finally, for models limited to 2 or 3 stages, throughput maximizing policies
were determined by Andradottir et al. [8],[9],[10],[12], Andradottir and Ayhan [7], Gel et al.
[29], Arumugam et al. [14], Hasenbein and Kim [33], Kirkizlar et al. [44], and Wang et al.
[83].

Because of the complexity of the mathematical models involved, research on the optimal
use of flexible servers with holding costs has focused on two-stage Markovian systems. Ros-
berg et al. [64] considered a system with Poisson arrivals, a server with a constant service
rate in the downstream station, and a server with controllable service rate in the upstream
station. They showed that the optimal service rate is non-decreasing in the length of the
first queue and non-increasing in the length of the second queue. For a clearing system
with two flexible servers, Ahn et al. [3] provided necessary and sufficient conditions under
which an exhaustive policy for the upstream or the downstream station is optimal. Similar
results were obtained by Ahn et al. [4] for the model with arrivals. The results of Ahn
et al. [3] have been extended in two directions. First, Schiefermayr and Weichbold [67]
obtained the optimal policy for all values of holding costs and service times, and second,
Weichbold and Schiefermayr [86] derived conditions for the optimality of exhaustive policies
when jobs require the second stage of service with a certain probability. Kirkizlar et al.
[45] considered a problem where, in addition to holding costs, a profit is earned whenever
a job is completed. For a tandem system with two flexible servers they showed that the
profit maximizing strategy is characterized by a threshold and determined the value of this
threshold.

A common characteristic of the models studied in the aforementioned papers (with the
exception of Rosberg et al. [64]) is that they did not include dedicated servers. Farrar
[22],]23] considered two versions of a clearing system with dedicated servers in each station
and one flexible server. In the constrained version the flexible server can only work in the
upstream station, whereas in the unconstrained version the server can work in both stations.
He showed that for both versions the optimal policy is characterized by a switching curve;
the flexible server is idled or assigned to the downstream station if the number of jobs there
exceeds a threshold that depends on the number of jobs in the first queue. He also showed
that the slope of the switching curve is at least -1, indicating that if the flexible server is idled
or assigned to the downstream station, its allocation does not change if a job joins the queue
from upstream (transition monotone policy). Pandelis [56] extended the results of Farrar
[22],]23] to the case when jobs may leave the system after completing service in the first
station and specified subsets of the state space where the optimal policy can be explicitly
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2.3. Preemptive service discipline 5

determined. The same structure of the optimal policy was obtained by Wu et al. [87] where
it was assumed that the servers have varying speeds and the processing requirements are the
same in both stations. Wu et al. [88] showed the optimality of a switching-curve policy for the
previous model with arrivals and no dedicated server in the upstream station and Pandelis
[57] extended this result to the case when jobs may not require service at the downstream
station and processing requirements are not the same in each station. Finally, Pandelis
[58] studied a model with server operating costs in addition to holding costs and identified
conditions under which the switching-curve structure of the optimal policy is preserved.
With the exception of Pandelis [56] (constrained version), a common assumption in all of
the aforementioned papers was that different servers could collaborate to work on the same
job, in which case the total service rate was equal to the sum of the individual servers
rates (fully collaborative servers). Moreover, a non-idling discipline for at least the dedicated
servers was assumed. Both of these conditions were relaxed by Pandelis [59]. For clearing
systems he showed that non-idling policies are optimal when the holding cost rate in the
upstream station is not less than the corresponding rate in the downstream station, and for
this case he provided conditions on service rates that ensure that the optimal server allocation
is characterized by a single switching curve under a non-collaborative service discipline.

With regard to nonpreemptive policies, to the best of our knowledge there is no previous
work on two-stage systems with both dedicated and flexible servers. There has been a lot of
attention to one-stage systems where a stream of jobs is served by a fast and a slow server,
which is known as the slow server problem. The optimal policy for this problem dictates
that the fast server should not idle and the slow server should be used when the number
of jobs exceeds a certain threshold. This result has been proved by Lin and Kumar [51],
Walrand [82], Stockbridge [76], Xu [90], and Koole [48]. The threshold-type property of the
optimal policy has also been shown for models with operating costs (Akgun et al. [6]) and
servers subject to failures (Ozkan and Kharoufeh [55]). For problems with more than two
servers and no arrivals, Agrawala et al. [1] proved that the optimal policy is determined
by multiple thresholds. This is still an open problem for systems with arrivals. Rosberg
and Makowski [65] showed that the aforementioned multiple threshold policy is optimal for
sufficiently small arrival rates and Weber [85] discussed the conjecture that this policy is
optimal for arbitrary arrival rates.

2.3 Preemptive service discipline

In this section we focus on systems where two servers can collaborate to work on the
same job but their combined service rate is less than the sum of their individual service
rates (partially collaborative servers). Situations like this arise when for some reason (e.g.,
servers sharing resources when collaborating) it is not possible for each server to achieve full
performance. The assumption of non-additive service rates has also been used in the work of
Ahn and Lewis [5] who studied the problem of optimal routing and flexible server allocation
to two parallel queues. In addition to partially collaborating servers (subadditive rates)
they considered the case when collaboration increases the servers’ efficiency, that is, their
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6 Preemptive service discipline

combined service rate is larger than the sum of their individual service rates (superadditive
rates). Models with non-additive rates for tandem systems with throughput maximization
as the objective were studied by Andradottir et al. [12] (subadditive rates), Andradottir et
al. [10] and Wang et al. [83] (superadditive rates). In the context of tandem systems with
dedicated servers in each station it will become evident from the analysis that the problem
with superadditive service rates is equivalent to a problem with fully collaborative servers,
so we do not consider this case.

In the following section we study clearing systems. For the case of non-idling optimal
policies we extend results from past literature by providing conditions on service rates under
which the structure of the optimal policy for fully collaborative servers is preserved under
partial collaboration. When these conditions are not satisfied we show by examples that the
optimal server allocation may not possess the same structure and in fact be quite counterin-
tuitive. When idling policies are optimal we obtain properties of the optimal policy that are
novel for any type of collaboration. Specifically, we provide an asymptotic characterization
of the optimal policy for a large number of jobs in the downstream station, and in case of
no dedicated server in one of the stations we show that the optimal allocation is determined
by a switching curve. In Section 2.3.2 we study systems with arrivals under the discounted
and average cost criteria. For systems with one dedicated server we extend to the partial
collaboration case some of the results obtained by Wu et al. [88] and Pandelis [57] for fully
collaborative servers. Furthermore, for systems with dedicated servers in both stations and
any type of collaboration, we explicitly determine the discounted cost optimal policy for a
subset of the state space.

2.3.1 Clearing systems

We study two-stage tandem queueing systems with a number of jobs initially present
and no further arrivals. After their service is completed in the upstream station (Station 1),
jobs move to the downstream station (Station 2) where they receive additional service, and
then they leave the system. Each job in station i, ¢« = 1, 2, incurs linear holding costs at rate
h;. There are dedicated servers, one for each station, that are trained to work only in their
corresponding station, and one flexible server that can work in both stations. We assume that
this server can move from station to station instantaneously without any cost. We assume
exponential service times with rates vy, v for jobs served by the dedicated server and puy, o
for jobs served by the flexible server in Station 1,2, respectively. We assume that two servers
can work simultaneously on different jobs in the same station, as well as collaborate to work
on the same job. When the collaboration takes place in Station ¢, i = 1,2, the service rate
is equal to v; + &;, where v; +&; > p; and 0 < & < p;, with equality corresponding to full
collaboration. Our objective is to find a server allocation strategy that minimizes the total
expected holding cost until the system is cleared of all jobs.

We formulate the problem as a Markov decision process with state space {(z1, x2) : 1,29 >
0}, where x;, i = 1,2, is the number of jobs in Station 4, including those in service. Starting
from state (z1,23), we denote by V(z1,x2) the minimum total expected holding cost until
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Clearing systems 7

the system empties, with V' (0,0) = 0. Instead of the continuous time problem, we study an
equivalent discrete time problem obtained by uniformization (see, e.g., [74]), where without
loss of generality we assume vy + vo + g + po + & + & = 1. Then, with A(z, z2) denoting
the set of feasible service rates in state (x, z3), we get the following optimality equation.

V(.Tl, 1’2) = hlxl + hQ.ﬁL’Q + min WP17P2 (SL’l, 1’2), (231)
(p1,p2)€A(21,22)

where
W (@1, 20) = p1V(ey — L, xo 4+ 1) + poV(z1, 20 — 1)+ (1 — p1 — p2)V (21, 22).  (2.3.2)

Note that if 21 = 0 (resp. z2 = 0), we get V(—1,29 + 1) (resp. V(z1,—1)) in (2.3.2), which
are terms that have not been formally defined. However, this is not a problem because the
only feasible rate is p; = 0 (resp. py = 0).

Before proceeding to the characterization of the optimal policy, we give preliminary
results that will be used in the proof of the main results of this section. Lemma 2.1 states
that the minimum expected cost increases with the number of jobs in the system.

Lemma 2.1. V (21, x5) is increasing in x1 and xo.

Lemma 2.2 gives an auxiliary result that will be used in comparisons that determine the
optimal server allocation.

Lemma 2.2. Suppose that A— B = G + (A — B) + (A~ — B™) + v(A" — BT), where
A, B,G,a, B,y are real numbers with o + 5 < 1 and a +~v < 1. Then, A — B and G have
the same sign.

Proof. Assume A < B. Then
A<B<0 = G=(1-a-0)(A-B)<0,
A<0<B = G=(1-a-pA-(1—a—7)B<0,
0<A<B = G=(1-a—7)(A-B)<0.

By the same reasoning A > B implies that —G < 0, and the proof is complete. O

2.3.1.1 The optimal policy

First, when one of two queues is empty of jobs, it is clear that the optimal policy allocates
the maximum possible service rate to the nonempty queue. When there is one job, the
dedicated and the flexible server work together on that job, otherwise they work on separate
jobs. Therefore,

V(1,0) = 1/1h+1§1 LV (0,1), (2.3.3)
V(z,0) = Vlhle Y V(e —1,1), 71 >1 (2.3.4)
V(0.1) = ij& +V(0,0), (2.3.5)
V(0,25) = Vj’f; S V(0,15 —1), x> 1. (2.3.6)
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8 Preemptive service discipline

We consider now the optimal allocation in the downstream station. It is reasonable to expect
that the optimal policy would allocate as much service rate as possible to Station 2 to push
jobs out of the system, thus saving holding costs. To prove this formally, we define function
g(x1,22) as

g(z1,20) = V(y, (20 — 1)) = V(21,20), 21,75 > 0.

Assuming an initial allocation pq, po for some state with x5 > 1, the incentive to allocate
additional rate p to Station 2 is equal to

Worpo (@1, 22) = Wiy poip(@1, 22) = —pg(21, 22)
by (2.3.2). This incentive is positive because of Lemma 2.1, leading to

Proposition 2.1. For given p;, W,

o100 (X1, 2) s minimized by mazximizing ps.

A consequence of Proposition 2.1 is that the optimal policy does not idle the dedicated
server in Station 2. Turning to the optimal allocation in the upstream station, the incentive
to allocate additional rate p to Station 1 is equal to pf(x1,x2), where

f(.l’l,l’g) = V(l’l,.TQ) — V(l’l — 1,1’2 —+ 1), al Z 1, ) Z O
Therefore, we obtain the following proposition.

Proposition 2.2. For given py, W,

o1.po (X1, 2) s minimized by mazimizing py if f(xq1,22) >0
and by p1 = 0 if f(x1,29) <O.

Proposition 2.2 indicates that, depending on the sign f(x1, z3), the optimal policy should
either allocate as many resources as possible to Station 1 or no resources at all. Taking
into account Proposition 2.1 as well, we conclude that the optimal policy does not idle
the dedicated servers when f(xzq,z3) > 0, whereas in the opposite case it idles the dedicated
server of Station 1 and assigns the flexible server to Station 2 to work along with its dedicated
server.

Remark 2.1. Propositions 2.1 and 2.2 hold for any form of collaboration. Then, assuming
superadditive service rates, that is, & > p;, © = 1,2, the optimal policy would always have
the flexible server collaborating with one of the dedicated servers, say server i, to work on
the same job, resulting in a total service rate of v; + &;. This is equivalent to an additive
service rate model with rates £1,&y for jobs served by the flexible server in Station 1 and 2,
respectively.

2.3.1.2 Optimality of non-idling policies

In this section we investigate the structure of optimal policies for h; > hs, which is a
necessary and sufficient condition for the optimality of non-idling policies. Intuitively, when
it is not cheaper to have jobs in Station 1 compared to Station 2, it is reasonable not to idle
resources to keep jobs upstream. The necessity of the condition is proved in the next section
(Theorem 2.6). The sufficiency is a consequence of the following lemma.
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Clearing systems 9

Lemma 2.3. Let hy > hy. Then, f(x1,29) >0 for all xz; > 1, x5 > 0.

Because idling a server cannot be optimal, the decision to be made is where to assign
the flexible server. Propositions 2.1 and 2.2 also imply that when there are at least two
jobs in the station to which the flexible server is assigned, the two servers should work on
separate jobs rather than collaborate on the same job. Therefore, taking also into account
that v; + v + py + e + & + & = 1, the optimality equations take the following form:

V(1,1) = hyi+hy+ 11V (0,2) + 1,V (1,0) + (1 + p2)V(1,1)
+min{&V(0,2) + &V (1,1),6V(1,0) + &V (1, 1)}, (2.3.7)

and for xq,x9 > 1,

V(L,22) = hi+hawo +14V(0,22 + 1) + 15V (120 — 1) + (& + 1)V (L, 22)
+min{§ V(0,20 + 1) + pu2V (1, x2), oV (1,20 — 1) + &V (1, 29) }, (2.3.8)

V(z1,1) = hazi+he +mnVi(er —1,2) + 1oV (21,0) + (& + po) V2, 1)
+min{ V(r; — 1,2) + &V (2, 1), &V (21,0) + 1 V(z1,1) ), (2.3.9)

V(ry,29) = hiwy + howy + 11 V(zy — Lz + 1) + 15V (2,22 — 1)
+(& + &)V (21, 22) + min{p V(vy — 1,22 + 1) + poV (21, 2),
MQV(I‘l, Ty — ].) + ,LL1V(ZL‘1, ZL‘Q)}, (2310)
where the first and second terms in braces correspond to the assignment of the flexible

server to the first and second station, respectively. Next, we define a set of functions that
characterize the optimal decision in each state.

d(.ﬁlfl,ﬂfg) = [,Llf(xl,l’2> + ,ugg(.l’l,l’z), I > 1, i) > O, (2311)
Ci(l, 1’2) = glf(l, 1’2) -+ ,Lézg(l, 1’2), i) > O, (2312)

CZ(.’L‘l, 1) = ,ulf(xh 1) + gzg(ﬂfl, 1), al Z 1, (2313)
d(1,1) =& (1,1) + &g(1,1). (2.3.14)

Function d(xy, z5) is derived by subtracting the first from the second term in curly brackets
in (2.3.10). Therefore, its sign determines the optimal allocation for the flexible server when
there are at least two jobs in each station: assign the server upstream if d(x, z5) > 0, and
downstream otherwise. Similarly, ci(xl, 1) is the decision function when there is one job in
the downstream station and at least two jobs upstream, J(l,xg) is the decision function
when there is one job in the upstream station and at least two jobs downstream, and d(1, 1)
is the decision function when there is one job in each station.

In the main result of this section given in Theorem 2.1 we give conditions under which
properties of the optimal policy that have been shown to hold for fully collaborative servers
also hold for partially collaborative servers. The proof of the theorem requires the following

three lemmas.
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10 Preemptive service discipline

Lemma 2.4. Let vy > py. Then
i) For xo >0,
d(]_,l‘g -+ ].) < d(]_,l‘g)
1) limg, o0 d(1, 23) = —00.
Lemma 2.5. Let vy > s and py > jo. Then
i) Forzy > 1, 19 >0,
d(xy, 29+ 1) < d(xy, z2).

ii) For xqy > 1

lim d(ﬂj‘l,ﬂfg) = —0OQ.
To—r00

Lemma 2.6. Let vy > ps and py > po. Then
i) For xo > 1,
d(2, 1’2) > 0= d(2, 1’2) > d(l, T2 + 1)

ii) For xe > 2,
d(1,20) > 0 = d(1,25) < d(2,25 — 1).

iii) For x1 > 2, x9 > 2,
d(l‘l,l‘g) >0= d([L‘l,l‘Q) < d(l‘l + 1,1‘2 — 1)

Lemmas 2.4 and 2.5 are used to prove that the optimal policy is determined by a single
switching curve, formally defined in Theorem 2.1 and Lemma 2.6 to obtain a lower bound
on its slope.

Theorem 2.1. Assume hy > ho, Vs > s, 1 > o, and partially collaborative servers.
Then, for each x1 > 1, there exists an integer t(x1) > 1 such that the optimal policy assigns
the flexible server to Station 2 (resp. 1) when xo > t(x1) (resp. xo < t(x1)). Moreover, the
slope of t(zy) is at least -1.

Proof. To prove the existence part, we first consider x; = 1. If d(1,1) < 0, then for x5 > 2
we have d(1,z5) < 0 because of d(1,1) < d(1,1) and part (i) of Lemma 2.4. Therefore, the
optimal policy assigns the flexible server to the downstream station for any number of jobs
in that station, that is, £(1) = 1. Otherwise, let m = min{z, > 2 : d(1,22) < 0}, noting
that the existence of this minimum is guaranteed by part (ii) of Lemma 2.4. Then, ¢t(1) = m
because part (i) of Lemma 2.4 implies d(1,z5) < 0 for 25 > m. For 2; > 1 the statement of
the theorem is proved similarly by using the fact that d(z;,1) < d(x,1) and Lemma 2.5.
The fact that the slope of ¢(z1) is at least -1 is a consequence of parts (ii) and (iii) of
Lemma 2.6, from which it follows that if the decision function is negative at some state

(1, x9), it is also negative at (z; — 1,29 + 1). O

As seen from its statement, we were able to prove Theorem 2.1 under conditions v > o
and f1; > pe. The first one implies that the specialist (dedicated server) in Station 2 is not
slower than the generalist (flexible) server, which is a reasonable assumption. However, this
is not the case with the second condition which seems arbitrary. An interesting question is
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Clearing systems 11

whether the two conditions are crucial for the validity of the results, or they were just needed
for the arguments of the proofs to work. To answer this question we obtained numerical
results that illustrate the structure of the optimal policy when either one or both of the
conditions are violated. For each of the three cases we created 100,000 problem instances
with randomly generated values for service and holding cost rates and computed the optimal
server allocation for each one. When only one of the conditions was violated, all of our results
were in agreement with Theorem 2.1. Moreover, we observed that the switching curve was
nondecreasing in all instances. When both conditions were violated, the optimal policy was
still determined by a unique switching curve, but we found instances with switching curves
having a portion with slope less than -1. One such instance is given in the following example.

Example 2.1. Let v; = 0.8, 3 = 0.6, & = 0.03, 5 = 0.6, pus =8, & = 7.43, hy = 16, and
hy = 1.5. When there are three jobs in each station, the optimal policy assigns the flexible
server to Station 2. However, if a job completes its service in Station 1 and joins Station 2,
then, contrary to intuition, the flexible server is transferred to Station 1 (Figure 2.1).

5 Working in Station 2

Working in Station 1

Number of jobsin Station 2

0 ! ! ! ! !
0 10 20 30 40 50 60
Number of jobsin Station 1

Figure 2.1: Switching points for the flexible server

When collaboration is not allowed in Station 1, we can prove that the optimal policy is
characterized by a single switching curve without condition py > po (Theorem 2.2). First,
we prove the following lemma.

Lemma 2.7. Let & =0, vy > py, and vy > ps. Then
i) For x5 > 0,

S we +1) < f(1,22).
ii) Forxqy > 1, 79 > 0,

d(xy, 29+ 1) < d(xq, z2).
iii) For x1 > 1

lim d(xl,a:Q) = —OQ.
To—r00
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12 Preemptive service discipline

Theorem 2.2. Assume hy > hs, 11 > 1, Vo > s, non-collaborative servers in Station 1
and partially collaborative servers in Station 2. Then

i) For x1 =1 the optimal policy assigns the flexible server to Station 2.

ii) For each x1 > 2, there exists an integer t(x1) > 1 such that the optimal policy assigns the
flexible server to Station 2 (resp. 1) when xo > t(x1) (resp. xo < t(xy)).

Proof. The first part is a direct consequence of Proposition 2.2 and Lemma 2.3. The proof
of the second part is similar to the proof of the analogous part of Theorem 2.1 and is based
on the monotonicity and asymptotic properties of decision function d(z1,z3) established in
parts (i) and (iii) of Lemma 2.7. O

A special case of interest is when there is only one dedicated server. For this case the
optimal policy is either characterized by a switching curve (as in Theorem 2.1) or it can be
explicitly determined by a cu-type rule according to which the flexible server is assigned to
the station with no dedicated server if the holding cost savings from a service completion
in that station are not less than the corresponding savings from a service completion in the
other station.

The following theorem gives properties of the optimal policy when there is no dedicated
server assigned to Station 1. Note that in this case non-idling policies are optimal for any
values of holding cost rates so condition h; > hsy is not needed.

Theorem 2.3. Assume vy = 0, vy > uo, and partially collaborative servers in Station 2.
Then

i) When py(hy — ha) < pohso, for each x1 > 1, there exists an integer t(x1) > 1 such that
the optimal policy assigns the flexible server to Station 2 (resp. 1) when xo > t(x1) (resp.
xo < t(x1)). Moreover, the slope of t(x1) is at least -1.

ii) When py(hy — hg) > ushs, the optimal policy assigns the flexible server to Station 1 for
all xt1 > 1.

As with Theorem 2.1, we conducted an extensive numerical investigation to see whether
condition vy > 9 is needed for the validity of Theorem 2.3 by examining 100,000 test cases
with 15 < po for each of the two parts of the theorem. We found the structure of the
optimal policy for all of them to be in agreement with the theorem. In addition, ¢(z;) was
nondecreasing for all cases.

When there is no dedicated server assigned to Station 2, the optimal policy is character-
ized in the following theorem.

Theorem 2.4. Assume hy > hg, v5 = 0, 1 > pe, and partially collaborative servers in
Station 1. Then

i) For each x1 > 1, there exists an integer t(x1) > 1 such that the optimal policy assigns the
flexible server to Station 2 (resp. 1) when xo > t(x1) (resp. xo < t(x1)). Moreover, the slope
of t(z1) is at least -1.

ii) When py(hy — ha) < ushs, the optimal policy assigns the flexible server to Station 2, that
is, t(x1) = 1.
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Similarly to Theorem 2.1, we used numerical experiments to examine the effect of condi-
tion py > po on the validity of Theorem 2.4. When the condition is violated, we found that
part (i) holds for p(hy — hg) > pshe. On the other hand, the cu-type rule implied by part
(ii) may not be optimal when g1 < po. This is illustrated in the following example.

Example 2.2. Letv; = 1.3, 41 = 0.9, & =0.1, uo = 7.7, hy = 11.4, and hy = 1.2, so that
p1(hy — ho) < pshs. However, there are states (e.g., x1 = 3, x9 = 1) for which the flexible
server is assigned to Station 1 (Figure 2.2).

Working in Station 2

Number of jobsin Station 2

Working in Station 1

0 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L
0 10 20 30 40 50 60
Number of jobsin Station 1

Figure 2.2: Switching points for the flexible server

When collaboration is not allowed in Station 1, we can prove that the optimal policy is
characterized by a single switching curve without condition py > po.

Theorem 2.5. Assume hy > hy, 11 > 1, vo = 0, and non-collaborative servers in Station
1. Then

i) For x1 = 1 the optimal policy assigns the flexible server to Station 2.

ii) For each x1 > 2, there exists an integer t(x1) > 1 such that the optimal policy assigns the
flexible server to Station 2 (resp. 1) when xo > t(x1) (resp. xo < t(xy)).

2.3.1.3 Optimality of idling policies

In this section we investigate the structure of optimal policies for h; < hy. When jobs in
Station 2 incur larger holding costs than jobs in Station 1, it may be optimal to keep jobs
from joining Station 2 by not assigning any resources to Station 1, that is, there exist states
(21, 22) for which f(z1,22) < 0. In the following theorem we show that this is indeed the
case.

Theorem 2.6. Assuming hy < hy, for each x1 > 1, there exists an integer t(x1) > 1 such
that f(x1,x2) <0 for xe > t(xy).
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14 Preemptive service discipline

Proof. 1t suffices to show that f(z1,xz5) is decreasing in xy for z, sufficiently large and

lim,, .o f(21,29) = —00. The proof is by induction on z;. For x5 > 1 we have
f(l,l’g—l—l) = V(1,1’2+1>—V(0,l’2+2)
< h1 + ho (2 + 1) + Wouyp, (1,22 + 1) = V(0,25 + 2)

= —ho+ (o + )V (1, 22) + (1 + 1 + & + )V (L za+ 1)
(VQ + 1)V (0,20 + 1) — (1 + 1 + & + &)V (0,20 + 2)

= —ha + (V2 + p2) f(L o) + (11 + i + & + &) f(1, 22+ 1)

— (1/2+u2) [f(L, 2o+ 1) — f(1,25)] < hy — hy <0,

which proves the result for z; = 1 and establishes the induction base. Assume that the result
holds for some x; > 1, which implies that there exists ¢(z1) such that the optimal allocation
for 9 > max(t(x1),2) is (0,5 + p2). Then, for 5 > max{t(z;) — 2,1} we can replicate the
arguments used for 1 = 1 to show that

(l/g + ,uz) [f(ﬂ?l + 1,29 + 1) — f(SL’l + 1,1’2)] <h —hy < 0,
which completes the induction and the proof. O

In the following theorem we show that when there is one job in Station 1 and the flexible
server is not faster than the dedicated server in Station 2, the optimal policy is determined
by two switching points.

Theorem 2.7. Assume hy < hs, vy > o, and xy = 1. Then, there exist integersty > t; > 1
such that the optimal policy idles the dedicated server in Station 1 when xo >ty and assigns
the flexible server to Station 2 (resp. 1) when xo >ty (resp. xo < t1).

Proof. The existence of ty follows from f(1,z5) being decreasing (see proof of Theorem
2.6). For x5 < ty we have f(x1,22) > 0 and optimality equations (2.3.7) and (2.3.8) hold.
Therefore, the optimal allocation of the flexible server depends on the sign of J(l, x3), which
is decreasing by Lemma 2.4(i), proving the existence of the lower switching point ;. O

We believe that Theorem 2.7 is also valid for more than one job in Station 1, that is,
for a fixed number of jobs in Station 1 the optimal policy is determined by two switching
points to(x1) > t1(x1) > 1. Our conjecture was verified by extensive numerical experiments
but we were able to prove it only when there is no dedicated server assigned to Station 2.
The optimal policy for this case is given in the following theorem.

Theorem 2.8. Let hy < hy and v = 0. Then

i) The optimal policy assigns the flexible server to Station 2, that is, t1(z1) = 1.

ii) For each x1 > 1, there exists an integer to(x1) > 1 such that the optimal policy idles the
dedicated server of Station 1 when x9 > to(xq). Moreover, ty(x1) is nondecreasing.

We end the section by pointing out that the results of Theorem 2.6, Theorem 2.7 (with-
out condition vy > o) and Theorem 2.8 are novel for the case of fully collaborative servers
as well.

Institutional Repository - Library & Information Centre - University of Thessaly
01/06/2024 21:10:43 EEST - 18.119.166.180



Systems with arrivals 15

2.3.2 Systems with arrivals

In this section we study the previous model with Poisson arrivals of rate A and preemp-
tions allowed at arrival times. We consider the discrete time equivalent problem by applying
uniformization with rate A+ vy +vo + p1 + ps + & + & = 1. With 8 being a discount factor,
where 0 < 8 < 1, we denote by Vyﬁﬁ(xl,:cg) and Vg(xl,@) = lim,, 0o VT?,B(SQ,@) the ex-
pected n-step discounted cost and the expected infinite horizon discounted cost, respectively,
under policy 6 starting at state (z1,25). We also define the expected average cost under 6
by,

V,ﬁ (21, m9)
—

J? (21, x5) = limsup
n—oo

Our objective is to derive structural properties of server allocation strategies that mini-
mize the expected infinite horizon discounted cost and the expected average cost.

2.3.2.1 Discounted cost

Let V,, (1, x2) be the minimum expected n-step discounted cost (with Vj g(z1, 2z2) = 0),
for which it is clear that it satisfies the following optimality equation.

Vn75($1, IL’Q) = hll‘l + hg[L‘Q + 6 min TP1702Vn—175(x1’ 1‘2), (2315)
(p1,p2)EA(21,22)

is defined by

where operator T}, ,,

Tpth(ZEl,l‘Q) = )\U(ZL‘l + 1,1‘2) + plU(l‘l — 1,1‘2 + ].)

+p2U(l‘1,l‘2 - 1)+(]_ —)\—pl —pg)U(ZL‘l,ZL‘Q). (2316)

Next, we denote by Vj(x1,22) = infyVy(z1,22) the minimum expected infinite horizon
discounted cost; Vj(x1, x2) satisfies optimality equation

Vﬁ(l‘h l‘g) = hll‘l + hgl‘g + 6 min TphmVB(l‘l, ZL‘Q), (2317)

(p1,p2)€A(z1,22)
and any stationary policy that realizes the minimum in (2.3.17) is optimal for the discounted
cost criterion (Theorem 4.1.4 in [70]). Moreover, because costs are nonnegative and the
control set is finite, the following proposition follows directly from Proposition 4.3.1 in [70].

Proposition 2.3. For0 < g <1,

Va(xy,29) = lim V,, (a1, x2).

n—o0
In the remaining of the section we will obtain properties of optimal policies for the infinite
horizon problem by first deriving properties of V,, g(z1, x2) and then using Proposition 2.3
to get similar properties for Vz(xy,x2). The following lemma establishes the monotonicity
of the value function with respect to the number of jobs in the system.

Lemma 2.8. V, g(x1, 22) is nondecreasing in x; and 5.
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16 Preemptive service discipline

Letting g, s(x1, x2) = Vo g(a1, (x2—1)") =V, 5(21, 22) and gg(x1, £2) = limy, 00 gn g(21, 22)
we get from (2.3.16) that the incentive to allocate additional service rate p to Station 2 is
equal to T}, ,,Va(1,22) — Ty potpVa(21,22) = —pgs(x1,22) > 0 by Lemma 2.8. Therefore,
Proposition 2.1 holds with W, ,, replaced with 7T}, , V3, which means that the dedicated
server in Station 2 is always kept busy under the optimal policy. The corresponding in-
centive for Station 1 is equal to T, ,,Va(1,%2) — Tpi1pp Va(z1,22) = pfs(xr, x2), where
fo(xr, x2) = lim, o0 fr (21, 22) and f, g(x1, 22) = Vi (21, 22) — Vi g(21 — 1,20+ 1), 21 > 1.
Therefore, Proposition 2.2 also holds with W, and f replaced with T, ,,V3 and fg, re-

P1,P2 P1,p2
spectively. The following is the counterpart of Lemma 2.3.

Lemma 2.9. Let hy > hy. Then, f,3(x1,22) >0 for all z; > 1, 29 > 0.

As a consequence, non-idling policies are optimal when h; > hy. In that case, to deter-
mine where the flexible server should be assigned we use decision functions d,, g, d, B d, B
and d,, 3, defined in terms of V, 5 in the same way it was done for clearing systems (Equations
(2.3.11)-(2.3.14)), with dg, ds, ds, and ds being the corresponding limits as n — co.

For the general model with dedicated servers in both stations we have derived asymptotic
properties of the optimal policy for a large number of jobs in the downstream station. They
are given in the following theorem.

Theorem 2.9. i) Assume hy > hy and py(hy — ho) — p2he < 0. Then the optimal policy as-

signs the flexible server to Station 2 for xo > Yi+1, where Y7 = min {x|ﬁm < %}

ii) Assume hy > hy and pi(hy — ha) — &he < 0. Then, if § < %, the optimal
policy assigns the flexible server to Station 2 for all xo > 1.
ii1) Assume hy < hy and define Yo = min {:L‘|ﬁx h2h2h1 } Then, the optimal policy idles the

dedicated server in Station 1 and assigns the flexible server to Station 2 for xe > Yo —1(Ys =

1).

Part (iii) is an extension of Theorem 4.2 in [64] where the model without a flexible
server is studied. It is worth noting that when the discount factor is sufficiently small
(B8 < (ha — hy)/hs), the optimal policy never serves Station 1.

For systems with no dedicated server in Station 1 the following theorem extends results
for fully collaborative servers ([88],[57]) to the case of partially collaborative servers. It is
essentially a repetition of Theorem 2.3 for clearing systems without the part on the slope of
the switching curve that determines the optimal policy.

Theorem 2.10. Assume hy > ho, vy = 0, 19 > us, and partially collaborative servers in
Station 2. Then

i) When py(hy — hg) < poha, for each x1 > 1, there exists an integer t(x1) > 1 such that
the optimal policy assigns the flexible server to Station 2 (resp. 1) when xo > t(xy) (resp.
Ty < t(x1)).

ii) When pi(hy — hg) > ughs, the optimal policy assigns the flexible server to Station 1 for
all xt1 > 1.
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For systems with no dedicated server in Station 2 we have obtained a result analogous
to part (i) of Theorem 2.8. Note that we have only managed to prove this result for fully
collaborative servers.

Theorem 2.11. Assume hy < hy, vo = 0, uy > s, and fully collaborative servers in Station
1. Then the optimal policy assigns the flexible server to Station 2 for all zo > 1.

Having shown that the flexible server should be assigned to Station 2 when there are
jobs there, our model becomes similar to the model of [64] where there is one dedicated
server in each station. The difference between the two models is that in our case the flexible
server can move to Station 1 when there are no jobs in Station 2. In [64] it was shown that
the dedicated server in Station 1 should idle if the number of jobs in Station 2 exceeds a
threshold (as in part (ii) of Theorem 2.8). We make the conjecture that this is true for our
model as well.

2.3.2.2 Average cost

Let e;, 7 = 1,2, be the policy that never idles the dedicated servers and assigns the flexible
server to Station ¢. Then, the system is stable under e; and ey if A < min{v;+pq, 15} and A <
min{w, vo+pus }, respectively. Therefore, if A < A = max {min{v; + p1, o}, min{vy, s + ps}},
there exists a stationary policy e (e; or eg) that induces an irreducible and positive recurrent
Markov chain on the state space and for all xy, x5 satisfies J¢ = J¢(x1, z5) < 0o, which also
implies that the set {(z1,x2) : hizy + howy < J€} is finite. Because of the aforementioned
conditions, Proposition 4.3 in [69] is valid, according to which a set of assumptions hold that
lead to Theorem 7.2.3 in [70], which in turn results in Proposition 2.4 that follows. First,
for some fixed state (21, z2) with Vj(z1, 22) < 00,! we define w to be a limit function if there
exists a sequence [, — 1 for which

lim [V, (21, x2) — Vp,(21, 22)] = w(zy, 22). (2.3.18)

=00

Proposition 2.4. Let A < A. Then, there exist a finite constant J and a limit function w
satisfying

J +w(wy,x9) > hixy + howo + min T

w(:pl I‘Q).
P1,P2 ’
(p1,p2)EA(z1,22)

If  1s a stationary policy realizing the minimum, T is average cost optimal with average cost
J.

It is clear from Proposition 2.4 and (2.3.18) that any properties of optimal policies under
the discounted cost criterion that have been shown to hold for every f < 1 in the previous
section are also valid for the average cost problem for A < A. Specifically, idling the dedicated
server in Station 2 is not optimal, non-idling in general is optimal for h; > hy and Theorem
2.11 holds for A < min{wy, us}.

For systems with no dedicated server in Station 1 we have not been able to prove the
existence of a switching curve as we did for the discounted cost problem in Theorem 2.10.

W5 (21, 22) < oo for every 21,22 (see, e.g., Lemma 2.1 of [64]).
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18 Non-preemptive service discipline

Proposition 2.4 and (2.3.18) indicate that the decision function is non-increasing with the
number of jobs in Station 2, but to prove that it becomes negative would require a result
analogous to part (i) of Theorem 2.9, but Y7 — oo as f§ — 1. Therefore, we have the
following characterization of the optimal policy.

Theorem 2.12. Assume hy > hy, vy =0, Vo > g, A < min{uy, 5}, and partially collabo-
rative servers in Station 2. Then

i) When py(hy — ha) < pshs, if the optimal policy assigns the flexible server to Station 2 at
state (x1,x9), it does so at state (x1,x9 + 1) as well.

ii) When pi(hy — he) > ushs, the optimal policy always assigns the flexible server to Station
1.

2.4 Non-preemptive service discipline

We assume that the flexible server is slower than each dedicated server and server collab-
oration is not allowed, that is, ; > p; and & = 0, i = 1,2. Therefore, we have a two-stage
extension of the slow server problem. Compared to the model with preemptions, this prob-
lem is more difficult to analyze because the state space has to include the servers’ state in
addition to the number of jobs in each station. To the best of our knowledge, this is the
first attempt to study the slow server problem in the context of tandem queueing systems.
We characterize the optimal policy for the fast servers and provide conjectures for the slow
server that are supported by extensive numerical experiments.

2.4.1 Clearing systems

We formulate the problem as a Markov decision process with state space (1,11, j, T2, i2),
where x1, z5 is the number of jobs waiting in Station 1 and 2 respectively, i1, 7 is the state of
the dedicated server in Station 1 and 2 (0 when idle, 1 when busy), and j is the state of the
slow server (0 when idle, 1 when working in Station 1, 2 when working in Station 2). Instead
of the continuous time problem we consider an equivalent discrete time problem obtained
by uniformization, where without loss of generality we assume vy + vo + 1 + o = 1. We
denote by V' (z1,11, J, T2, 92) the minimum expected cost starting from state (x1,11, J, T2, i2)
with server allocations pending. Then, the following optimality equation is satisfied.

V(l‘l, Z.laj) L2, 7/2) = aIlnogla W(:Ella aq, &, 'Ij27 a2)7 (241)

where a1, ay, o are possible allocations for the dedicated servers and the flexible server (tak-
ing values similarly to iy,i2,7), 2}, = o — (1l — i) — 1(j = 0, = k), k = 1,2, is the
number of jobs waiting as a result of actions ay, as, a, and W (xq, iy, j, T2, 1) is the minimum
expected cost starting from state (1,11, j, T2, i2) after decisions have been made. For j = 0,1
we have

Wy, J, T2,92) = ho(2r +i1 4 J) + ho(2a + 1) + 11V (21,0, 5, 22 + i1, 42)
+1oV (21,11, 7, 22,0) + paV(21,41, 0, 29 + 7, 42) + poV (21,41, J, 22, 12), (2.4.2)
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Clearing systems 19

for j = 2,

W(x1,i1,2,22,42) = hi(x1 +41) + ho(xg +i0 + 1) + 14V (21,0, 2, 29 + i1, 42)
+1oV (21,01, 2, 22,0) + p1V (21, 01, 2, T2, 12) + p2V (21,41, 0, o, 92), (2.4.3)
and
V(0,0,0,0,0,0) = 0. (2.4.4)

We use (2.4.1)-(2.4.4) in the following section to characterize the optimal policy regarding
the fast servers.

2.4.1.1 Optimal allocation of fast servers

First we show in Theorem 2.13 that there is no incentive to idle the dedicated server of
Station 2 because we need to push jobs out of the system as fast as possible. The proof
of the theorem requires some of the properties of the value function given in the following
lemma.

Lemma 2.10. i) V(xq,11, j, T2,12) < V(x1,41, 7, T2 + 1,19),
i) V(xy, 41, 7, 22,0) < V(x,141, 7, 22, 1),

ii1) V(x1,11, 0, 29,19) < V(x1,141,2, 29, 19),

w) V(xy, i1, j,xe — 1,1) < V(21,11 J, 2, 0),

v) V(xy,i1,0,29,1) < V(21,11,2,22,0).

Proof. See Appendix B. O
Theorem 2.13. The optimal policy does not idle the dedicated server at Station 2.

Proof. 1t suffices to prove the following properties.

W(ZEl,Z'l,j, To — 1, ].)
W (z1,i1,0,0,1)

W(IL‘l,il,j, 1'2,0), T2 Z ]_, (245)

<
S W(l’l,il,Q,0,0).

Eq. (2.4.5) implies that any policy that idles the dedicated server of Station 2 can be
improved by a policy that assigns a job to this server and keeps the allocation of the other
servers unchanged. According to (2.4.6), if there is one job at Station 2 and both the
dedicated server of Station 2 and the slow server are available, it is better to assign it the
fast rather than the slow server. Using (2.4.2) and (2.4.3) we get

W(xy, i1, j, 00 — 1,1) — W(xy, 144, J, 22, 0)
=1y [V (21,0, 4,20 — 1 +i1,1) — V(21,0, j, x5 + i1, 0)]
+1o[V (21,11, 7,22 — 1,0) — V (21, 41, j, T2, 0)]
+a[V(zr,i1, -1 # 1), 22— 1+ 1(j = 1), 1)
—V(z1,01,7 - 1(j # 1), 22 + 1(j = 1),0)]
Fuo[V (21,01, 1(j = 1), 20 — 1,1) — V(x1,41, 1(j = 1), 29, 0)], (2.4.7)
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20 Non-preemptive service discipline

and

W(x1,41,0,0,1) — W(x,141,2,0,0)
=11 [V (21,0,0,41,1) — V(21,0,2,41,0)]
+15[V (21,41,0,0,0) — V(21,141,2,0,0)]
+11 [V (21,41,0,0,1) — V(21,141,2,0,0)]

( ( )]

+M2[V ZEl,’il,0,0, ].) -V l’l,il,0,0,0 . (248)

The righthand side of (2.4.7) is non-positive because of part (i) of Lemma 2.10 (term mul-
tiplying 1) and part (iv) of Lemma 2.10 (remaining terms), proving (2.4.5). The term
multiplying po in (2.4.8) is nonnegative because of part (ii) of Lemma 2.10. Then, taking
into account that ps < 15, we get

W(l’l, il, 0, O, 1) — W(l’l, il, 2, O, 0)
S Vl[V(fL'l,0,0,'l.l, 1) - V(xlaoazailao)]
+(V2 + M1)[V($1, ila 07 07 1) - V("L‘lvilv 27 07 0)] S 07

because of part (v) of Lemma 2.10, proving (2.4.6). O

Because of Theorem 2.13 the state of the system can be written more compactly as
(1,11, J, x2), where x5 is the number of jobs in station 2 including the one assigned to the
fast server. Then, the optimality equation takes the form

V(xy,i1,7,2) = 1in W(xy, aq, o, @), (2.4.9)

ar,o

where 2} =21 — (1 —4) —1(j =0, a=1), 2, =2, —1(j =0,a =2), for j = 0,1

W(z1,i1,7,22) = hi(@r + 11+ J) + howo + 141V (21,0, j, 22 + 1)
+1V (1,41, Jy (22 — 1)) + 1V (@1, 41, 0, 20 + 5) + paV (21,41, J, 72), (2.4.10)

for j = 2,

W(Jfl, il, 2, .TQ) = h,l(l’l + 21) + hg(l’g + 1) + I/1V<SL’1, 0, 2, To + Zl)
+U2V<.§L’1, ’il, 2, (.TQ — 1)+) —+ /,61‘/(.’171, il, 2, .TQ) + MQV(SL’l, ’il, 0, 1’2), (2411)

and

V(0,0,0,0) = 0. (2.4.12)

As a consequence of the new state space definition, parts (i) and (ii) of Lemma 2.10 can be
combined to give
V(x17i17j7x2) S V<x17i17j7x2+1>- (2413)

When it is not cheaper to have jobs in Station 1 compared to Station 2, it is reasonable
that at least the fast server in Station 1 should never idle because there is no incentive to
keep jobs upstream. This is shown in Theorem 2.14, whose proof requires properties of the
value function given in the following lemma.
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Lemma 2.11. Let hy > hy. Then,

i) V(xy,i1, 7, 22) < V(xy + 1,41, J, xa),

ii) V(x1,0, 7, 20) < V(x1, 1,7, 22),

iii) V(x1,11,0,29) < V(xq,11, 1, 29),

i) V(e — 1,41, 5,20 + 1) < V(xy, 41,7, 22), o1 > 1,
v) V(21,0, 7,20+ 1) < V(x1,1, j, x9),

vi) V(x1,11,0, 29 + 1) < V(xq,41, 1, 29),

vii) V(ry — 1,1, 7, 29) < V(21,0,7,22), x1 > 1,
vigg) V(xq1,1,0,29) < V(xq,0,1, 23).

Proof. See Appendix B. O

Theorem 2.14. If hy > hy, the optimal policy does not idle the dedicated server at Station
1.

Proof. 1t suffices to prove the following properties.

W('xl - 17 17j7 x2)
W(0,1,0, 25)

W(:’:'l,o,j, .’172), X2 Z 17 (2414)
W(0,0,1,2,). (2.4.15)

VARVAN

Eq. (2.4.14) implies that any policy that idles the dedicated server of Station 1 can be
improved by a policy that assigns a job to this server and keeps the allocation of the other
servers unchanged. According to (2.4.15), if there is one job at Station 1 and both the
dedicated server of Station 1 and the slow server are available, it is better to assign it to the
fast rather than the slow server. Using (2.4.10) and (2.4.11) we get

Wiz, —1,1,4,29) — W(21,0, , z2)
=1 [V(xy — 1,05, 20+ 1) — V(21,0, J, x2)]
Fva[V(zy — 1,1, 4, (2 = 1)") = V(21,0, 4, (22 — 1)7)]
FuV(er —1,1,7-1( # 1), 22+ 1(j = 1))
—V(21,0,7-1(j # 1), 22+ 1(j = 1))]
+po[Vi(ry —1,1,1(5 = 1), 22) — V(21,0,1(j = 1), z9)], (2.4.16)

and

W(0,1,0,25) — W(0,0,1, 25)
=11[V(0,0,0,29 + 1) — V(0,0, 1, z5)]
+15[V(0,1,0, (29 — 1)) = V(0,0,1, (25 — 1)1)]
[V (0,1,0,2) — V(0,0,0, 25 + 1)]
+12[V(0,1,0,29) — V(0,0, 1, x9)]. (2.4.17)

The righthand side of (2.4.16) is non-positive because of part (iv) of Lemma 2.11 (term
multiplying v ) and part (vii) of Lemma 2.11 (remaining terms), proving (2.4.14). The term
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22 Non-preemptive service discipline

multiplying g in (2.4.17) is nonnegative because of part (v) of Lemma 2.11. Then, taking
into account that p; < vy, we get

W(0,1,0,z5) — W(0,0,1, x5)
< 1[V(0,1,0, (za — 1)*) = V(0,0,1, (22 — 1))
+(V1 + MZ)[V(Oa ]-7 Oa x2) - V(07 Oa ]-7 xQ)] S 07

because of part (viii) of Lemma 2.11, proving (2.4.15). O

We have not been able to obtain qualitative properties of the optimal allocation strategy
for the slow server and the dedicated server of Station 1 when h; < hs. In the next section
we present numerical results that illustrate the structure of the optimal policy.

2.4.1.2 Numerical investigation

When h; > hy the decision to be made is how to use the slow server. Our numerical
investigation led us to conjecture that the optimal policy has the following two-threshold
structure. For a given number of jobs in Station 1, the flexible server is assigned to Station
1, is kept idle, and assigned to Station 2 when the number of jobs in Station 2 is below the
lower threshold, between the two thresholds, and above the upper threshold, respectively.
This is illustrated in the following example.

Example 2.3. Let vy =2, 1o =4, py = 0.2, upo = 0.1, hy = 2, and hy = 1.5. Then, the
optimal allocation of the slow server is given in Figure 2.3.

60
« Serveridle : : : :
» Working in Station 1
5oi__° Working in Station 2 .
N
5
-% 40¢ -4
n
£
%]
8 30} 4
k]
o)
€ 20t =
>
p4
10¢- —5
0
0 5 10 20 25 30

15
Number of jobsin Station 1
Figure 2.3: Slow server allocation

When h; < hs it may be optimal to idle the dedicated server of Station 1. Therefore,
there are at most 6 possible allocations at a decision instant. Regarding the slow server
allocation, our conjecture on the aforementioned two-threshold structure of the optimal
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policy was verified by our numerical results, which also indicated that the threshold values
that may also depend on the state of the dedicated server of Station 1. Furthermore, when
both the dedicated server of Station 1 and the flexible server are available at a decision
instant, our numerical results indicated that it is not optimal to idle the fast server and
assign the slow server to Station 1.

A special case of interest is when the slow server is constrained to work in one of the
stations. We first consider the case when it is constrained to work downstream. In this case
Station 2 is fed by Station 1, so the problem of the optimal use of the slow server resembles
the classical slow server problem with arrivals, leading to the conjecture that the slow server
is used if the number of jobs in Station 2 exceeds a certain threshold. We further conjecture
that this threshold value in non-increasing with the number of jobs in Station 1 because the
arrival rate seen by Station 2 is increasing in the number of jobs upstream. In addition, we
believe that for a sufficiently large number of jobs in Station 1 and vy < v5 4 ps the problem
is equivalent to the classical slow server problem with arrival rate equal to 14, the service
rate of the dedicated server of Station 1. Our conjectures were verified by the combined
use of numerical experiments (two-stage systems) and the algorithm provided by Lin and
Kumar [51] for computing the threshold determining the optimal policy under the average
cost criterion for single stage systems with arrivals. The following is a relevant example with

hy > ho.

Example 2.4. Let vy = 0.82, v, = 091, uo = 0.12, hy = 3, and hy = 1. Then, the optimal
use of the slow server is determined by the switching curve given in Figure 2.4.
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15
Number of jobsin Station 1
Figure 2.4: Switching points for the slow server

When hy < hy we have a variation of the two-stage model studied by Rosberg et al. [64]
which differs from ours in that there are arrivals and no slow server. For their model they
showed that it is optimal to idle the dedicated server of Station 1 when the number of jobs
in Station 2 exceeds a threshold which is non-decreasing in the number of jobs in Station
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24 Non-preemptive service discipline

1. Our numerical results were in agreement with this property of the optimal policy. The
following example differs from the previous one in the holding cost rates. We have kept the
same service rates in order to show that the asymptotic behavior of the switching curve for
the slow server depends only on these rates.

Example 2.5. Let vy = 0.82, v = 0.91, uy = 0.12, hy = 2, and ho = 3. Then, the switching
curves that determine whether the dedicated server of Station 1 and the slow server should
be used or not are given in Figures 2.5 and 2.6.
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Figure 2.5: Shutdown points for the fast server in Station 1
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Figure 2.6: Switching points for the slow server

We now consider the case when the slow server is constrained to work in the upstream
station. When h; > hy, in which case the decision to be made is whether the slow server
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Systems with arrivals 25

should be used or not, our numerical work indicated that the optimal policy is of threshold
type. For a given number of jobs in Station 2, the slow server is used if the number of jobs
in Station 1 exceeds a threshold. It is interesting that the switching curve defined by the
threshold values may not be monotonic with respect to the number of jobs in Station 2, as
shown in the next example. Note that a similar behavior is observed in Example 2.3.

Example 2.6. Let vy = 0.11, vy, = 0.37, iy = 0.02, hy = 3, and ho = 2.5. Then, the optimal
use of the slow server is depicted in Figure 2.7.
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Figure 2.7: Slow server allocation

When h; < he our numerical work focused on decision instants at which both the dedi-
cated server of Station 1 and the slow server are available, so that a simultaneous allocation
for both servers needs to be made. We reached the conclusion that the optimal strategy is
characterized by two thresholds. For a given number of jobs in Station 1, both servers are
assigned to jobs, only the dedicated server is assigned to a job, and both servers idle when
the number of jobs in Station 2 is below the lower threshold, between the two thresholds,
and above the upper threshold, respectively. This is illustrated in the following example.

Example 2.7. Let vy = 0.11, v, = 0.37, py = 0.02, hy = 0.85, and hy = 2.5. Then, the
optimal allocation of the two servers is given in Figure 2.8.

2.4.2 Systems with arrivals

In this section we study the previous model with jobs arriving at the upstream station
according to a Poisson process with rate \. We consider the equivalent discrete time problem
obtained by uniformization, where without loss of generality we assume A+vq +vo+ 1 +po =
1. We denote by V,,(x1,11, j, Z2,12) the minimum n-step expected cost starting from state
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Figure 2.8: Slow server allocation

(21,11, j, T2, i2) before decisions have been made. Then, the following optimality equation is
satisfied.

Vn(l‘la 'L.laj) L2, 7’2) = aIlnogla Wn(xlla aq, Q, :L‘/Qa 0[2), (2418)

where a1, as, a are possible allocations for the dedicated servers and the flexible server, z,
k = 1,2, is the number of jobs waiting as a result of actions a, ag, v, and W, (1, i1, J, 2, i) is
the minimum n-step expected cost starting from state (z1, 11, j, T2, i2) after server allocations
have been finalized. With § being the discount factor, for j = 0,1 we have

Wi (1, i1, J, 22,02) = hi(wy + 41 + J) + ha(w +i2) + B [AV_1 (21 + 1,44, J, 22, 2)
+11V1(21,0, §, 22 + 11, 92) + 12V_1 (21,41, J, 22, 0)
i Vo1 (1,01, 0, 29 + Jyi2) + poVo_1(x1, 11, J, T2,42)],  (2.4.19)

for j = 2,

Wi(21,41,2,29,92) = hy(xy +141) + ho(@s +dp + 1) + B [AV_i (21 + 1,41, 2, 29, 42)
+V1Vn—1(l‘17 Oa 27 ) + 'L.la 22) + VZVn—l(xla 7:17 2a X2, O)
+M1Vn—1(x17 Z.la 27 T2, 22) + MZVn—l(xla 7:17 Oa T, Z2)] ) (2420)

and
‘/Q(I‘l,’il,j, ZL‘Q,’iQ) = 0. (2421)

We show that Theorems 2.13 and 2.14 hold for the finite horizon expected discounted cost
problem, defined by (2.4.18)-(2.4.21). Then, using the analysis for systems operating under
the preemptive service discipline (Section 2.3.2), we can show that Theorems 2.13 and 2.14
hold for the infinite horizon expected discounted cost problem and assuming stable systems,
for the expected average cost problem as well.
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To show that the optimal policy never idles the dedicated server of Station 2 (Theorem
2.13), it suffices to prove the following properties for W,,.

Wn(xlailaja Ty — 15 ]-) S Wn(xlailaja x270)a o) Z ]-7 (2422)
Wi(x1,41,0,0,1) < W,(x1,41,2,0,0). (2.4.23)
For this purpose we prove the following group of properties for both V,, and W,, (see Appendix
B).
(P1): fx,01, 4,20, 49) < 1,41, J, w2 + 1,42),
(PQ) : f(xlailajaxéao)Sf(xlailajax%l)a
(P3) f(w1,01,0,29,02) < f(21,11,2, T2, 12),
(P4) f(xlailaja To — 15 ]-) S f(xlailaja 1'2,0), X2 Z ]-7
(P5) f($1,i1,0,$2,1) S f(xlai172ax2a0)7

where f = V,, or W,,. The first three properties are monotonicity properties of the cost
functions with respect to the number of jobs in Station 2, and (2.4.22) and (2.4.23) follow
from (P4) and (P5) for W,.

To prove that the optimal policy does not idle the dedicated server of Station 1 when h; >
hs (Theorem 2.14), we first rewrite the optimality equation taking into account Theorem
2.13. We have

Vo(1,41, J, 12) = min W, (2, oy, a, ), (2.4.24)
at,a

where for j = 0,1

Wi(21,41, j,22) = ha(or +iy 4 7) + ho(22) + B [AVioi (2 + 1,41, 5, 22)
+11 Vo1 (21,0, J, m2 + i1) + 1aVi_1 (21,41, J, (2 — 1))
+M1Vn—1(l‘17 Z.la 07 To + j) + N?Vn—l(l‘la Z.laja ._'['2)] ) (2425)

for j = 2,
Wi(xy,i1,2,29) = hy(xy+i1) + ho(za+ 1)+ 5 [)\Vn—l(flh +1,41,2, 29)

+V1Vn—1(x17 07 27 ) + Zl) + VQVn—l(:L‘la Z.la 27 (:L‘Q - 1)+)
+p Vo1 (21, 14,2, 22) + poVi1 (21,41, 0, 22)] (2.4.26)

and
Vo(z1, i1, J, T2, 12) = 0. (2.4.27)

With the new state space definition properties (P1) and (P2) for V,, can be combined to give
Vn(ﬂfl,il,j, 1’2) < Vn(ﬂfl,il,j, To + 1) (2428)
For Theorem 2.14 we need to show

Wn<.§L’1 — 1, 1,j, 1’2)
Wn(07 1,0,.1’2)

Wn('r1707.j7 ‘r2)7 2 17 (2429>
W, (0,0,1,25), (2.4.30)
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whose proof requires the following group of properties for both V,, and W, (see Appendix B
for their proof).

Q

f(@ryin, gy x2) < flon + 1,01, 4, 22),
f(@1,0,4,22) < f(z1,1, J, 22),

f(z1,11,0,29) < f(x1,11, 1, 29),

(r1 — 1y, 5,20 + 1) < f(w1,01, J, 72), 71 > 1,
(

(

(

(

O O O
(S w N
-

f(21,0, 5,22 + 1) < f(x1,1, 7, 22),
f(x1,41,0, 20 + 1) < f(x1,41, 1, 29),

flxy —1,1,5,29) < f(x1,0,4,22), = > 1,
f(z1,1,0,29) < f(21,0,1,29),

O
=

N TN N N N N N N
BN =~
e N T e e N N

O
o0

where f = V,, or W,,. The first three properties are monotonicity properties of the cost
functions with respect to the number of jobs in station 1. Properties (Q4)-(Q6) indicate
that we have a cost reduction if a job is moved from station 1 to station 2. Finally, (2.4.29)
and (2.4.30) follow from (Q7) and (Q8) for W,,.

Finally, with regard to the allocation of the slow server and the dedicated server of Station
1 when hy < ho, we believe that our conjectures for clearing systems apply to systems with
arrivals as well. Our belief was verified by numerical experiments for which we used the value
iteration algorithm to determine the optimal server allocation for several problem instances.

2.5 Conclusions

We characterized optimal server allocations in two-stage tandem queueing systems with
dedicated servers in each stage and one flexible server. In the class of preemptive policies
most of our results were obtained assuming partial collaboration of servers working on the
same job. Compared to systems with fully collaborative servers studied in the past, the
assumption of partial collaboration only matters for states with one job in a station, be-
cause otherwise the optimal policy assigns the servers to different jobs. Although this is a
minor difference, it made the problem more complex and its technical analysis much more
difficult. We managed to show that under certain conditions on service rates and holding
costs properties of the optimal policy for fully collaborative systems also hold under partial
collaboration. For different cases we relied on numerical experiments. We found that the
partial collaboration assumption may alter significantly the structure of the optimal policy
resulting in policies that do not possess intuition-based properties that have been shown to
hold for fully collaborative servers. Specifically, the optimal policy may not be transition
monotone and in the case of no dedicated server in the second stage it may assign the flex-
ible server to the upstream station even when we have larger cost savings from a service
completion downstream.

We also considered a two-stage extension of the slow server problem (the flexible server
is slower than the dedicated servers). Because of the increased complexity resulting from the
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fact that preemptions are not allowed in this model we were only able to obtain properties of
the optimal allocation strategy for the fast servers. We showed that the fast server working
downstream should not idle and the one upstream should not idle in case it is more expensive
to keep jobs there. Regarding the flexible server, we had to resort to numerical experiments
in order to get insights into the structure of the optimal allocation policy. As is the case with
the single stage model, our numerical results indicated that the optimal policy is determined
by threshold values related to the number of jobs in the system. The proof of this fact could
be a topic for future research.
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Chapter 3

Newsvendor Models with Unreliable and

Backup Suppliers

3.1 Introduction

Motivated by situations where firms need to employ risk mitigation strategies in the
presence of unreliable suppliers, we study newsvendor models with risky suppliers and a
backup supplier whose capacity can be reserved at a cost. The following are the main types
of supply risks that have been considered: i) random disruptions, where either the whole order
or nothing is delivered, ii) random yield, where the delivered quantity is a random fraction of
the quantity ordered, and iii) random capacity, where the delivered quantity cannot exceed
the capacity of the supplier. A supplier’s inability to fully satisfy his customers may be
caused by unforeseen events, such as natural disasters and labor strikes, that may shut down
production facilities (random disruptions), production of defective units (random yield), and
unexpected downtime and limited availability of raw materials (random capacity). A variety
of supply risk mitigation strategies have been proposed and analyzed in the literature, such
as expanding the supplier base in order to spread the risk, investing to improve the supplier’s
reliability, and pricing the product after the supplier’s uncertainty is resolved (see detailed
literature review in the next section).

In this chapter we study models in which a reliable backup supplier is used for hedging
against supply risks. When following this strategy, a firm places an order to the primary
unreliable suppliers and buys the option to use the capacity of the backup supplier through
a reservation contract. This option may be exercised later, either after the delivery from the
primary supplier or after the demand becomes known as well. Such contracts have been used
among others for the purchase of chemicals, commodity metals, semiconductors, and electric
power (Kleindorfer and Wu [46]). The premium paid for reserving the capacity of a backup
supplier (or similarly for establishing an in-house capability) reflects the costs for adjusting
production to be able to respond to urgent requests (for example, rescheduling production,
reallocating/adding resources, giving lower priority to other customers).

We consider models with primary suppliers that are subject to random yield or random
capacity. In our base models we assume one primary unreliable supplier and a retailer facing
demand for one product. When the supply risk is due to random yield and the retailer
exercises the option to buy from the backup supplier after the demand is revealed, we also
study extensions of the base model for two primary suppliers or two products with a common
backup supplier. For all models we show that the profit function has a unique maximum,
which enables us to derive properties for the optimal order and reservation quantities. Our
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findings include conditions for the use of the backup supplier to be profitable and conditions
under which reservation is irrelevant, in the sense that the retailer eventually buys all of
the reserved quantity. For the case of random capacity we also obtain interesting insights
on the effect that various parameters of the model have on the optimal decisions of the
retailer. Finally, our theoretical results are supplemented by conjectures based on numerical
experiments.

3.2 Related literature

In this literature survey we refer to previous work that deals with various supply risk
mitigation strategies used by retailers. There are also a lot of models that deal with supplier-
retailer coordination in a game theoretic context. We do not include these models because
they are not related to our work.

Starting with random disruption models, Parlar and Perry [61] determined numerically
the optimal order policy for a model with known demand and two suppliers that are assumed
to be available for an exponentially distributed amount of time. Gurler and Parlar [32] solved
a generalized version of the previous problem with Erlang distributed availability times.
Tomlin and Wang [80] studied a newsvendor model with multiple products and unreliable
suppliers, for which they assessed the effect of the correlation of the product demands on
the optimal use of the suppliers. Tomlin [78] analyzed a multiperiod problem with two
suppliers, one subject to disruptions and one reliable, but more expensive. He showed that,
depending on the supplier’s availability and the nature of disruptions (frequent and short or
rare and long), the optimal strategy can be one of the following three: carrying inventory,
using both suppliers, and passive acceptance of the risk. In a similar problem, Dong and
Tomlin [20] examined insurance as a risk mitigation strategy complementary to the use of
a backup supplier. For a newsvendor model with two products, Tomlin [79] evaluated 12
risk mitigation strategies which are combinations of the following: using two suppliers, using
a backup supplier when needed, and product substitution. For a model with deterministic
demand and two suppliers, one reliable and one unreliable, Hu et al. [38] compared the
following two strategies: place orders to both suppliers, and give incentives to the unreliable
supplier to invest in capacity restoration. Finally, Hu and Kostamis [39] investigated a
manufacturer’s optimal ordering policy to unreliable and reliable suppliers when the market
price is affected by the manufacturer’s output.

We review random yield models next. Parlar and Wang [62] studied a single-period
model with two unreliable suppliers for both deterministic and stochastic demand. They
determined the optimal orders for deterministic demand and provided an approximate solu-
tion for stochastic demand. For a multiperiod problem with stochastic demand, Anupindi
and Akella [13] showed that the optimal ordering policy at each period is determined by
two critical values of starting inventory and it never places an order only to the more ex-
pensive supplier. Agrawal and Nahmias [2] were the first to study a model with more than
two suppliers. Assuming a fixed order cost, deterministic demand, and normally distributed
yields, they determined the optimal number of suppliers and the optimal order quantity in
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the case of identical suppliers. For the model without fixed order cost, stochastic demands,
and a given number of suppliers, Yang et al. [91] determined the optimal order quantities
using mathematical programming techniques. The supplier selection problem for various
single-period and multiperiod models was studied by Federgruen and Yang [24],[25],[26],[27],
who showed that in the absence of fixed order costs, suppliers are selected based on their
cost and the orders to those selected depend on their reliabilities. Burke et al. [16] and
Merzifonluoglou and Feng [53] showed that this insight may not hold in the case of mini-
mum order commitments and fixed order costs, respectively. Wang et al. [84] compared two
alternative risk mitigation strategies, using two suppliers and investing in the improvement
of a single supplier’s reliability. They showed that the first strategy should be preferred when
the two suppliers differ in cost, while the second one should be preferred when they differ in
reliability. Finally, Babich et al. [15] studied the effect of trade credit on supplier selection
and optimal order quantities.

With regard to random capacity models, Wang et al. [84] also evaluated the aforemen-
tioned two strategies for this case and reached opposite conclusions; the first strategy should
be preferred when the two suppliers differ in reliability, while the second one should be
preferred when they differ in cost. Wu et al. [89] studied a periodic-review system with
two suppliers, one reliable and one subject to random capacity, and they showed that the
optimal policy is determined by a quota for the unreliable supplier and a base-stock level
for the reliable one. Feng and Shi [28] considered a multiperiod model where in addition to
supply diversification, they use dynamic pricing of the product to shape the demand and
thus reduce the supply risk. Unlike most models in the literature, they showed that there
exist situations for which the exclusive use of the most expensive supplier may be optimal.
Another model with price dependent demand was studied by Li et al. [49] who also assumed
that the suppliers’ capacities are correlated. In the case of two suppliers they showed that
supplier selection is based only on their cost, but this is not necessarily true for more than
two suppliers. The same authors [50] assessed the relative effect of supply diversification
and pricing for a similar model with two suppliers, one reliable and one subject to random
capacity.

There is also research on models that do not belong to one of the three classes discussed
so far (random disruptions, random yield, random capacity). In addition to their random
yield model with two suppliers, Anupindi and Akella [13] studied a model where the whole
order is either delivered in the current time period or in the next time period. They showed
that the optimal policy is to place orders to both suppliers or only to the cheaper one.
For the same model with discrete demand, Swaminathan and Shanthikumar [77] showed by
examples that it may be optimal to order only from the more expensive supplier. Dada et
al. [19] analyzed a newsvendor model with multiple unreliable suppliers under various types
of reliability. Specifically, they considered models where the delivered quantity may depend
on the order (with random yield as a special case) or may be independent of the order (with
random capacity as a special case). They showed that cost takes precedence over reliability
in the selection of suppliers and each selected supplier’s order depends on his reliability.

The models that are analyzed in this thesis are mostly related to models that deal with
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contingency strategies that use a reliable backup supplier whose capacity has to be reserved
in advance. Kole and Bakal [47] obtained the optimal strategy for a newsvendor model with
a primary supplier that is subject to random disruptions, where the option to buy from
the backup supplier is exercised with different levels of information regarding supply and
demand. Huang and Xu [41] studied a similar model with two primary suppliers where the
backup supplier is utilized after supply becomes known. On the other hand, Saghafian and
Van Oyen [66] considered a model with one primary supplier and two products sharing the
same backup supplier. For a single-period model with deterministic demand and a supplier
that may experience both disruptions and random yield in his production, Chopra et al.
[17] studied the effect of the two types of risk on the optimal policy. Schmitt and Snyder
[68] considered the same model in a multiperiod setting and showed that the use of a single-
period approximation may significantly alter the optimal order and reservation quantities.
Similar models with stochastic demands were considered by Guo et al. [31], who investigated
numerically the effect of the two types of supply risks on the optimal decisions of the firm,
and Giri and Bardhan [30] who determined the optimal decisions when the retailer exercises
the option to buy from the backup supplier after both supply and demand are revealed.
Hou and Hu [37] studied a slightly different model where the retailer has also the option to
cover the whole demand from the backup supplier at a higher price if the initially reserved
quantity is not sufficient for that. For a single-period random yield model, He and Yang [34]
determined the optimal order quantities of a retailer that has the option to cancel part of
the order to the reliable supplier after the delivery from the risky supplier materializes. In
the case of random capacity there exist models in the literature that are related to ours in
the sense that they involve some form of capacity reservation. Jain and Silver [42] analyzed
a single-period model with a supplier having a random capacity and a retailer having the
option to ensure a minimum level of capacity by paying a premium. Serel [72] studied a
similar model in a multi-product setting. Serel [71] also studied a multiperiod model with
the buyer reserving the capacity of a primary supplier and also having the option to place
an order with a backup unreliable supplier at the beginning of each period. Finally, single-
period models with primary suppliers whose capacity could be reserved and a spot market
with possibly insufficient capacity, where the buyer could place orders after the realization
of demand, were studied by Jain and Hazra [43] (multiple primary suppliers) and Serel [73]
(price dependent demand). Note that the models with more than one supplier ([71],[43],[73])
differ from ours in that the backup supplier is the one with random capacity.

3.3 Problem formulation and preliminaries

We consider a single-period model with a retailer facing random demand X and using
two suppliers, a primary and a backup. The primary supplier is unreliable in that he delivers
an amount that is smaller than the quantity ordered by the retailer. On the other hand, the
backup supplier is perfectly reliable. At the beginning of the period the retailer places an
order of () units to the primary supplier and reserves K units with the backup supplier at
a price of ¢, per unit. We assume that the retailer pays only for the portion of the order
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delivered by the primary supplier, with purchase price ¢ per unit. In addition, after the
quantity delivered by the primary supplier is observed, he has the option to buy up to K
units from the backup supplier at a price of ¢, per unit. This option may be exercised before
or after the realization of the demand, giving rise to two different models (Model 1 and 2,
respectively). After the orders are delivered by both suppliers the retailer sells as much as
possible at a price r per unit. Unsold products are salvaged at a price h per unit and unmet
demand incurs a penalty p per unit. Our objective is to determine the order and reservation
quantities that maximize the expected profit of the retailer.

We assume that demand X is a continuous random variable with probability density
function f and differentiable cumulative distribution function F. Furthermore, we make the
following assumptions regarding the cost and revenue parameters of the problem. First, the
backup supplier is more expensive than the primary, that is, ¢, + c. > ¢, because otherwise
the problem would reduce to the classical newsvendor problem with purchase price equal to
¢, + co. Next, the benefit from the sale of one unit (revenue plus penalty saved) exceeds
the purchase cost from either supplier, that is, » +p > ¢, + ¢, so that a profit is possible.
Finally, excess inventory is sold at a lower price than its purchase price from either supplier,
that is, h < min{c, c.}. Violating this last assumption would lead to models that are either
much simpler to analyze or already studied. Specifically, if h > ¢, the retailer would order
as much as possible from the primary supplier and we would have a problem with one
decision variable, the reservation quantity. Similarly, if A > c., the retailer would buy the
whole quantity that has been reserved, making the reservation irrelevant because he would
actually have to decide how much to buy from the reliable supplier at a price of ¢, + ¢, per
unit. Thus, we would have a special case of the model with two suppliers that has been
studied by Wang et al. [84].

In the following sections we derive expressions for the objective function for Models 1
and 2 as well as some preliminary results that will be used in subsequent sections.

3.3.1 Model 1

In this model the retailer exercises the option to buy from the backup supplier before
demand is realized (see 3.1 for a graphical representation of the sequence of events for this
model). Having already received the quantity delivered by the primary supplier, the problem
of deciding how much to buy from the backup supplier is equivalent to a newsvendor problem
with starting inventory and a maximum order quantity, which is the quantity that has been
reserved with the backup supplier. It is easy to show that the optimal order quantity is such
that the total inventory is as close as possible to a target value I which is the solution of the
classical newsvendor problem with purchase price c., that is,

— +p_ce
I=F"" TTp=cCe . 3.1
('fﬂ?-h) (3.3

Therefore, the retailer makes no purchase if the delivered quantity is greater than I, exercises
his option in full if the delivered and reservation quantities are such that I cannot be reached,
and buys the quantity needed to reach I otherwise. Because the maximum quantity that
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may be bought from the backup supplier is [, it is clear that K > I cannot be optimal.
Then, with S being the delivered quantity by the primary supplier, the expected profit is

given by
(Q,K) = —¢ K —cE(S)—c.E [min{(I - 5)", K}]
+E[L(S+min{(I- 9", K})], K<I, (3.3.2)
where . N
L(z) = /[m: + h(z — 2)]f(z)dz + /[rz —p(z — 2)]f(z)dz

is the expected net revenue when the total quantity delivered by the two suppliers is equal
to z.

Note that when only the backup supplier is available (@ = 0), we get from (3.3.2) that
I1(0, K) = —(¢, + ¢co)K + L(K), which is the expected profit for the classical newsvendor
problem with purchase price ¢, 4+ c.. This is reasonable because it would not be optimal to
reserve a quantity and then not to buy the whole of it. Then, denoting this quantity by K*,

K= ! (T tf::pc_ - C‘f) , (3.3.3)

which is the well known critical ratio for the classical newsvendor problem.

we have

Figure 3.1: Sequence of events for Model 1

3.3.2 Model 2

In this model the retailer exercises the option to buy from the backup supplier after the
demand becomes known, so he buys what is needed to satisfy the demand, subject to the
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restriction imposed by the quantity having been reserved. The sequence of events for this
model is presented in Figure 3.2. If the demand is less than the delivered quantity there
is no need to buy from the backup supplier and there is a surplus. If the demand is larger
than the delivered quantity and can be covered by the backup supplier the retailer buys the
quantity needed and there is neither surplus nor shortage. Finally, if the demand is larger
than the delivered quantity but there is not enough reserved capacity to cover it, the retailer
buys the whole reserved quantity and there is a shortage. Therefore, we get the following
expression for the expected profit.

(Q,K) = —cE(S) — ¢.K + E[L(S,K)], (3.3.4)
where
L(z, k) = [re 4+ h(z — )] f(x)dx + / [—ce(x — 2) +ra] f(x)dx
+ / [—cck +r(z4+ k) —plx — 2z — k)| f(z)dz, (3.3.5)
r=z+k

is the expected net revenue if the delivered quantity from the primary supplier is z and
the reserved capacity with the backup supplier is k. Differentiating with respect to each
argument we get

oL

5, = P (c=WFE) = (p+r—c)F(z+k) (3.3.6)
Z—i = (p+r—c)[1—Fz+k)], (3.3.7)

which will be used later to get the first-order derivatives of the profit function.

3.4 Random yield

In this model the quantity delivered by the primary supplier is a random portion of the
order placed by the retailer, that is, S = QU, where U is a random variable with support on
[0,1]. For both Model 1 and 2 we determine properties of the optimal order and reservation
quantities. For Model 2 in particular we also analyze models with two primary suppliers and
two products.

3.4.1 Analysis of Model 1

We assume that random variable U is continuous with probability density function g and
differentiable cumulative distribution function G. Setting S = QU in (3.3.2) we obtain the
following detailed expressions for the profit function. For @ + K < I,

M(Q,K) = —(c +c)K — cQE(U) + E[L(QU + K)), (3.4.1)
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Figure 3.2: Sequence of events for Model 2

for | - K<Q@Q<I,

(Q,K) = —¢.K—cQEU )—ceKG< )—ce/ (I - Qu)g

B PSRRI (R ('3 B
and for Q > I,
MQ,K) = —oK —cQE(U) — c.KG (%) — e / (I = Qu)g(u)du
] s s s o (£) o (1Y
+ /1 L(Qu)g(u)du. (3.4.3)

Then, using the fact that dL/dz = r+p — (r +p — h)F(z), we get the following for the
first-order derivatives of the profit function.
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ForQ+ K <1,
g—g = (r+p—cEWU)—-(r+p—h)E[UF(QU + K)], (3.4.4)
g—g = r+p—ce—c¢—(r+p—h)E[F(QU + K)], (3.4.5)
for I - K<Q<I,
1
g—g = —cE{U)+c / ug(u)du
%
%
+ / r+p—(r+p—hF(Qu+ K)|ug(u)du, (3.4.6)
0
oIl I-K
K —¢+(r+p—c)G <T)
%
—(r+p—nh) / F(Qu+ K)g(u)du, (3.4.7)
0
and for Q) > I,
oIl 7
20 = —cE{U)+ / r+p—(r+p—h)F(Qu+ K)|ug(u)du
0
o 1
+c. | ug(u)du+ / [r+p—(r+p—h)F(Qu)]ug(u)du, (3.4.8)
CE 3
oIl I - K
K —¢ +(r+p—-c)G <T)
%
—(r+p—nh) / F(Qu+ K)g(u)du. (3.4.9)
0

In the following proposition, whose proof is given in Appendix C, we establish the con-

cavity of the expected profit function.

Proposition 3.1. II(Q, K) is jointly concave in Q, K.

Because of Proposition 3.1 the KKT conditions, 0I1/0Q < 0, Q (011/0Q) = 0, 9II/0K <
0, and K (OI1/OK) = 0, are necessary and sufficient for order and reservation quantities to

be profit maximizing. We use these conditions to obtain expressions and bounds for these

optimal quantities.
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When only the primary supplier is available (K = 0), we get from (3.3.2) II(Q,0) =
cQE(U) + E(L(QU)). Then, Proposition 3.1 implies that the optimal order quantity, de-
noted by Q*, is obtained by setting the derivative of I1(Q, 0) equal to 0, leading to

EWUFQU) ="~ g, (3.4.10)
p+r—h
When only the backup supplier is available () = 0), the optimal reservation quantity K*
is given by (3.3.3). Note also that K* < @Q* because K* < Q. and Q. < Q*, where
Q.= F(p+r—c)/(p+r—h)) is the optimal order quantity to the primary supplier
assuming he is perfectly reliable and the only one available.

It is reasonable that )* and K* are upper bounds for the optimal order and reservation
quantities when both suppliers are available. This is established in the following theorem
along with a lower bound on the total order and reservation quantity.

Theorem 3.1. Let (Q,1, K, be the optimal order and reservation quantities. Then, Q. <
Q*y Kol S K*7 and Qol + Kol Z K.

Proof. Because the profit function is concave we have 0I1/0Q < 0 for K = 0 and @ > Q*.
Taking also into account that 9?II/0KOQ < 0 (see proof of Proposition 3.1), we get that
Oll/0Q) < 0 for Q > Q* and any K. Therefore, Q,; < Q* because otherwise the KKT
conditions would not be satisfied. The proof of K, < K* uses similar arguments since
Oll/OK < 0 for @ =0 and K > K*. To prove that Q),; + K,; > K* we only need to consider
cases with (),; < K*. With this in mind we define function

fi(g) = o

= — , 0<q¢< K"
0K Q=¢,K=K*—q

Because K* < I, we use (3.4.5) to get

%:(r+p—h)E[(1—U)f(qU+K*—Q)] >0,

which combined with II(0) = 0 yields

oIl
— > 0.
0K 20

Q=Qo1,K=K*—Qo1

Therefore, K,; > K* — (),; because of the concavity of the profit function. O
The optimal policy is characterized in the next theorem.

Theorem 3.2. Let ¢, = (r+p—h) Omin{l’I/Q*}[F(I) — F(Q*u)|g(u)du. Then,

i) If ¢, > ¢,, it is optimal not to reserve any capacity from the backup supplier and order Q*

from the primary supplier.

oIl o1l =0

i) If ¢, < &, Qo1 and K, are positive and satisfy 50 = 0,5 =
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Proof. Part (i) is a consequence of the fact that the KKT conditions are satisfied by K =
0, @ = Q*. Because the KKT conditions have to be satisfied by the optimal order and
reservation quantities, for part (ii) it suffices to show that Q),; and K,; are positive. The
proof is by contradiction. Because of Theorem 3.1 we only need to consider @) < Q* and
K < K*. For Q@ =0 and K < K* we have from (3.4.4) and (3.3.3)

1
g—Q > (ce+ ¢ —c)E(U) > 0.
For K =0 and @ < Q* we have from either (3.4.5) or (3.4.7), and (3.4.10)
A >0
5 =6~ & >0

The KKT conditions are not satisfied, therefore Q = 0 and/or K = 0 cannot be optimal. [
In the following theorems we identify cases for which the area containing the optimal
solution can be further restricted.

Theorem 3.3. When Q* < I, the optimal solution satisfies Qo1 + Ko < QF.

Proof. We define function

Because @ + K = Q* < I, we use (3.4.4) to get

= (= WEUQ ~U)(@QU + k(1 - )] <0

Taking also into account that I1(0) = 0 and K,; < K* < Q* we get

oIl

Evay <0
aQ K:KOI7Q:Q*_KOI

Y

and thus Q,; < Q* — K,; because of the concavity of the profit function. O

Based on Theorems 3.1 and 3.3 we provide in Figure 3.3 a graphical representation of
the area containing the optimal solution when Q* < I. It is interesting to note that in
this case the retailer should buy the whole quantity that has been reserved with the backup
supplier. Therefore, the problem is equivalent to one of optimal ordering from two suppliers,
one subject to random yield and one perfectly reliable.

Next, we show that when the backup supplier remains more expensive than the primary
supplier even after excluding reservation costs, it is optimal for the retailer to order at least
I from the primary supplier because otherwise he would certainly have to buy some amount
from the backup supplier at a higher price.

Theorem 3.4. When c. > ¢, the optimal solution satisfies Q, > I.
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Figure 3.3: Area of the optimal solution for Q* < I

Proof. Using (3.3.1), (3.4.6) can be written as

I—

=

oIl

@:(CQ—C)E<U)+<T+p—h)

[F(I) — F(Qu+ K)]ug(u)du > 0.

O\@‘

Therefore, (0I1/0Q)|g=r > 0, which implies that Q),; > I because of the concavity of the
profit function. O

Theorems 3.1 and 3.4 imply that the optimal solution when ¢, > ¢ is located within the
circumscribed area of Figure 3.4. Note that Theorem 3.3 may not hold when ¢, > ¢, in
which case Q* > I. This can happen because the reservation cost may be arbitrarily small
resulting in the optimal reservation quantity being large enough so that @, + K, > @Q*.
This is illustrated in the following example.

Example 3.1. Let X be normally distributed with mean 100 and standard deviation 30, U
be uniformly distributed on [0,1], r = 25, p =15, h = 3, ¢, = 9.7, ¢, = 0.2, and ¢ = 9.5.
Then, Q* = 249.09, Q,1 = 137.45, and K, = 115.04, so the sum of the optimal order and
reservation quantities is larger than Q*.

Finally, for cases with ¢, < ¢ and @Q* > I the optimal order and reservation quantities
are constrained by Theorem 3.1 only (Figure 3.5), as we have not been able to obtain any
additional results limiting the area containing the optimal solution. However, a numerical
investigation that we conducted indicated that Theorem 3.3 may also hold in this case.
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Figure 3.4: Area of the optimal solution for ¢ < ¢,

Figure 3.5: Area of the optimal solution for ¢ > ¢, and Q* > [
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3.4.2 Analysis of Model 2

Unlike Model 1, the results of this model hold without the assumption that yield U is
a continuous random variable. The expected profit when the retailer orders () from the
primary supplier and reserves K from the backup supplier is given by (3.3.4) with S = QU
and takes the form

(Q,K) = —cQE(U) — ¢,K + E[L(QU, K)]. (3.4.11)

The following proposition, which establishes the concavity of the profit function, has been
proved by Giri and Bardhan [30] who studied the same model in the context of a coordination
mechanism between the supplier and the retailer.

Proposition 3.2. II(Q, K) is jointly concave in Q, K.

Because of Proposition 3.2 the KKT conditions, 0I1/0Q < 0, Q (011/0Q) = 0, 9II/0K <
0, and K (OII/OK) = 0, are necessary and sufficient for order and reservation quantities to

be profit maximizing. To derive expressions for the expected profit’s first derivatives, we use
(3.3.6)-(3.3.7) which combined with (3.4.11) yields

g_g — (ptr—EU) - (e — WE[UF(QU)]
—(p+r—c)E[UF(QU + K)], (3.4.12)
O = ety —a) 1~ B(FQU+ K)). (3.4.13)

Let @Q*, K* be the optimal order and reservation quantities when only the primary or the
backup supplier is available; Q* satisfies (3.4.10) and K* is the value of K for which Il /0K =
0 for @ = 0. Therefore, we get from (3.4.13)

K* = F! (p;:_r - — Cr) . (3.4.14)

The following theorem, which is actually a repetition of Theorem 3.1, provides bounds for
the optimal order and reservation quantities when both suppliers are available.

Theorem 3.5. Let (Q2, Ko be the optimal order and reservation quantities. Then, Qyo <
Q*y K02 S K*7 and QOZ + K02 Z K.

Proof. For any @ > Q* we have from (3.4.12) and (3.4.10)

o1l
20 <(p+r—cEU)—-(p+r—h)EUF(QU)] =0.
Similarly, for any K > K* we have from (3.4.13) and (3.4.14)
o1l «
a—K < —Cr+(p+7“—ce)[1—F(K )] = 0.
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In both cases the KKT conditions are not satisfied, so Qo < Q* and K, < K*. To prove
that Q.o+ K, > K* we argue as in the proof of Theorem 3.1. Specifically, we define function
I1(¢) in the same way and use (3.4.13) to get

— =(p+r—c)E[(1=U)f(qU + K* — ¢)] >0,

leading to Ky > K* — Qya. O
The next theorem characterizes the optimal policy.

Theorem 3.6. Let ¢, = (p+1r —c.) [l — E(F(Q*U))]. Then,

i) If ¢, > ¢,, it is optimal not to reserve any capacity from the backup supplier and order Q*
from the primary supplier.

i) If ¢, < ¢, Qo2 and Ky are positive and satisfy

(0t 1 — c)E[UFQul + K] + (6o — WEUF(@QuU)] = (0 +r — E(D).
(p4+7r—c)E[F(QuU+ Kyp) =p+1—cc — ¢,

Proof. Part (i) follows from the fact that the KKT conditions are satisfied by K = 0, Q = Q*.
As in the proof of Theorem 3.2, for part (ii) it suffices to show that Q.2 and K, are positive.
Because of Theorem 3.5 we only need to consider ) < @Q* and K < K*. For () = 0 and
K < K* we have from (3.4.12) and (3.4.14)

1
g—Q > (ce+ e —c)E(U) > 0.
For K =0 and @ < Q* we have from (3.4.13) and (3.4.10)
o1l
2 > )
K = cr—c. >0

The KKT conditions are not satisfied, therefore Q = 0 and/or K = 0 cannot be optimal. [

An incomplete form of Theorem 3.6 without the dependence of the optimal quantities
on the reservation cost has been provided by Giri and Bardhan [30]. Although it is not an
entirely novel result, we use Theorem 3.6 in the next section where we study a model with
two primary suppliers.

3.4.2.1 Two primary suppliers

In this section we consider the case of a retailer that has access to two primary suppliers.
The purchasing cost from supplier ¢, i = 1, 2, is ¢;, where ¢; < ¢, + ¢.. The yields of the two
suppliers, denoted by Uy, Us, are assumed to be independent random variables. Then, the
expected profit when the retailer orders )1, Q)2 from the primary suppliers and reserves K
with the backup supplier is given by

I(Q1, Q2 K) = —c1Q1E(U1) — Q2 E(Uz) — ¢, K + E[L(Q U1 + Q2Us, K)| . (3.4.15)

As was the case with one primary supplier, we show in the following proposition that the
profit function is concave (see Appendix C for the proof).
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Proposition 3.3. I1(Q1, Q2, K) is jointly concave in Q1,Q2, K.

Because of Proposition 3.3, the KKT conditions, 011/0Q; < 0, Q; (0I1/0Q;) = 0,i = 1,2,
OlI/OK < 0, and K (OII/OK) = 0, are necessary and sufficient for order and reservation
quantities to be profit maximizing. Using (3.3.6) and (3.3.7) we get

= (7= e)BU) ~ (e~ WEUFQU + Q)
—(p+7r—c)E[UF(QiUy + QU + K)], i=1,2, (3.4.16)
g—g = —c+(p+tr—c)[l—EF@QU +QUs + K))|. (3.4.17)

Let Q7, @5, K* be the optimal order and reservation quantities when only primary supplier
1, primary supplier 2, or the backup supplier is available. Then @7, ¢ = 1,2, satisfies

(p+7r—c)EU;)
p+r—h

EUF(Q;U;)] = ; (3.4.18)

and K* is given by (3.4.14). The following theorem generalizes Theorem 3.5 for two suppliers.

Theorem 3.7. Let Q1,, Q20, K, be the optimal order and reservation quantities. Then,
Qlo S QT; Q20 S Q;; Ko S K*; and Qlo + Q20 + Ko Z K.

Proof. Similarly to the proof of Theorem 3.5, we use (3.4.16)-(3.4.18) and (3.4.14) to show
that for any Q1 > @7, Q2 > @Q3%, and K > K*, we have Jl1/0Q); < 0, 0I1/0Q> < 0, and
OlI/OK < 0, respectively, so that Q1, < @QF, Q2 < @3, and K, < K*. To prove that
Q1o+ Q20+ K, > K* we consider cases with Q1,+ Q2 < K*. For0 <¢< K*and 0 <t <1

we define function
~ oIl

Mg,t) = 57 (3.4.19)

Q1=qt,Q2=(K*—q)t, K=(1-t)K*

We have I1(g, 0) = 0 and from (3.4.17)

o1l
il —(p+r——co)E{[qU1 + (K* — q)Uy — K™]

SflatUy + (K* = @)tUy + (1 — ) K*]} > 0,

because 0 < ¢ < K* and U;,U; < 1. Therefore, l:[(q,t) > 0 for every 0 < ¢ < K* and
0 <t <1, which for t = (Q1, + Q2)/K* and ¢ = Q1,K*/(Q1, + @Q2) yields

oIl

— >0
K |,

1=Q10,Q2=Q20, K=K*—Q1,— Q20

I

which implies that K, > K* — (1, — ()2, because of the concavity of the profit function. [

For the problem with no backup supplier it is known that it is optimal to place an order
to at least the cheaper supplier. We show in the following lemma that ordering from at least
the cheaper supplier remains optimal when there is a backup supplier as well.

Lemma 3.1. Assuming that c; > co, Q2 = 0 cannot be optimal.
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Proof. The proof is by contradiction. Assuming that it is optimal not to place an order to
the cheaper supplier, Theorem 3.6 implies that the KKT conditions for )1, K are satisfied
by Q10, K, such that

(p +r— Cl>E(U1) = (p +r— Ce)E [UIF(QIOUI -+ KO)] —+ (Ce — h)E [Ulp(Q10U1>]
> E(UN){(p+71—c) E[F(QioUr + K,)| + (ce — h)E[F(Q1,U1)]},

where the inequality follows from the fact that U; and F(Q1,U;) are positively correlated
random variables. Therefore,

(p4+7r—co) E[F(Q1.U1 + K,)] + (ce — h)E [F(Q1oUh)] <p+71 —c1. (3.4.20)

Setting now Q1 = Q1,, @2 = 0, and K = K, in (3.4.16) and taking into account the fact
that Uy, U, are independent and (3.4.20) we get

oIl
@ = E(UQ) {p +r—c — (p +r — Ce)E [F<Q10U1 + KO)]
2
—(ce = M) E[F(QioUh)]} > E(Uz)(c1 — ¢2) >0,
so the KKT condition is not satisfied. O

Let Qq, K9, be the optimal order and reservation quantities when only regular supplier
2 is available and ¢, < ¢1 = (p+ 71 —¢c.) [l — E(F(Q5Us))]. Then, according to Theorem
3.6, Q9 and Ko, are positive and satisfy

(p+71 — ce)E U2 F(QupUsz + Kap))
+(Ce - h)E [UQF(QQ(,UQ)] = (p +7r— CQ)E(UQ), (3421)
(p+7—c)E[F(QuUs + Kop)] = p+7 — e — ¢y (3.4.22)

Next, let Q1,Q-> be the optimal order quantities when there is no backup supplier and

ca<c<cnyn=p+r—(p+r—hE[F(Q;U)]. Then, we can show by a straightforward

application of the KKT conditions that ; and Q- are positive and satisfy
(p+r—c)EU)

E [U;F(QiUy + QoUs)] = prramy w2 (3.4.23)

Note that similar expressions have been derived by Parlar and Wang [62] for a model where
the retailer pays the primary suppliers for the whole quantities ordered.

Finally, we define two more critical values for ¢; and ¢,. For ¢, < ¢,q we let ¢1o = ¢, +
e —(ce—h)E [F(QuUs)] and for ¢ < ¢11 we let ¢, = (p+r—c.) [1 — E(F(Q1U1 4+ Q2U2))].
Then, taking also into account Lemma 3.1, the optimal ordering and reservation quantities
are given in the following theorem.

Theorem 3.8. Let ¢; > ¢y, Then,
i) If ¢1 > ¢11 and ¢, > ¢pq, we have Q1, = K, = 0 and Qq, = Q5.
i) If ¢, < ¢1 and 1 > c12, we have Q1, = 0, Qap = Qop, and K, = K.
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iii) If ¢1 < ¢11 and ¢, > ¢po, we have K, =0, Q1, = Q1, and Qo = Q-.
iv) Otherwise, Q1,, Q20, and K, are positive and satisfy

(P41 — o) E[UiF(QuoUr + QaoUs + K,)]
+(Ce — h)E [UiF(ngUl + QQOUQ)] == (p +r— CZ)E(UZ), 7= ]_, 2,
(p+71 —co) E[F(QioUr + QaoUs + Kp) | =p+1 — e — ;.

Proof. For parts (i)-(iii) it is straightforward to verify the KKT conditions. For part (iv),
which implies that the optimal order and reservation quantities satisfy 0I1/0Q; = 0, i =
1,2, and OII/OK = 0, it suffices to show that @, and K, are positive. We do that by
contradiction. Assume first that 1, = K, = 0, in which case Q2, = 5. Then, we get
0ll/0Q, = E(Uy)(c11—c1) and OII/OK = ¢,1 —c¢,, which violate the KKT conditions because
¢1 < c1p and/or ¢, < ¢.1. Next, if we assume that @1, = 0 and K, > 0, it is necessary that
Cr < Cp1, Qoo = Qop, and K, = Ky, for the KKT conditions to be satisfied. However, in that
case we get 0I1/0Q1 = E(Uy)(c12 — ¢1) > 0. We are also led to a contradiction if we assume
that @1, > 0 and K, = 0, in which case we get JIl/OK = ¢,9 — ¢, > 0. O

We end this section with a discussion on the critical values for ¢; and ¢,. If for certain
values of the problem parameters it is optimal not to place an order to supplier 1, it is
reasonable that this would be also the case if the reservation cost decreases. Therefore, we
make the conjecture that ci9 is increasing with ¢, and c¢;5 < ¢17 for ¢, < ¢,;. Based on a
similar reasoning, we also make the conjecture that c,s is increasing with ¢; and c.o < ¢
for ¢; < c¢q1. In Figure 3.6 we present a partition of the c;-c, space resulting from the
optimal policy, where each region corresponds to the use or not of supplier 1 and the backup
supplier. This particular partition was obtained with r = 30, h = 3, p = 20, ¢ = 10,
ce =13, X ~ N(100,30), and U ~ U(0, 1).

—cr2
—cl2
200 —cn1 -
cil Qlo=K0=0
Q10>0 and Ko=0
15~ =
B
=]
®
>
S 10 B
Q10>0 and Ko>0 Q10=0 and Ko>0
5- |
0 ! ! ! ! ! ! ! ! !
10 12 14 16 18 20 22 24 26 28 30

cl1 values

Figure 3.6: Optimal use of supplier 1 and backup supplier
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3.4.2.2 Two products

In this section we consider a model with a retailer selling two products. There is one
primary supplier for each product and a backup supplier that can supply both products.
The retailer places orders to the primary suppliers and reserves a quantity with the backup
supplier. After the demands of the two products become known the retailer has the right to
buy any quantity of each product provided that the total does not exceed the quantity that
has been reserved. We assume that the demands of the two products, denoted by X, Xs,
are independent continuous random variables with probability density functions f;(z) and
cumulative distribution functions Fj(z), i = 1,2, and the two suppliers have independent
yields Uy, Uy. We let ¢;, 14, pi, hi, cei, © = 1,2, be the purchase cost from the primary supplier,
the retail price, the shortage cost, the salvage price, and the purchase cost from the backup
supplier for product i. We denote by L;(z, k), i = 1,2, the expected net revenue from product
1 if the delivered quantity from the primary supplier is z and the available reserved capacity
of the backup supplier is k. Then, as in (3.3.5), we have

Li(z, k) = / [rix + hi(z — )] fi(x)dz + / [—Cei(z — 2) + 7] fi(z)dx
+ / [—ceik +ri(z + k) — pi(x — 2 — k)] fi(x)dz. (3.4.24)
r=z+k

If the demands of both products exceed the delivered quantities from the primary suppliers,
a decision has to be made on how the reserved capacity should be split between the two
products. It is easy to see that priority should be given to the product for which the profit
from a unit sale is larger, that is, first satisfy the demand of product i = arg max;— o(p; +
r; — Cej). Without loss of generality we assume that p; + 11 — c.1 > p2 + 72 — Ce2, S0 that
product 1 has priority in the use of the backup supplier. Then, the expected profit when the
retailer orders )1, ()o from the primary suppliers and reserves K with the backup supplier
is given by

(Q1,Q2, K) = —c1Q1E(Uy) — c2Q2E(Us) — ¢, K 4 1 (Q1, K) + [(Q1, Q2, K), (3.4.25)

where I1;, ¢ = 1,2, is the expected profit from product ¢ after the purchase and reservation
costs have been paid. Note that II; does not depend on ()5 because the delivered quantity of
product 2, which depends on ()2, does not affect the amount of the reserved capacity used
to satisfy the demand of product 1. Therefore,

I(Q1, K) = E[Li(QU1, K)]. (3.4.26)

The available reserved capacity for product 2 is K if the demand of product 1 is fully satisfied
by its primary supplier (X; < Q1U;), K — (X7 —Q1U)) if the demand of product 1 is partially
satisfied and the reserved capacity is enough to cover it (Q1U; < X7 < Q1U; + K), and 0 if
the delivered quantity from the primary supplier together with the total reserved capacity
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are not enough to satisfy the demand of product 1 (X; > Q1U; + K). Therefore,

(Q1, Q2, K) = E[F1(Q1U1)La(Q2Us, K))

QUI+K

+ E / LQ(QQUQ,K—I‘+Q1U1)f1(I‘)dI‘
=Q1U1
+ E(1— (U + K))Ly(Q2Us,0)] . (3.4.27)

The concavity of the profit function is established in the following proposition (for the proof
see Appendix C).

Proposition 3.4. I1(Q1, Q2, K) is jointly concave in Qq,Qa, K.

Because of Proposition 3.4, the KKT conditions, 011/0Q; < 0, Q; (011/0Q;) = 0,1 = 1,2,
OlI/OK < 0, and K (0II/OK) = 0, are necessary and sufficient for order and reservation
quantities to be profit maximizing. Adjusting (3.3.6) and (3.3.7) to the case of two products,
we get from (3.4.25)-(3.4.27)

Sor = (b= )W) (e — h)E [UF(QuU)

—(p1+ 71— ca) E[ULFL1(Q1UL + K)] — (p2 + 12 — Cea)

x F [UlFl(QlUl) — U Fy(Q U, + K) + U J(Uy, Ug)] , (3.4.28)
5o, = (e c)B(Us) — (b2 + 2 — BB [U2Fa(QaU)

—(pz +ry — CEQ)E [UQFl(QlUl)FQ(QQUQ + K)

Uy FL QUL + K)Ey(QoUs) + Us J(Uy, Us)] | (3.4.29)
g—g = —¢+(pr+r—ca){l = E[F(QU1 + K)]} — (p2 + 72 — Ce2)

XE[—F1(QiU; + K) + Fy(Q1U1) Fy(QUs + K) + J(Up, Us)],  (3.4.30)

where —
J(UL, Us) = / Fo(QuUs + K — 2 + QU1 f1(z)dx. (3.4.31)
Q1U1

Let Q7, Q35 be the optimal order quantities with no backup supplier and K* be the optimal
reservation quantity with no primary suppliers. Then QF, i = 1,2, satisfy (3.4.18) and K*
can be obtained from (0I1/0K)|g,~g,—0 = 0, leading to

p+ri—ca—c¢ = (p+r—ca)Fi(KY)
K*
—(p2 + 72— Cea) | F1(K") — /Fz(K* —x)fi(x)dz| . (3.4.32)

0

The following theorem is a repetition of Theorem 3.7 for two suppliers and its proof follows
similar steps.
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Theorem 3.9. Let Q1,, Q20, K, be the optimal order and reservation quantities. Then,
Qlo S QT; Q20 S Q;; Ko S K*; and Qlo + Q20 + Ko Z K.

Proof. We prove that Q1, < Q%, Q2, < @3, and K, < K* by showing that for any Q; > @1,
Q2 > @3, and K > K* we have 0I1/0Q; < 0, 0l1/0Q); < 0, and OII/OK < 0, respectively.
From (3.4.28) and (3.4.29) we get

8]8(2(’31121 = —[m+r—ca) = (p2+72— )| E[U1 [1(Q1U1 + K]
—(p2+ 712 — ) B [Ulfl(QlUl + K)Fy(QyUs) + Uy J (U, UQ)] 7
3]8(2(‘31122 = —(p2tr2—ca)E [U2F1(Q1U1)f2(Q2U2 + K) + Uy J (U, UQ)] ,
where I
J(Uy, Us) = / J2(QoUs + K — x + QiUy) f1(2)dw.
Q11

Therefore, 0°11/(0K0Q;) < 0, i = 1,2. We also have 9*11/0Q? < 0 by the concavity of
the profit function. Taking also into account that 0II/0Q; = 0 for Q; = QF, K = 0 and
any value of Q);, j # i, we conclude that 0I1/0Q; < 0 for any (); > @F. Similarly, we get
OIl/OK < 0 for K > K* because 0II/0K =0 for K = K* and Q; = Q, = 0, °II/0K?* < 0,
and 0*I1/(0Q;0K) < 0, i = 1,2. To prove that Q, + Q2, + K, > K* it suffices to show that
OI1/dt > 0, where function I1(q, t) is defined in (3.4.19). With Q; = ¢t, Q; = (K* —¢)t, and
K = (1 —t)K*, we get from (3.4.30)

68—1;[ = —[(pr+r—ca)—(p2+712—ce2)] (qUy — K*)E [fl(@lUl + Rv)}

—(p2 4+ 12 — Ce2)(qUr — K*)E [fl(Q1U1 + K)Fz(@ﬂ]z)}

—(p2+ 12 —ce) (K" —q)U2 — K*| E [Fl(QlUl)fz(QzUz + f()]

—(p2 + 12 — ce2) (K" — q)Us — K™ — qU,]
Q1UL+K

x F / f2<©2U2+[~(—SL’+©1U1)f1<SL’)dSL’ Z O,
Q101

because 0 < ¢ < K* and Uy, U, < 1. I

We show in the following lemma that it is optimal to place a positive order to the primary
supplier for product 1, which is reasonable because otherwise the demand for product 1 would
have to be satisfied by the more expensive backup supplier.

Lemma 3.2. ()1 = 0 cannot be optimal.

Proof. Setting )y = 0 in (3.4.28) and (3.4.30) and taking into account that Uy, U, are
independent we get

1 oIl oIl
BOgag, Pt atag e bitn-ca) (3.4.33)
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Assume that Q1 = 0 is optimal and let )5, and K, be the optimal order quantity for product
2 and the optimal reservation quantity, respectively. Then, depending on whether K, > 0
or K, =0, the KKT conditions imply that for Qs = Qs,, K = K,, 0II/0K is either equal
to 0 or —¢, + p1 + r1 — ce1. Therefore, we get from (3.4.33)

1 oIl n n
A =C 17 C1 —CLOI'Py =71 — Cy,y
E(Ul) o Q1=0,Q2=Q2,,K=Ko
which is positive in both cases, leading to a contradiction. O

Regarding the optimal order to the primary supplier of product 2 and the optimal reser-
vation quantity, it is clear that they cannot be both zero because in such a case there would
be no supply source for product 2. Next, we define critical values for ¢, and ¢, that determine
whether the backup supplier should be used and whether an order should be placed to the
primary supplier of product 2, respectively. We have

& = (p1+r—ca){l - E[F(Q1U1)]}
+(p2 + 12 — o) E[F1(Q1U1) {1 — E[F(Q505)]},
Co = po+ry— (P2t 12— o) E[F1(QupUn) | Fao(K1p)
QU1+ K1p
—(p2 + 12 —Ccea) B / Fy (K — x4 Qulh) fi(z)dx

QU1

where @)1y, K1, are the optimal order and reservation quantities when there is no regular
supplier for product 2. It is clear that both are positive and they are obtained from (3.4.28)
and (3.4.30) as the solution of JI1/0Q; = 0, JII/OK = 0 with Q)3 = 0. Then, the optimal

order and reservation quantities are given in the following theorem.

Theorem 3.10. i) If ¢, > ¢, we have K, =0, Q1, = QF, and Qs, = Q5.

i) If co > ¢, we have Q1o = Qup, Q20 = 0, and K, = K.

iii) Otherwise, Q1,, Q2, and K, are positive and satisfy O11/0Q; =0, i = 1,2, and Ol1 /0K =
0.

Proof. For parts (i) and (ii) it is straightforward to verify the KKT conditions. For part
(i) it suffices to show that @y, and K, are positive. Assuming that @2, = 0, it is necessary
that @1, = Q1 and K, = Ky, for the KKT conditions to be satisfied. However, in that case
we get OI1/0Qy = E(Us)(éa — ¢2) > 0, violating the KKT conditions. We are also led to a
contradiction if we assume that K, = 0, in which case we get OII/0K = ¢, — ¢, > 0. O

According to part (ii) of the theorem, it may be optimal not to place an order to the
primary supplier of product 2. This is surprising because the demand of product 2 would
have to be exclusively satisfied by the more expensive backup supplier. To further elaborate
on this matter we obtain two alternative expressions for ¢,. First, ¢, can be written more
compactly as

QuUi+Kyy,
Gy = Cea+ (P2+ 12— Cen)E |1 — / Fy(Kw + (QuUi — x)7) fi(x)dx
0
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Second, using (0I1/0K)|g,=q,,.0.=0,k=k,, = 0, ¢2 can also be written as

Co=0CrFcCat [(p2+712—Ce2) = (p1+ 71— car)] {1 — E[F1(QuUs + K|},

so we get from the two expressions that c.o < ¢é2 < ¢, 4+ ceo. The second inequality ensures
that there exist feasible values of ¢y (¢2 < ¢3 < ¢, + ceg) for which no order is placed to
the primary supplier of product 2, whereas the first inequality indicates that this may only
happen if the primary supplier is more expensive than the backup supplier after excluding
reservation costs. It seems that when c.o is significantly smaller than c,, it is preferable for
the retailer to buy product 2 from the backup supplier after the demand for the high priority
product 1 has been satisfied from the reserved quantity. Such a situation is illustrated in
the following example.

Example 3.2. Let X; be normally distributed with mean 100 and standard deviation 30, Xo
be normally distributed with mean 8 and standard deviation 2, Uy, Us be uniformly distributed
on [0,1], 11 =42, p1 =32, ¢1 =12, hy =3, ceg = 13, 19 = 20, po = 9, hy = 2, o = 10.5,
and ¢, = 9. Then, for co > 15.2 the retailer should not place an order to the primary supplier
of product 2.

3.4.3 Comparison of Models 1 and 2

For a certain range of the reservation cost we can show that when the option to buy
from the backup supplier can be exercised after the demand becomes known (Model 2), it is
optimal to order less from the primary supplier and reserve more with the backup supplier
compared to Model 1. To prove this we need to compare the critical reservation costs that
determine whether the backup supplier should be used or not.

Lemma 3.3. The critical reservation cost is larger for Model 2.

Proof. The critical reservation costs can be written in the following forms.

- min{1,1/Q°}
& = (p+r—c) / (1 - F}%;“L)) guw)dul (3.4.34)

1

&G = (p+r—c) / (1-F(Q"u))g(u)du| . (3.4.35)

0

Then, ¢ < ¢, follows from (3.4.34) and (3.4.35) because F'(I) < 1 implies that the integrand
in (3.4.34) is smaller than the integrand in (3.4.35). O
Using Lemma 3.3 we get the following comparison of the optimal order and reservation

quantities for the two models.

Theorem 3.11. For ¢, > ¢, we have K,y > Ky and Qp > Qoo.

Proof. For ¢, > ¢, the theorem is satisfied with equalities because K,; = K, = 0 and
Qo = Q2 = QF. For ¢, < ¢, < ¢ we have K,y =0 and Q,; = Q*. For Model 2, we have
Qo2 < Q* and K,y > 0 from Theorems (3.5) and (3.6), respectively. O
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3.5 Random capacity

In this model the primary supplier may not deliver the whole quantity ordered by the re-
tailer because of insufficient capacity. Therefore, the delivered quantity is equal to min{Y, @},
where Y is a random variable denoting the supplier’s capacity. We assume that Y is contin-
uous with probability density function g and differentiable cumulative distribution function
G. We also let Y be the maximum capacity of the supplier.

For the problem with only an unreliable supplier with capacity of infinite support (Y =
oo) Ciarallo et al. [18] showed that the optimal order quantity, which we denote by @., is not
affected by the uncertain capacity of the supplier, that is, (). is the optimal order quantity
for the classical newsvendor problem given by F(Q.) = (r+p—c)/(r+p—h). For the case
with a reliable supplier the optimality of ). follows from the concavity of the expected profit
function. When the supplier is unreliable the profit function is no longer concave but it does
have a unique maximum as it is increasing for () < (). and decreasing for () > @).. When
the capacity has finite support (Y < oo0), in which case we do not consider order quantities
larger than the maximum capacity, the aforementioned monotonicity properties of the profit
function imply that the maximum is achieved by Q = min{Q.,Y}.

In the following sections we show that under certain conditions @ is the optimal order
quantity for the model with a backup supplier as well. For these cases the optimal reservation
quantity is determined independently, using the fact that the profit function is concave in K.
In any other case we show that the profit function, which is apparently not jointly concave in
@ and K, has a unique maximum and we determine the optimal solution by using first-order
conditions.

3.5.1 Analysis of Model 1

Considering order quantities that do not exceed the supplier’s maximum capacity (Q <
Y), we set S = min{Y,Q} in (3.3.2) to obtain the following detailed expressions for the
profit function. For Q < min{l — K,Y},

Q
(Q,K) = —(c+c)K+ /[L(y + K) — cylg(y)dy
+L(Q + K) — Q] [1 = G(Q)], (3.5.1)
for [ — K <Q <min{l,Y},
MQK) = ~ak+ [ [Lly+K) ey~ cKlg(y)dy

+ILI) = Q — (I = Q)] [1 = G(Q)], (3.5.2)
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and for I <Q <Y,

I-K

NQ.K) = —cK+ / Ly + K) — ey — cK]g(y)dy

0
1

[ 1) ==t = gty
Yo
n / L(y) — cylgw)dy + [L(Q) — Q1 - G(@Q)].  (353)

1

When only the back up supplier is available (@ = 0), the optimal reservation quantity is
given by (3.3.3). Denoting this optimal reservation quantity by K for this model and using
the fact that dL/dz = r+p — (r + p — h)F(z), we get the following for the first-order
derivatives of the profit function.

For Q < min{l — K,Y},

g_g = (r+p-h)[F(Q) - FQ+ K)|[1-GQ)], (3.5.4)
T = tp— WP ~ EIF(S + K], (3.5.5)
for I — K < Q <min{l,Y},
o1l
5o~ = ol -G (350
for I <Q<Y, o
a0 = TP = NIF@Q) - FQI1L-GQ) (3.5.7)
andfor | - K <Q <Y,
2_[13 =—G+(r+p—h) / Fy + K)] g(y)dy. (3.5.8)

Having derived first-order conditions (3.5.5) and (3.5.8) we can show that we may further
restrict the search for the optimal reservation quantity in the set K < K, i.e., we only need
to consider values that are smaller than the optimal quantity ordered when the reliable
supplier is the only one available. To see this, let K > K.. Then, from (3.5.5) we get
Oll/OK < 0, and from (3.5.8), (3.3.1) and (3.3.3)

I-Ka

Il
oK < +(r+p—nh) / (Ke)]g(y)dy

= —¢[1-G(I - Kcl) ] <0.
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In the remainder of the section we derive expressions for the optimal order and reservation
quantities, denoted by @),; and K, respectively. It turned out that these expressions depend
on which supplier is more expensive (excluding reservation costs), so we present the two cases
separately.

Case 1: ¢, > c. In this case, for any quantity having been reserved, there is no incentive for

the retailer to order less from the primary supplier in anticipation of buying from the backup
supplier at a lower price. Therefore, the availability of the backup supplier does not affect
the optimal order to the primary supplier. This is stated formally in the following theorem.

Theorem 3.12. Q,; = Q.

Proof. Because FI(Q+ K) < F(I) in (3.5.4) and ¢. > ¢, which implies F'(I) < F(Q.), we get
from (3.5.4) and (3.5.6) that (911/0Q) > 0 for Q < min{/,Y} and any K. Therefore, when
Y < I, the optimal order quantity is Y, which is equal to @ because I < Q.. Taking also
into account (3.5.7) we see that the same is true when I < 'Y < Q. because (9I1/0Q) > 0 for
any @ < Y. Finally, when Q. <Y, we have (9I1/0Q) > 0 for Q < Q. (with equality only if
ce = ¢, in which case Q. = I) and (9I1/0Q) < 0 for @ such that Q. < Q < Y. Therefore,
Q. is the optimal order quantity, which is equal to Q. O

Theorem 3.12 implies that the optimal reservation quantity is given by K,; = arg max{II(K)},
where II(K) = II(Q, K); TI(K) is concave, which is a consequence the following lemma.

Lemma 3.4. TI(Q, K) is concave in K.

Proof. Differentiating (3.5.5) and (3.5.8) we get the following. For Q < min{l — K, Y},

0?11
and for | - K <Q <Y,
aZH I-K

s = (o1 [ I+ Kyl

Therefore, 9*I1/0K? < 0 for any Q <Y and K < K., which combined with the fact that
Oll/OK is continuous (the expressions in (3.5.5) and (3.5.8) are identical for K = I — Q),
proves that the profit function is concave with respect to its second argument. O

Taking into account Lemma 3.4 we derive expressions for the optimal reservation quantity
in the following two theorems. Note that different expressions are obtained for Y > I and
Y < I

Theorem 3.13. ForY > 1, let ¢,y = (r +p— h) fOI[F(I) — F(y)]g(y)dy. Then,
i) If ¢, > ¢p1, it is optimal not to reserve any capacity from the backup supplier.
ii) If ¢, < ¢, Ko satisfies fOFK‘”[F(I) — Fly+ Ka)lg(y)dy=c./(r+p—h).

Institutional Repository - Library & Information Centre - University of Thessaly
01/06/2024 21:10:43 EEST - 18.119.166.180



Analysis of Model 1 57

Proof. In this case we have Q) > I because Q. > I and Y > I. Therefore, df[/dK is
given by the righthand side of (3.5.8) and the result follows from II(K’) being concave and
(dI1/dK)|k—o < 0 for ¢, > 1. O

Theorem 3.14. For Y < I, let ¢;o = (r +p — R)[F(I) — E[F(Y + I = Y)]] and ¢,3 =
(r+p—~h)F)— E[F(Y)]]. Then,

i) If ¢, > ¢35, it is optimal not to reserve any capacity from the backup supplier.

i) If ¢ < ¢ < 3, Ko1 satisfies E[F(Y + K1) = F(K.).

iii) If ¢, < ¢y, Ko1 satisfies fOI_K"l[F([) — Fly+ Ka)lg(y)dy = ¢, /(r+p—h).

Proof. In this case we have Y < I < @Q., so that Q = Y. Then, df[/dK is equal to
the righthand side of (3.5.5) (with S = min{Y,Y} = Y) and (3.5.8) for K < [ — Y and
K > I —Y, respectively, and the result follows from II(K) being concave, (dI1/dK)|x—o < 0
for ¢, > ¢,3, and (dl:[/dK)\K:I_y <0 for ¢, > cy9. O

Case 2: ¢, < c. When it is cheaper to buy from the backup supplier, the sum of the

optimal order and reservation quantity is equal to the solution of the classical newsvendor
problem, unless it is restricted by the maximum capacity of the primary supplier. In other
words, a portion of the order that would have been placed with the primary supplier if he was
the only one available, is reserved with the backup supplier. This is shown in the following
Lemma.

Lemma 3.5. Let Q*(K) be the optimal order quantity to the primary supplier assuming
a quantity of K has been reserved with the backup supplier. Then, for K < K., we have

Q*(K) = min{Q. — K,Y}.

Proof. Note first that ). < I because ¢, < c¢. Then, for fixed K, we get from (3.5.6)
and (3.5.7) that (0I1/0Q) < 0 for Q > I — K, if applicable, that is, if ¥ > [ — K.
Therefore, Q*(K) < min{/ — K, Y}, which means that it can be determined from (3.5.4).
Because K, < Q., for K < K, we have (911/0Q)|g=0 > 0. Then, when Q. < Y, we
have Q*(K) = Q. — K because we see from (3.5.4) that the profit function is increasing for
Q < Q. — K and decreasing for Q. — K < Q <min{/ — K,Y}. When Y < Q., we use the
same argument to get that Q*(K) =Y for K < Q.—Y and Q*(K) = Q.— K otherwise. [

As a result of Lemma 3.5 we end up with an one-variable optimization problem be-
cause the optimal reservation quantity is given by K, = argmax{II(K)}, where II(K) =
I(min{Q. — K,Y}, K). Moreover, II(K) is concave, a fact established in the following
lemma.

Lemma 3.6. II(K) is concave.

Proof. f Y < Q. and K < Q. — Y we get from (3.5.5)

dan - on

T Ak, e WP — BR K, (3.5.9)
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because S = min{Y, Y} =Y. In any other case (3.5.5) yields

dal  on

AT =(r+p—»h)[F(K4)— E[F(min{Y,Q. — K} + K)]]. (3.5.10)

Q=Q.—K
Differentiating (3.5.9) and (3.5.10) we get

min{Q.—K,Y}

= (rtp—h) /’ Fy + K)g(y)dy.

d?11
dK?

Therefore, d*II/dK? < 0 for any K < K.;. The proof is completed by noting that dII/dK
is continuous (the expressions in (3.5.9) and (3.5.10) are identical for K = Q. —Y). O

In the following theorems we derive expressions for the optimal reservation quantity based
on Lemma 3.6, and the optimal order to the primary supplier is then computed according
to Lemma 3.5.

Theorem 3.15. ForY > Q., let ¢,y = c—co+ (r+p—h) [ [F(Q.) — F(y)lg(y)dy. Then,
7') [f Cr 2 Cr4, K, = O; and Qol = Qc-

“) If Cr < Crq, Kol satisﬁes fo chOl[F(QC) - F(y + Kol)]g(y)dy = (Cr + e — C)/(’I" + p— h)
and le = Qc — Kol-

Proof. WhenY > Q,, dIl/dK is given by (3.5.10), which after some straightforward algebra
takes the form

_ Qc.—K
dll

Eocme—atrp=b [ IF@)- P+ Klal)dy

Then, the result follows from II(K) being concave and (dI1/dK)|x—o <0 for ¢, > ¢,y. O

Theorem 3.16. For Y < Q., let c,5 = (r+p— h)[F(I) — E[F(Y + Q. — Y)]] and c,6 =
(r+p—"h)[F(I)— E[F(Y)]]. Then,

i) If ¢, > o, Koy =0 and Qo =Y.

i) If c,5 < ¢, < Crg, Ko satisfies E[F(Y + K,1)] = F(Ka) and Qo =Y .

iii) If ¢ < cp5, Koy satisfies | RUR(Q.) = Fly+ Ko)g(w)dy = (¢, +co —¢)/(r+p— h)
and Qo1 = Qc — Ko

Proof. For K < Q. — Y, dlI/dK is given by (3.5.9), which can be also written as

dIl
Then, the result follows from from II(K) being concave, (dI1/dK)|x—o < 0 for ¢, > ¢y, and
(dI1/dK)|f—g.-v < 0 for ¢, > ¢,5. O
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3.5.2 Analysis of Model 2
Setting S = min{Y, Q} in (3.3.4) we get for Q <Y

Q Y
I(Q, K) :—CTKJr/[L(y,K)—cy dy+/ (Q, K) — cQlg(y)dy. (3.5.11)

0

Using (3.5.11) and (3.3.6)-(3.3.7) we obtain the first-order derivatives of the profit func-
tion. We have

S0~ AQK)1- G (35.12)
where
AQK) = (r+p ) — (e~ WF(Q) ~ (r +p— 6)P(Q + K), (35.13)
and 911
= TEp— G (r+p—c)E[F(S+ K)]. (3.5.14)

It is easy to see that 9?II/0K? < 0, implying that the profit function is concave in its second
argument. Then, the optimal reservation quantity when only the backup supplier is available
is the solution of (0II/0K) = 0 with S = 0. Denoting this quantity by K. we have

Ky—=F (Tiizc_”c_cé’) , (3.5.15)

and (3.5.14) can be written as

oIl
0K

implying that 0T1/0K < 0 for K > K. Therefore, as was the case with Model 1, the optimal
reservation quantity is bounded above by the optimal quantity reserved in the absence of a

=(r+p—c)[F(Ko)— E[F(S+ K)]], (3.5.16)

primary, unreliable supplier.

Because the profit function is not jointly concave in its arguments, we obtain the charac-
terization of the optimal solution by studying the equivalent problem of maximizing profit
function TI(K) = TI(Q*(K), K), K < K., where Q*(K) is defined as in Lemma 3.5 and is
determined from (3.5.12). Note that A(Q, K) is decreasing in (). Therefore, if 0II/0Q < 0
for some Q = Q, we have Oll/0Q) < 0 for all @ such that Q < Q < Y. This implies
that for fixed K, I1(Q, K) has a unique maximum. Furthermore, for K < K. we get from
(3.5.12), (3.5.13) and (3.5.15) that (911/0Q)|g=0 > ¢» + c. — ¢ > 0. Therefore, Q*(K) =Y
if A(Y,K) >0, and otherwise it is obtained by setting the derivative in (3.5.12) equal to 0,
that is, Q*(K) satisfies

(ce —F(Q(K)+(r+p—c)F(Q(K)+ K)=r+p—c. (3.5.17)

Then, taking also into account that A(Q, K') is non-increasing in K, we get the following
characterization of the optimal order given the reservation quantity.
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Lemma 3.7. i) If A(Y,0) <0, Q*(K) satisfies (3.5.17) for all K < K.

i) If AY, Ke) >0, Q*(K) =Y for all K < K.

iii) If A(Y,0) >0 and A(Y, K») <0, Q*(K) =Y for K < K, and Q*(K) satisfies (3.5.17)
for K < K < K., where K, is such that A(Y, K;) = 0.

In summary, Lemma 3.7 states that there exists K, such that Q*(K) =Y for K < K,
and Q*(K) satisfies (3.5.17) for K > Ky (K2 =0, K9, K; in cases (i),(ii),(iii), respectively).

We use this in the following lemma, where we prove the concavity of TI(K).

Lemma 3.8. II(K) is concave.
Proof. We have

an _ on L oI d@*(K) _ o1
dK 0K |g_qx) Qlgegr) B Ko gux)

(3.5.18)

because dQ*/dK = dY /dK = 0 for K < K, and (911/0Q)|g—g+x) = 0 for K > K. For
K < K, in which case Q*(K) =Y, we have d?II/dK? < 0 because II(Q, K) is concave in
K. For K > K5 we set Q = Q*(K) in (3.5.14) and differentiate it to get

- %

o = —rp—c) | [ 1w+ Ky
+ {1 + fg} FQ + K)1—GQ))] (3.5.19)

where we have dropped the dependence of Q* on K for notational convenience. Differenti-
ating now both sides of (3.5.17) we get

L (c. = (@)
A~ lec= W@+ (r+p— ) [(Q+ K)

which combined with (3.5.19) yields d?[1/dK? < 0 for K > K, as well. Because F is
continuous, it is easy to see from (3.5.17) that Q*(K) is also continuous. Then, the continuity
of dI1/dK follows from (3.5.18) and (3.5.14), completing the proof. O

1 >0, (3.5.20)

Having established by Lemma 3.8 that the profit function has a unique maximum, in the
next two theorems we derive expressions for the optimal order and reservation quantities,
denoted by (),o and Ko, respectively.

Theorem 3.17. ForY > Q,, let ¢,7 = (r+p —c.) [1 — E[F(min{Y,Q.})]]. Then,
i) If ¢, > 7, Koo =0 and Qun = Q..
i) If ¢, < ¢7, Qoa and Kyy satisfy A(Qoa, Ko2) = 0 and E[F(min{Y, Qua} + Kp2)|] = F(K2).

Proof. When Y > Q., we have from (3.5.13) that A(Y,0) < 0, which implies that Q*(K) is
given by (3.5.17) (part (i) of Lemma 3.7). In particular, Q*(0) = Q. so that
dIl
dK

_on

~ 0K
K=0 Q:QC7K:0

= —Cp + Cp7.
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Then, (dI1/dK)|x—o < 0 for ¢, > ¢,7 and part (i) follows from Lemma 3.8. On the other hand,
(dI1/dK)|g—o > 0 for ¢, < ¢,7, so (dlI/dK)|g-k,, = 0. Then, noting that Q*(K.2) = Qos,
part (ii) follows from (3.5.17), (3.5.18) and (3.5.16). O

Theorem 3.18. For Y < Q., let ¢,s = (r+p—c)[l — E[F(Y))] and ¢, = (r +p —
ce)[1 = E[F(Y + K)||1[A(Y, K.5) < 0], where K, satisfies A(Y, K1) = 0 when A(Y, Ke) <
0. Then,

i) If ¢, > cog, Koo =0 and Qoo =Y

i) If crg < ¢ < Cpg, Koo satisfies E[F(Y + Ky)] = F(Ke) and Qo =Y

iii) If ¢, < cro, Qoo and Ko satisfy A(Qo2, Ko2) = 0 and E[F(min{Y, Qua}+ Kp2)|] = F(K).

Proof. When Y < @Q,, we have from (3.5.13) that A(Y,0) > 0, which implies that Q*(0) =
Y. Then, the proof of part (i) is identical to that of part (i) of Theorem 3.17 with Q,
replaced by Y. When ¢, < ¢,5, we have (df[/ dK)| k=0 > 0 and consequently K, satisfies
E[F(S + Ky)] = F(Kxs). When A(Y, Ke) < 0, in which case K; > 0, we have K, < K
if (dll/dK)|x—r, < 0 and K, > K, otherwise. Then, parts (ii) and (iii) follow from part
(iii) of Lemma 3.7 and the fact that (dI1/dK)|x—x, < 0 if ¢, > ¢r9. When A(Y, Ku) > 0
we have ¢,9 = 0 and part (ii) is a consequence of part (ii) of Lemma 3.7 (part (iii) is not
applicable). O

3.5.3 Comparison of Models 1 and 2

In this section we compare the optimal order and reservation quantities for the two
models. For a certain range of the reservation cost we show that when the option to buy
from the backup supplier can be exercised after the demand becomes known (Model 2), it is
optimal to order less from the primary supplier and reserve more with the backup supplier.
To prove this we need to compare the critical reservation costs that determine whether the
backup supplier should be used or not. To facilitate this comparison we obtain appropriate
forms for the aforementioned critical values, denoted by ¢,.; and ¢, for Model 1 and 2,
respectively. We have

min{7,Q}
in = (rtp—c)Gmin{l,Q}) — (r+p—h) / Fly)g(y)dy

+(c—ce)" [1 = G(min{l,Q})], (3.5.21)

Q
by = (r+p—c)GQ) — (r+p—c) /F
0

(r+p—clc—h) -

1-G ) 3.5.22

A - 6(Q)] (3522

It is easy to verify that ¢,; reduces to c,1, ¢ 3, ¢4, and c,.¢ for the special cases of Model 1,
and ¢,9 to ¢,7 and ¢,g for Model 2.

In the following lemma we show that for Model 2 the backup supplier is used for a larger

range of reservation cost values.
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Lemma 3.9. ¢, < Gpa.

Proof. If ¢, < ¢, in which case I > Q. > Q, we get

. . (r+p—c)(ce—h)
Cr2 Cr1 = T+p—h

9
[1-G(@Q) /F y)dy > 0.
0

If ¢, > ¢, we have I < Q.. Then, if Y < I, which implies that min{/,Q} = Q =Y, we get
Gy — ¢ = (ce — R)E[F(Y)] > 0. On the other hand, if Y > I, we have min{I,Q} = I and

Q
b= n > (r+p—c)[G(Q) - G = (r+p—c.) /F

= (r+p-—-ce) (y)dy > 0,

\@\

completing the proof. O

The main result of the section is given in the following theorem.

Theorem 3.19. For ¢, > ¢,1 we have K,y > Ky and Q1 > Que.

Proof. For ¢, > ¢,5 the theorem is satisfied with equalities because K, = K, = 0 and
Qo1 = Qo2 = Q. For &1 < ¢, < &9 we have K,; = 0 and Q,; = Q. For Model 2, when
Q*(K) is given by (3.5.17), we get from (3.5.20) that dQ*/dK < 0, which combined with
Theorems 3.17 and 3.18 yields Qo < Q. U

Although we were not able to prove it, we believe that Theorem 3.19 holds in general.
Our conjecture was supported by several numerical experiments with ¢, < ¢,1.

3.5.4 Effect of model parameters

In this section we discuss the effect of the cost and revenue parameters on the optimal
order and reservation quantities. It can be shown that the optimal quantity associated with
each supplier is decreasing with its cost and increasing with the cost of the other supplier.
We omit the proof of this intuitive fact and focus on the effect of the rest of the parameters,
r, p, and h, for which less intuitive results were obtained. First note that we do not need
to consider r and p separately because the optimal solution depends on v = r + p. It is
reasonable to expect that increasing values of v and h would give the retailer an incentive to
order and reserve larger quantities because he would benefit more from their sale or salvage.
Although this is true for the total quantity ordered and reserved, we have identified cases
for which not both quantities are increasing, which is somewhat counterintuitive.

We present our results in the following sections, separately for each model. We restrict
attention to probability distributions for which the maximum capacity is at least equal to
the maximum demand, denoted by X, which we believe is a realistic assumption. In this
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case we have Y > min{/,Q.} and Y > Q. for Model 1 and 2, respectively, for any values
of the problem parameters and the optimal solution is given by Theorems 3.12, 3.13, 3.15
and 3.17. We chose not to include the analysis for Y < X because it is more complicated
(Theorems 3.16 and 3.18 may also determine the optimal solution) and does not add any
new insights.

3.5.4.1 Model 1

We start by proving a monotonicity property for the critical value of the reservation cost
that determines whether the backup supplier should be used or not.

Lemma 3.10. ¢, is nondecreasing in v and h.

Proof. Assuming Y > min{/, Q.} we have from (3.5.21)

min{l,Q.}
&= (c—co)t + (v —h) / [F(min{l, Q.}) — F(y)]g(y)dy. (3.5.23)

Then, letting J = min{/, Q.} we get

J

J
061 B OF(J)
ot = [1F0) - F@law)dy + (0 ) / S gy,
0
oc / / OF(J)
Cr1 o N
oh / Ngtuddy + (v / on I
0 0
Both of the above are nonnegative because OF(J)/dv = (max{c,c.} — h)/(v — h)? and
F(J)/oh = (v —max{c,c.})/(v —h)> = F(J)/(v—h). O

From (3.5.23) we get ¢, < v — ¢, 80 limy e e, &1 < ¢p. It is also easy to show that
lim, ,o ¢;1 = oo. Therefore, there exists v,; such that ¢, > ¢, for v > v,. Letting
Hyy = limy,minge,c.) Gr1, We have ¢,1 < ¢, for all b < ¢, ¢, if H.; < ¢,. Otherwise, there exists
h,1 such that ¢.; > ¢, for h > h,;. In the following two theorems we obtain monotonicity
properties for Q1 and K, with respect to v and h for v € [v,1,00) and h € [h,1, min{c, c.}),
respectively. In any other case we have ),y = (., which is increasing in v and h, and
K, =0.

Theorem 3.20. If c. > ¢, Q.1 and K, are increasing in v and h.

Proof. The monotonicity property for ), follows from the fact that @, = Q. (Theorem

3.12). Turning to K,;, we have from Theorem 3.13 that K, satisfies (v — h) OlfK"l [F(I)—

F(y + Ko)lg(y)dy = c¢,.. Differentiating both sides with respect to v and h and using
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OF(I)/0v = (1 = F(I))/(v = h) and OF(I)/0h = F(I)/(v — h) we get

I-Ko1
8KO OF(I
~( / fly+ Ka)g(y)dy = (v — h) &(])G(I—Kgl)
0
I—Ko1 I-Ko1
’ / Fly+Kolg / F(y+ Ko)lg(y)dy >0,  (3.5.24)
0 0
OK e OF(I)
ol N _ ortl) B
=) [ Kag)dy = 0 - 76U - Ko
0
I-Ko1 I—-Ko1
- [ 0P+ Klady = [ P+ Kagdy >0, (3525
0 0
completing the proof. O

Theorem 3.21. For ¢, < ¢ we have
i) K, is increasing in v and h,
i) Qo1 is decreasing in v if f is nondecreasing, and increasing in h if f is nonincreasing.

Proof. According to Theorem 3.15, K, satisfies (v—h) [ K"l [F(Q.)—F(y+K,)]g(y)dy =
¢, +c.—c, so that (3.5.24) and (3.5.25) hold with I replaced with @.., which proves part (i). To

prove part (ii), we use Qo1 = Q. — Ko1, f(Q:)(0Q./0v) = 0F(Q.)/0v = (1-F(Q.))/(v—nh),
f(Q)(0Q./0h) = OF(Q.)/0h = F(Q.)/(v — h), and (3.5.24) and (3.5.25) with Q. instead

of I to get
Qo1
8@01 o fo o f(y + Kol)g(y)dy
2o (o~ h) / Flo+ Koy = [1 = FQuIE—2
Qo1
- [1- P+ Koo, (3.5.26)
Qo1
8Qol o fo o f(y + Kol>g<y)dy
Sl w=n) [ o+ Kty = PQ)ETE
Qo1
- / F(y + Ko)g(y)dy. (3.5.27)

0

Noting that y + K,; < Q. for 0 < y < @1, it is easy to see that the righthand side of
(3.5.26) is negative if f is nondecreasing and the righthand side of (3.5.27) is positive if f is
nonincreasing. 0

We end the section with the outcome of a numerical study on the behavior of the optimal
order quantity to the primary supplier when the assumptions in part (ii) of Theorem 3.21
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are relaxed. Specifically, we examined the dependence of (),; on v (resp. h) for several ex-
amples with demand that follows a triangular distribution with decreasing (resp. increasing)
probability density function. In all of these examples (), exhibited the monotonic behavior
described in the theorem. Table 3.1 summarizes the findings of this section.

Table 3.1: Effect of model parameters on optimal order and reservation quantities

Parameters @, K,
c?t L1
CesCr T T
rpt Lot
nt tot

3.5.4.2 Model 2

As with Model 1, we first show that the critical value of the reservation cost varies
monotonically with v and h.

Lemma 3.11. ¢,5 is increasing in v and decreasing in h.

Proof. For Y > Q. we have from (3.5.22)

Qc
e == (=) 1= [ Flg)dy— FQL- 60| (3.5.28)
which yields
. Qe
22— 1 [ gty - F@JI - Q)
(v -9 i)
(v—rce)(c—h)
S R
c—h V— Ce
- - o)) >0,
06w IF(Q.)
0h - _('U - Ce) oh [1 - G(Qc)]
= FQIN - GQI] <.

where we have used the expressions derived in the proof of Lemma 3.10 for 0F(Q.)/0v and

OF(Qc)/0h. O

Institutional Repository - Library & Information Centre - University of Thessaly
01/06/2024 21:10:43 EEST - 18.119.166.180



66 Random capacity

From (3.5.28) we get €0 < v — ¢, and lim,_,o, ¢2 = 00, so that there exists v, such that
Cro > ¢, for v > vo. With H,o denoting the value of ¢, for h = 0, we have ¢,o < ¢, for all
h < ¢, c. if H.y < ¢.. Otherwise, there exists h,o < min{c, c.} such that ¢.o > ¢, for h < ho.
In the following theorem we obtain monotonicity properties for Q),2 and K, with respect to
v and h for v € [v,9,00) and h € [0, h,2), respectively. In any other case we have Qe = Q.,
which is increasing in v and h, and K, = 0.

Theorem 3.22. i) K,y is increasing in v and nonincreasing in h.
i) Q2 18 monincreasing in v if f is nondecreasing, and increasing in h.

Proof. Differentiating with respect to v and h both sides of the equations that determine
the optimal order and reservation quantities (part (ii) of Theorem 3.17) we get

[0Qo2 ] _F(Q )

oh . 02
c || = I (3.5.29)
L Oh L

C . % _ 1_F<Q02+Ko2> ]

s (v = c) 7M1 = E[F(min{Y, Qo2 } + Ko2)]

(3.5.30)

where

(U o Ce)f(@(ﬁ + Ko?) + (Ce - h)f(Qo?) (U - Ce)f(Qo2 =+ Ko2)
f(QoQ + Ko?)[]- - G(QOZ)] E [f(mln{YVv QOQ} + KOQ)]

C = ] . (3.5.31)

Solving the linear systems of two equations with two unknowns defined by (3.5.29)-(3.5.31)
we get 0K ,0/0h = Ap/A, 0Qun/0h = By/A, 0Kyn/0v = A,/A, and 0Qun/0v = B,/A,
where

Qo2
A = (0—c)f(Qu+ Kn) / Fy+ Koa)g(y)dy

+(Ce - h)f (QOQ) E [f(mln{Y, QOQ} + KOQ)] )
Ah = _F(QOQ)f(QOQ + Ko2)[1 - G(Qo2)]7
Bh = F<Q02>E [f(mm{Y, Q02} + Ko2>] )

Av = Ef}e—_cielif(Q(ﬁ)[l - E[F(mln{y7 Qo?} =+ Ko2)]
Qo2
HQat Ka) [ 1= Fly+ Kallg(w)dy,
BU = [1 - F(Q02 + KOZ)]E [f(mln{Y7 QOZ} + KOZ)]

—f(Qo2 + Ko2)[1 — E[F(min{Y, Qo2 } + Ko2)].

It is easy to see that A, By, and A, are strictly positive. On the other hand, A, and B, are
equal to zero if Qo + K,o > X. Otherwise, Ay is negative and if f is nondecreasing, B, is
also negative. O
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Finally, we conducted a numerical investigation assuming that demand is triangularly
distributed with decreasing pdf, and thus relaxing the assumption in part (ii) of Theorem
3.22. In all the problem instances we considered we observed that (),» was decreasing in v.
The results of this section are summarized in Table 3.2.

Table 3.2: Effect of model parameters on optimal order and reservation quantities

Parameters @, K,

ct U
Ce,Cr T T4
rp T U
h 1 T4

3.6 Conclusions

In this chapter we studied a special class of newsvendor models with two types of sup-
pliers: primary suppliers who are subject to random yield or random capacity and a reliable
supplier who can be used as backup after the delivery from primary suppliers and before or
after the demand becomes known as well, provided that his capacity has been reserved in
advance. We derived expressions for the order and reservation quantities that maximize the
expected profit of the retailer, from which we obtained several interesting insights. One such
insight had to do with situations where reservation is irrelevant in the sense that it is certain
that all of the reserved quantity will be eventually bought. This may happen when the
option to buy from the backup supplier is exercised before the demand becomes known and
the backup supplier is cheaper than the primary supplier after excluding reservation costs.
Another rather surprising fact is that increased sales and salvage prices do not necessarily
result in higher order and reservation quantities. Finally, as a natural continuation of this
work, we propose the study of multi-period models as a topic for future research.
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Appendix A

Proof of Lemma 2.1

First, we show V(xy,x9) > V(z1,29 — 1) for 1 > 0, x5 > 1. We use induction on z;.
For z; = 0, the result follows from (2.3.5) and (2.3.6). For x; > 1, if (0, p}) is the optimal
allocation at (x1,z3), we have from (2.3.1) and (2.3.2)

h h
V(ZL‘l,l‘Q) — V(ZL‘l,l‘Q — 1) = M > 0.
P2
Otherwise, (2.3.1) yields
V(xy, x0)—V (21, 29—1) = ho+ min Wy po(@1, 22) — min Wy po(@1, 29—1).

(p1,p2)EA(21,22) (p1,p2)€A(z1,22—1)

Let (pf, p3) = argmin,, po)eA(er,z2) Woi,po (T1, ¥2). Then, because (p7,0) € A(zy, 22 — 1), we
have
V1, x9) — V(vr, 02 — 1) 2> ho + Wy ps (21, 22) — Wpe o(1, 22 — 1),
which combined with (2.3.2) leads to
ho+pi [V(zg — 1L,xe + 1) = V(zg — 1, 29)]
p1tps
where the last inequality follows from the induction hypothesis.

We now show that V(zy,29) > V(xy — 1,29) for 1 > 1, x5 > 0. The proof is by
induction on xy. The induction base is established by noting that for all z; > 1 we have
V(z1,0) > V(zy — 1,1) > V(21 — 1,0), where the first inequality follows from (2.3.3) and
(2.3.4) and the second from the monotonicity of the value function with respect to its second

V(l’l,ﬂfg) — V(l’l, To — 1) >

> 0,

argument. For xzo > 1, if (pf,0) is the optimal allocation at (x1,x2), we have
hixy + heox
Vi(zy, z2) = Vi(ey — Lag) > V(ry,x0) = V(ey — Lo+ 1) = % > 0. (A.1)
1
Otherwise,
V(wy, m2) = V(v — 1,22) > hy + Wir e (w1, 02) — Wo s (21 — 1, 22),
where (p}, p5) = arg ming,, p.)eA(@,,z2) Wor,po (1, ¥2). Applying (2.3.2) we get
(P14 p3) [V(wy, 22) = Vi(er — Lag)] = M
+p1 V(e — Lzo+ 1) = V(g — 1, x0)] + p5 [V(1, 20 — 1) = V(21 — 1,29 — 1)],

which is positive because of the monotonicity of the value function with respect to x, and
the induction hypothesis.
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Proof of Lemma 2.3

The proof is by induction on z and is similar to that of Lemma 2.1. For x5 = 0, the
result follows from (2.3.3) and (2.3.4). For x5 > 1, if (p},0) is the optimal allocation at
(x1,22), f(z1,22) > 0 by (A.1). Otherwise,

flz1,20) = V(xg,x0) = V(zy —Liazg+1) > hy —he + Wor ps (21, 29) — Wo,pg(ffl —1,z3+1)
= h1 —ha+ p5f(x1, 02 — 1) + (1 = p} — p5) f (21, 22),

where (pf, p3) = argmin ,, p)cA(er,22) Wpi,ps (21, Z2) and the last equality follows from (2.3.2).
Then f(x1,25) > 0 because hy > hy and f(x1, 22 — 1) > 0 (induction hypothesis).

Proof of Lemma 2.4

We start by deriving a recursive equation for J(l,xg), o > 0. To do that we use
optimality equations (2.3.3) and (2.3.5)-(2.3.8) and, where applicable, identities min(a,b) =
a+ (b—a)” and min(a,b) =b— (b—a)™ for the first and second terms, respectively, of the
differences appearing in the definition of f(1,z5) and g(1,x2). We get

d(1,0) = &(h = ho) + & (e + E)V(0,1) + (va + i + po + &)d(1,0),  (A.2)
d(1,1) = & (hy — hg) — pohy 4 15d(1,0) + p1d(1,1) + v1129(0, 2)

+&& f(1,1) + pag(1,1) + &d(1,1)7 + pad(1, 1), (A.3)
d(1,20) = & (hy — ho) — pohy + vad(1, 20 — 1) + (1 + &)d(1, 25)
+vp29(0, 20 + 1) + fld(l,m)* + ugcz(l, xo)t

o [d(1,1) (g = 2) +d(1, 20 — 1) 1(zy > 2)|, 22>2. (A4)

For xo > 2 we get from (2.3.6) that ¢(0,x2) = —hoxo/(u2 + ) and consequently

ho
po + 1o

9(0,29) — (0,29 + 1) = (A.5)

To prove d(1,0) > d(1,1) we consider two cases for d(1,1). When d(1,1) < 0 we get from
(A.3)

d(1,1) = &(hy — ha) = paha + 12d(1,0) + (1 + p2)d(1, 1) + v11159(0, 2)
+&i(& — ) f(1,1) + &d(1,1)
< &l = ha) = paha + vad(1,0) + (1 + p2)d(1, 1) (A.6)

because ¢(0,2) < 0, ps > &, f(1,1) >0 and d(1,1) < 0. Then (A.2) and (A.6) yield

d(1,0) = d(1,1) > M2l Gl + VO + £(1,0)
| | L= piy = po

because d(1,0) = & f(1,0) > 0. When d(1,1) > 0, substituting d(1,1)* = d(1,1) =
E1f(1,1) + &g(1,1) in (A.3) we get

Ci(la 1) = &i(hy — hg) — pghy + VQCZ(L 0) + (g1 + po + SZ)J(]w 1) + v1p29(0, 2),

>0
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which combined with (A.2) gives

Next we show d(1,1) > d(1,2). Using d(1,1) = d(1,1)” +d(1,1)" in (A.3) we get

d(1,1) = &(hy —hy) = paha + 12d(1,0) + (1 + &)d(1, 1) + v11129(0, 2)

+M2d(1a ]-) + glj(la 1)7 - MZJ(L 1)7 (A7)
We consider two cases for d(1,1). Assume first that d(1,1) < 0. Because d(1,1) < d(1,1)
and d(1,1)" =0, we get from (A.7) and (A.4)

d(1,1) —d(1,2) > 1d(1,0) + (12 — 1a)d(1,1) + (111 + &) [J(1,1)_CZ(1,2)}

s [9(0,2) = 9(0,3)] + & [d(1,1)7 = d(1,2)7] + oo [d(1, 1) = d(1,2)*],

and d(1,1) — d(1,2) > 0 follows from ps < 15, (A.5) and Lemma 2.2. When d(1,1) > 0,
which implies that d(1,1) > 0 as well, (A.7) and (A.4) yield

d(1,1) —d(1,2) = w [J(L 0) — d(1, 1)} + (i + &) [J(L 1) — d(1, 2)}
e [9(0,2) — g(0,3)] + o [&(1, 1)+ — d(1, 2)+] —&d(1,2),

and d(1,1) — d(1,2) > 0 follows from d(1,0) > d(1,1), (A.5) and Lemma 2.2. From (A.4)
we get

A1L,2) = d(1,3) = w[d1,1) = d(1,2)] + u +&) [d1,2) - d(1,3)]
v [9(0,3) = 9(0,4)] + pa [ d(1, 1) = d(1,2)]
w3 [(Z(L 2)~ — d(1, 3)*] + o [J(L 2)* —d(1, 3)*] ,

and d(1,2) — d(1,3) > 0 follows from d(1,1) > d(1,1) > d(1,2), (A.5) and Lemma 2.2. For
Ty > 3, d(1, T9) — J(l, x9 + 1) > 0 can be proved by a straightforward induction on z, based
on (A.4) and application of Lemma 2.2, thus completing the proof of the first part of the
lemma.

We now turn to the proof of part (ii). Because d(1, z,) is a decreasing sequence, its limit as

x9 — 00 exists. Moreover, it is easy to show that lim,, . J(l, To)” = [limm_>C>O ci(l, xg)] B

+ N -
and lim,, ,oo d(1,29)" = [limmﬁoo d(1,z5)| . Assume L = lim,, ,o d(1,x9) is finite. By
taking limits in (A.4) we get
L = &(hi —ha) — poho + (Vo + p1 + &) L+ vi o xligloog(oa T9) +&1 (E - E+> + 2 (FF + Ei) ;

leading to
L =& (h = ha) = pehy = &L + vapp lim g(0,22),

which is a contradiction because g(0,x2) = —haxs/ (V2 + o) tends to —oo as x5 — 0.
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Proof of Lemma 2.5

The proof is by induction on x;. We start with x; = 1 to establish the induction base.
We derive the following recursive equation for d(1,zs) in the same way we did for d(1, z5).

d(1,0) = p(hy = ho) + pa(ve + &)V (0, 1) + (2 + p + p2 + &)d(1,0),  (A8)
d(1,1) = p(hy = h2) = pohe 4 v2d(1,0) + (u1 + p2 + &)d(1,1)
Hpa(vr + & = p1)g(0,2) + (1 — p2)d(1,1)7, (A.9)
d(1,22) = pi(hy — ha) — poha + vd(1, 12 — 1) + (1 + pi2 + &2)d(1, 2)

+u2(v1 + & — p1)g(0, 29 + 1) + (1 — pr2)d(1, 2)”
o [J(L D)1 =2) +d(1, o — 1) 122 > 2)|, 22>2.  (A.10)

Then d(1,25) — d(1,22 + 1) > 0 can be proved by induction on x5 based on (A.8)-(A.10),
using the facts that vy + & > p1 > po, g(0, 29) is negative and decreasing, d(1,1) > d(1,1),
and d(1, z5) is decreasing. For xz; > 2 we have

d(z1,0) = pi(hy — ho) +vipa f(zr = 1,1) — pa(ve + &)g(a1 — 1,1)

+(vo + po + & + &2)d(xq,0)

Fhun [&(1, 1)*1(ay = 2) + d(2, — 1,1) (2, > 2)} , (A.11)
d(z1,1) = py(hy — hg) — pohe + 1v1d(xy — 1,2) + vod(21,0)

(& + &)d (1, 1) + pa(pz — )9 (w1, 1) + pad(wr, 1) + prad(y, 1)*

i [J(L N *1(xy = 2) +d(z1 — 1,2) 1(z1 > 2)} , (A.12)

d(z1,m9) = p1(hy — ha) — poho + 11d(xy — 1,29 + 1) + ved(z1, 29 — 1)
+(& + &)d(x1, x2) + pr1d(w1, 22) ™ + pod(2y, 22)™
o [d(L @+ 1) ey = 2) + d(2y — Lz + 1) 1 > 2)]

iy [d(:cl, 1)1z = 2) + d(z1, 22 — 1) 1(z2 > 2)} L1 >2 (A13)

To show d(z1,0) > d(z1,1) > d(x1,2) we consider two cases for d(xy,1). First, assume

A

d(x1,1) < 0 which implies d(z1,1) < 0 as well. Then, d(x,1) < d(z1,0) because d(x1,0) =
p1f(x1,0) > 0. Noting that (us — &2)g(x1,1) = d(z1,1) — d(xy, 1), d(z1,1) > d(xq,1), and
d(z1,1)" = d(x1,1)* = 0, we get from (A.12) and (A.13)
d(ﬂfl, 1) — d(ﬂfl, 2) > V2d<.§lf1, 0) + 1 [d(ﬂfl — 1, 2) — d(.ﬁl]l — 1, 3)] +
gm—wm@hn+ﬂﬂ&Lm+—&Lyﬂ1up:m
o [d(zy —1,2)" —d(zy — 1,3)7] Lz > 2) + (& + &) [d(z1, 1) — d(21, 2)]
+M1 [d(l‘l, 1)_ — d(l‘l, 2)_} + j25) [d([L‘l, 1)+ — d(l‘l, 2)+} . (A]_4)

Because d(x1,0) > 0, gy < v, d(z1,1) < 0 and d(1,z5) is decreasing, we get d(xy,1) >
d(z1,2) by applying the induction hypothesis and Lemma 2.2. When ci(xl, 1) > 0, we have
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in (A.12) po(pe — &)g(x1,1) + pad(xy,1)" = pod(21,1). Therefore, taking also into account
that gy f(x; —1,1) > d(zqy — 1,1) and g(zq — 1,1) < 0, we obtain from (A.11) and (A.12)
(1—& —& —po) [d(z1,0) —d(x1,1)] > pohe + 11 [d(xg —1,1) —d(z1 — 1,2)] +
i [J(L 1+ - J(1,2)+] 1z =2) + 10 [d(xl 11T —d(r —1,2)Y] 1z > 2).

The righthand side of the equation above is positive by the induction hypothesis, d(1,1) >
d(1,1) > d(1,2), and d(zy —1,1) > d(z1 — 1,1) for z; > 2. When d(z;,1) < 0, (A.12) and
(A.13) yield (A.14) without the second to last term, so d(z1,1) > d(z1,2) is proved similarly.
When d(x1,1) > 0, in which case d(z1,1) = d(z1,1)", we get

d(ZL‘l, ].) — d(l‘l, 2) > [d(l‘l — 1, 2) — d(l‘l — 1, 3)] + 1y [d(ZL‘l, O) — d(l‘l, ]_)]

i [d(l, 2)* —d(1, 3)+} Ly = 2) + u [d(ay — 1,2) —d(z1 — 1,3)] 1(2, > 2)
+(& + &) [d(1,1) — d(21,2)] + 1o [d(xl, 0t —d(zy, Q)ﬂ

and d(xq,1) > d(z1,2) follows from d(z1,0) > d(x1,1), d(1, z2) being decreasing, the induc-
tion hypothesis and Lemma 2.2. Next, (A.13) yields

d(x1,2) —d(x1,3) = v [d(x; —1,3) —d(xqy — 1,4)] + vp [d(x1,1) — d(x1, 2)]

i [d(l, 3)* — d(1, 4)+} L(zy = 2) + p [d(ay — 1,3)" —d(zy — 1,4)] 1(2, > 2)

i d(1, )7 = (@ 2)7 |+ (6 + &) [d(e0,2) — d(21,3)]
i [d(21,2)7 = d(@1,3)7] 4 po [d(@1,2)T — d(a1,3)7]

~ A

and d(z1,2) > d(xy,3) follows from d(zy,1) > d(z1,2), d(1,x2) being decreasing, d(z1,1) >
d(x1,1), the induction hypothesis and Lemma 2.2. Finally, for 25 > 3, d(x1, 22) — d(x1, 22 +
1) > 0 is proved easily by induction on x5 based on (A.13) and application of the induction
hypothesis for #; and Lemma 2.2.

The second part of the lemma is proved by induction on x1. Let L(x1) = lim,, o d(z1, 2);
this limit exists because d(z1, z3) is decreasing in z5. From (A.10) we have

d(1,z2) < pi(hy — he) — pohg + ved(1, 29 — 1) 4+ (1 + p2 + &2)d(1, x5)
Fpa(vr + & — p1)g(0, 20 +1).
Assuming L(1) is finite and taking limits on both sides we get
(1 +&)L(1) < py(hy — he) — poho + pa(vyn + & — 1) mhiﬂoog(oﬁz) = —00,

clearly a contradiction. Let now L(x; — 1) = —oo be the induction hypothesis. Taking also
into account that L = —oo, we get from (A.13) for x, sufficiently large

d(.ﬁlfl,ﬂfg) = ,u1<h1 — hg) — /,Lghg + I/ld(.’lfl — 1, ) + 1) + V2d<.§l]1, To — 1)
(& 4 &)d(w1, 22) 4+ pnd(w1, 12) ™ + prod(w1, w2) " + pod(21, 20 — 1)7.
Assuming L(x;) is finite and taking limits on both sides we get
l/lL(ZL'l) = ,ul(hl — hg) — ,u2h2 — MlL(l‘1)+ + l/lL(l‘l — ].) = —0Q,

which is a contradiction. Therefore, L(z;) = —oo, ;7 > 1, completing the proof of the
lemma.
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Proof of Lemma 2.6

The proof of part (i) is by induction on x,. Note that d(2,1) > 0 implies d(2,1) > 0 and
for xo > 2, d(2,22) > 0 implies d(2,z2 — 1) > 0 by Lemma 2.5(i). Taking the above into
account and after some straightforward algebraic manipulations we get from (A.12), (A.13)

and (A.10)

d<2,$‘2) Z ,lLl(hl — hg) - M2h2 + l/ld(l, To + 1) -+ V2d<2,33‘2 — 1) -+ (fl -+ 52 —+ Mg)d(Q, 1’2),
d(1, 22 + 1) < pa(hy — ho) — pahe + ved(1, x2) + (1 + p + §2)d(1, 29 + 1),

from which we obtain

v [d(2,m0 — 1) —d(1, z0)] + (11 + & — p1)d(1, 22 + 1).

d(2,20) —d(l, 29 +1) >
(2,2) (L2 ) v+ Vo + iy

(A.15)

We assume that d(1,z2+1) > 0 because otherwise there is nothing to prove. Then, d(2,1) >
d(1,2) follows from d(2,0) > d(1,0) > d(1,1) and (A.15) for x5 = 1, establishing the
induction base. For x5 > 2, because d(2,z3 — 1) > 0, the induction hypothesis implies that
d(2,z9 — 1) — d(1,22) > 0, so we get d(2,22) —d(1,z2 + 1) > 0 from (A.15).

Before proceeding to parts (ii) and (iii), we use the optimality equations to get for z; > 2

d(x1,1) = Clar) + (& + p2)d(w1, 1) + pd(wy, 1) + Ead (w1, 1), (A.16)

C(l’l) = ,ul(hl - h2) - £2h2 + 11 [,ulf(xl — 1, 2) + £2g<.l’1 — 1, 2)] + I/Qd(.rl, O)
(s — €)glar —1,2) + [&(1, 2)*1(wy = 2) +d(a; — 1,2) () > 2)]
> p1(hy — he) — &ahe + vod(24,0)
(v + ) [&(1, N *1(x1 = 2) + d(z1 — 1,2) 1 (z1 > 2)] , (A.17)
with the inequality following from p; > &;, 1 =1, 2.

The proof of part (i) is by induction on x,. We have d(1,1) > d(1,1) > d(1,2) with the
second inequality following from Lemma 2.4(i). Therefore, assuming that d(1,2) > 0, we get
from (A.4)

where

D = &(hy — hs) — pighy + 15d(1,1) + v1129(0, 3) > 0. (A.19)

Because d(2,0) > d(1,1) > d(1,1), (A.17) and (A.19) yield C'(2) > D and we get d(2,1) > 0
from (A.16) and Lemma 2.2. Substituting in (A.12) we get

d(2,1) = py(hy — h) — pighy + 11d(1,2) + 15d(2,0) + prd(1,2) + (€1 + & + p2)d(2, 1),
which combined with (A.18) and (A.19) gives

i (tr — €1)(hy — ha) + 11d(1,2) + £1d(1,2) + 15 [d(2, 0) —d(1, 1)]
d(2,1) — d(1,2) > ,
vy + vy +
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which is positive because d(1,2) > d(1,2) > 0 and d(2,0) > d(1,1), thus establishing the
induction base. For z, > 2, assuming d(1, z) > 0 implies d(1, 2z, — 1) > 0 by Lemma 2.4(i),
which by the induction hypothesis yields d(2,xs — 2) > 0. Taking into account all of the
above we get from (A.13) and (A.4)

d(2,l‘2 — 1) — d(]_,l‘g) = (,u1 - 61)(h1 - hg) + I/ld(l,l‘g) + gld(l,l‘g) - legg((),xg + 1)
S+ [d(2, 2o —2) —d(1, x5 — 1)} + (G +8) [d(z, 2o — 1) —d(1, xz)]

+ i [d(2,az2 —1)" —d(1, :L’g)’} + 1o [d(2, Ty — 1)t — J(l,@)*] :

Noting that d(1,z5) > cZ(l,:cg) > 0 and applying the induction hypothesis to the term

multiplying s, we get from Lemma 2.2 that d(2, 2, — 1) — d(1,z2) > 0.

The proof of part (iii) is by nested induction on z; and z3. For some x; > 2, assume
that d(zy,2) > 0. Then, d(z1,1) > 0 by Lemma 2.5(i) and consequently d(z1,1) > 0 as well.
Therefore, we get from (A.13)

d(x1,2) = D(x1) + (& + &2 + p2)d(21,2), (A.20)
where

D(ZL’l) = ,ul(hl — hg) — ,ughg + l/ld(fl'l — ]_, 3) + ng(fl'l, 1)
o [d(1,3) 1w =2) + d(a — 1,3) 1wy > 2)] > 0. (A.21)

Assuming that the lemma holds for less than z; jobs in Station 1 (induction hypothesis with
respect to x1), we get d(z1,2) > d(zq — 1,3) if 21 > 2. If ; = 2 we have d(2,2) > d(1,3) >

d(1,3), where the first inequality is due to part (i). Moreover, d(x; + 1,0) > d(x1,0) >
d(x1,1), so (A.17) and (A.21) yield C(zy + 1) > D(x1) and d(x; + 1,1) > 0 follows from
(A.16) and Lemma 2.2. Substituting in (A.12) we get

d(l’l -+ 1, 1) = ,ul(hl — h2) — /L2h2 -+ Vld(.rl, 2) —+ I/Qd(.’lfl —+ 1, 0)
+pad(z1,2) + (&1 + &o + po)d(zy + 1, 1). (A.22)
Using part (i) for x; = 2 and the induction hypothesis for z; > 2 we get from (A.20), (A.21)
and (A.22) that d(z1,2) < d(x; + 1,1), which establishes the base for the induction with
respect to xo. To complete the induction we consider z; > 2, x9 > 3, in which case (A.13)
yields
d(ﬂfl -+ 1, To — 1) — d(l’l, 1’2) = M [d(ﬂfl, 1’2) — d(ﬂfl — 1, To + 1)]
fu [d(zr + 1,9 — 2) — d(z1, 29 — 1)] + i [d(2,x2)+ (1, @+ 1)+} 1z = 2)
i [d(wy, w2) T — d(z1 — 1,00+ 1] L(zy > 2) + o [(i(xl +1,1) — d(z, 2)—] 1(zs = 3)
—i—,u2 [d(l’l -+ 1, To — 2)7 — d(l’l,.TQ — 1)7} 1(372 > 3) + (§1 + gg) [d(ﬂfl -+ 1, To — 1) — d(.ﬁl}l, ZL’Q)]
+,u1 [d(.ﬁl}l -+ 1, To — 1)7 — d(l’l,.TQ)i] —+ 2 [d(ﬂfl —+ 1,33‘2 — 1)+ — d(.ﬁl}l, 1’2)+] . (A23)

Assume d(x1,29) > 0. Then, reasoning as in the case x5 = 2, we get d(2,x9) > d(1,25+1) >

d(l,ze + 1) if zy = 2, and d(x1,22) > d(x; — 1,29 + 1) if 1 > 2. Because d(z1,x2) > 0,
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by Lemma 2.5(i) we also have d(x1, 22 — 1) > 0 and applying the induction hypothesis with
respect to g we get d(xq, 22 — 1) < d(z1 + 1,29 — 2). Therefore, we get d(x; + 1,29 — 1) >
d(xy1,29) from (A.23) and Lemma 2.2.

Proof of Lemma 2.7

To prove part (i), we use the optimality equations to derive the following recursive equa-
tion for f(1,xs).

f(1,0) = hi—ha+ (e + &)V(0,1) + (2 + 1 + p2 + &) f(1,0), (A.24)
f(,1) = hy—hy+ (v2+p2) f(1,0) + (1 + &) f(1,1)
+(pe — &) [V(1,1) = V(1,0)], (A.25)

f(Lag) = hy—ho+ (Vo + p) f(1, 22 — 1) + (1 + §2) f(1,22), 72 2>2. (A.26)

From (A.24) and (A.25) we get

f<17 0) - f<17 1) = (V2 + §2)V(07 1) + (Ml + p2 + §2> [f(lv O) - f(17 1)]
—p2 [V(0,2) = V(0,1)] + & [V(1,1) = V(1,0)] . (A.27)

Using (2.3.5), (2.3.6) and v5 > ps we get

(va+ &)V (0,1) — 115 [V(0,2) = V(0,1)] = hs ll _ 2 ] >0,
Vo + o

which combined with (A.27) and Lemma 2.1 yields f(1,0) > f(1,1). Then, f(1,1) > f(1,2)
follows from (A.25), (A.26), us > & and Lemma 2.1. Finally, f(1,29) > f(1,29 + 1) for
xy > 2 can be proved by induction on x5 based on (A.26).

We now proceed to the proof of part (ii). Recall that condition u; > pe was not used in
the proof of Lemma 2.5(i) for z; > 2, so the same arguments can be used here. Therefore,
we only need to show that d(1,z5) > d(1, 25 + 1). Equation (A.8) can be written as

d(l, 0) = ,u1<h1 — h2) + M1V2V(0, 1) + M1£2V(1, O) + (V2 + 1+ /iQ)d(l, 0) <A28)

Using the fact that d(1,1) = &g(1,1) for & = 0, we get after some straightforward algebra
§2d(17 1) + (:ul - M2)CZ(17 1)7 = ,1,61§2 [V(lv O) - V<O7 2)] :

Substituting the last expression in (A.9) and combining with (A.28) we get

d(l, O) . d(]_, 1) — /’L2h2 + M1V2V<O7 1) + ,u1§2v<07 2) - ,MQ(VI B Ml)Q(O, 2) > 0. (A29)

L — iy — o

To prove d(1,1) > d(1,2) we will assume p; < us because for p; > po it has been proved
in Lemma 2.5(i). Setting d(1,1) = &g(1,1) in (A.9) and (A.10) and d(1,2) = ug(1,2) in
(A.10) we get after some algebraic manipulations

d(1,1) =d(1,2) = K + (i + &) [d(1,1) — d(1,2)], (A.30)
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where

K = n [d<17 0) - d<17 1)] + Ve [g<07 2) - g<07 3)] - /~L1/~L2g<07 2)
(i = p2)€2g(1, 1) + pa(pe = &2)g(1,1). (A.31)

Furthermore, it is straightforward to show that

_h2 + 1/19(0, 2)
v v +&

9(1,1) = V(1,0) — V(1,1) = (A.32)

Then, noting that 1y < s, g(1,1) < 0 and g(0,2) > ¢(0, 3), we substitute (A.29) and (A.32)
into (A.31) to get

vo (i + ) — palpi2 — &2)

K > ha
v+ v+ 52
Rz [11&a + pa(v1 — )] + papo(v1 + va + &) — vipa(pe — fz)g(o’ 2), (A.33)
v+ vs + &

where in (A.29) we have used V(0,2) = V(0,1) — ¢(0,2) and V(0,1) = hy/(va + &). The
terms multiplying hs and ¢(0,2) in (A.33) are positive because vy > uy. Therefore, K > 0
and d(1,1) > d(1,2) follows from (A.30). We prove d(1,z5) > d(1,29 + 1) for 9 > 2 by
induction on x5 based on (A.10). It is straightforward to show that

pod(1, o) — pu1iag(0, 22 + 1) + (1 — p2)pag (1, x2) = papaf(1, 22 — 1),

and (A.10) takes the form

d(1,29) = pu(hy — ha) — pohe + vod(1, 25 — 1) + (p1 + &2)d(1, z2)
+1a119(0, 29 + 1) + papa f(1, 22 — 1)
it [J(L D)1z = 2) +d(L, s — 1) 1(zs > 2)] L 22 >2. (A34)

Then, d(1,z5) — d(1, 25+ 1) > 0 is proved by induction on x5, using the facts that d(1,1) >
d(1,1) and g(0,z3), f(1,,), and d(1,z5) are decreasing sequences.

As in the proof of part (ii), it suffices to show part (iii) for z; = 1. Let L = lim,, ,o, d(1, 23)
and F' = lim,, ,o f(1,22); F exists and is finite because f(1,z2) is a positive (Lemma 2.3)
and decreasing sequence (part (i)). From (A.34) we have

d(1,22) < pu(hy = h2) = poha + vod(1, 22 — 1) + (1 + &2)d(1, 2)
+h2v19(0, 22 + 1) + papa f (1, 22 — 1).

Assuming L is finite we get a contradiction because by taking limits on both sides we get

(Vl + ,MQ)L < ,ul(hl — hg) — /LQhQ + ,ul,ugF + l21n xil{)lloog(o, 1’2) = —0OQ.
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Proof of Theorem 2.3

When there is no dedicated server assigned to Station 1, the optimality equations are
given by (2.3.9) and (2.3.10) for all z; > 1 and x9 = 1, x5 > 1, respectively, with 1, = & = 0.
Therefore, the decision function whose sign determines the optimal policy is d(xl, 1) for one
job downstream and d(z,25) otherwise. Because d(z1,1) < d(x1,1), 1 > 1, to prove
that the optimal policy is characterized by a switching curve ¢(z;) it suffices to show that
d(x1,xs), 1 > 1, is decreasing in z5 and it becomes negative for xy large enough. We have

d(r1,0) = pi(hy — ha) + (V2 + p2 + &2)d(71,0)
1 (ve + &) [V(2r = 1,1) = V(zy — 1,0)]
+ppd(zy —1,1)% 1 (2 > 1), (A.35)

d(z1,1) = pa(hy — he) — pohe + vod(x1,0) + (2 + &2)d(21, 1)
+(M1 — Mg)d(l'l, 1)_ + ,Lbld(fL'l - ]_, 2)+1(ZL‘1 > ].), (A36)

and for x5 > 2

d(z1,22) = pi(h — ha) — pohg + ved(x1, 39 — 1) + &ad(21, 72)
tpnd(z1, 22)” + pod(1, 29) T + pid(zy — 1,29 + 1) T1(zy > 1)
Fpod(1,1)"1(xy = 2) + pod(zy, 25 — 1) 1(zy > 2). (A.37)

As part of the induction scheme used to prove the monotonicity of d(z, x2) we need to show
d(1,0) > d(1,1) and d(x,0) > d(x1,1), x; > 1, assuming that d(z; — 1, z3) is decreasing in
5. When d(x1,1) < 0 there is nothing to prove because d(z1,1) < d(z1,1) and d(zy,0) > 0
for all #; > 1. When d(1,1) > 0, d(1,0) > d(1,1) follows directly from (A.35) and (A.36).
For z; > 1 and d(z1,1) > 0, taking into account Lemma 2.1, we get from (A.35) and (A.36)

d(x1,0) = d(z1,1) > pohs + (2 + &) [d(21,0) — d(21,1)]
o [d(e = 1,1)" = d(a — 1,2)*

The last term is positive because of the induction hypothesis, so d(z1,0) — d(x1,1) > 0.
To prove that d(1,1) > d(1,2) we consider d(1,1) < 0 and d(1,1) > 0 separately. When
d(1,1) < 0, which implies d(1,1) < 0 as well, we get from (A.36) and (A.37)

d(1,1) —d(1,2) = ved(1,0)+ (g — 1)d(1,1) + 52 [d(1,1) —d(1,2)]
iy [&(1, - — d(1,2)—} iz [d(1, 1) = d(1,2)"] — 2u0d(1, 1),
Noting that d(1,1) > d(1,1), we can apply Lemma 2.2 to get d(1,1) > d(1,2). Let now
d(1,1) > 0. If d(1,1) > 0 as well, by setting usd(1,1) = pad(1,1)* in (A.36) we get from
(A.36) and (A.37)

d(1,1) —d(1,2) = w]d(1,0) —d(1,1)] + & [d(1,1) — d(1,2)]
+:u2 [d(lv 1)+ - d(lv 2)+} - Mld(lv 2)_7
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and the result follows from the induction hypothesis and Lemma 2.2. If d(1,1) < 0, (A.36)
and (A.37) give

d(1,1) = d(1,2) = wsd(1,0) + (o — 1)d(1,1) + & [d(1,1) — d(1,2)]
+M2 [d(lv 1)+ - d<17 2)+] - /~L1d<17 2)77

and the result follows from v > s and Lemma 2.2. The proof of d(z1, 1) > d(z1,2) for 1 >
1 uses the same arguments because d(x1, 1) — d(z1,2) has the same form as d(1,1) — d(1,2)
with an additional term gy [d(z1 — 1,2)" — d(x; — 1,3)"] which is positive by induction.
For z9 > 2, d(x1,25) > d(x1, 22 + 1) can be proved by a straightforward induction based on
(A.37).

Because d(x1, z3) is a decreasing sequence, L(x) = lim,, o d(x1, z2) exists. We will use
induction on x; to show that L(z;) < 0 when uy(hy — ha) < pohs. Assuming that L(1) > 0
and taking limits in (A.37) we get u1L(1) = uy(hy — ha) — pohg, which is a contradiction.
Assume now that L(zy — 1) < 0 and L(z1) > 0. Then

hy — h2) — 2l
1

L) = M + Lz — 1),

again a contradiction.

To prove that the slope of ¢(x;) is at least -1 it suffices to show that for each z; > 1,
zy > 2, d(x1,22) > 0 implies d(z1,22) < d(xy + 1,25 — 1). For z; > 2, d(z1,1) is given by
(A.16) and (A.17) with v; = & = 0 and d(1, 2) replaced with d(1,2). Then, the proof follows
the same steps as that of part (iii) of Lemma 2.6.

To prove part (ii) we will use induction on z; to show that L(z1) > 0 when p;(hy —hg) >
p2he. Assuming that d(1,z2) < 0 for z, sufficiently large we get from (A.37)

(v2 + p2) [d(1, 22) — d(1, 22 — 1)] = pa (b1 — ha) — p2ha = 0,

which contradicts the monotonicity property of d(1,z3). Therefore, L(1) > 0. Assuming
L(z; — 1) > 0 and repeating the argument we obtain

(VQ —+ ,ug) [d(ﬂfl, 1’2) — d(.Tl,.TQ — 1)] = ,ul(hl — h2) — ,u2h2 + ,uld(.fl — 1, To + 1) > O,

which is again a contradiction, thus completing the induction and the proof.

Proof of Theorem 2.4

When there is no dedicated server assigned to Station 2, the optimality equations are
given by (2.3.8) and (2.3.10) for all 2z > 1 and x; = 1, x; > 1, respectively, with v = & = 0.
Therefore, the decision function whose sign determines the optimal policy is a~l(1, x9) for one
job in the first station, and d(xy, z3) otherwise.

To prove the existence of #(z) it suffices to show that d(1, z) and d(zy, x,) are decreasing
and their limit as 5 — oo is —oo. For d(1, x3) we have

CZ<17 0) = gl(hl - hg) + £I/~L2v<17 0) + Mld<17 0)7 (A38)

d(l, 1’2) = §1(h1 — hg) — M2h2 + uch(l, 1’2) + ulugg(O, To + 1)
+&1d(1, 29) ™ + pod(1, 20) " + pod(1, 25 — 1) 1(zo > 1), x5 > 1. (A.39)
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When d(1,1) < 0, we get d(1,0) > d(1,1) by subtracting (A.39) from (A.38) and taking into
account that ¢(0,2) is negative. For d(1,1) > 0, (A.39) becomes

J(l, ].) = gl(hl - hg) - [Lghg -+ ([Ll -+ MQ)J(:[, ].) + Vlugg(O, X9 + ].) (A40)

Then, we get d(1,0) > d(1,1) by writing (A.38) in the form d(1,0) = & (hy — hs) +
€102V (0, 1) + (111 + 12)d(1,0) and subtracting (A.40). For zy > 1, d(1,25) —d(1, 29+ 1) > 0
follows from (A.39) by induction on z5 and application of Lemma 2.2. To establish the
limiting behavior of d(1,z), note that for 2, > 2 (A.39) is obtained from (A.4) by setting

vy = & = 0. Therefore, lim,, ,,, d(1,x3) = —oco by the arguments in the proof of Lemma
2.4(ii).
For d(z1,x2) we get the following equations.
d(1,0) = pi(hy = ha) 4+ pap2V(0,1) + (1 + p2)d(1,0), (A.41)
d(1,22) = pi(h1 — ha) — poha + (1 + p2)d(1, 22) + po(v1 + & — p1)g(0, 22 + 1)
+(py — p2)d(1, 29) ™ 4 pod(1, 2 — 1) L(2y > 1), 29 > 1, (A.42)

and for x; > 2

d(r1,0) = pi(hyr — h) +vipn f(er — 1,1) = papag(er — 1,1)
+(p2 + &)d(21,0) + [&(1, D 1(z =2)
+d(z; — 1,1) 1(zy > 2)], (A.43)
d(x1,29) = p1(hy — he) — pohy + v1d(zy — 1,20 + 1) + &1d(21, 72)
tprd(zy, 19)” + pod(xy, 22) T + pod(xy, 20 — 1) 1(29 > 1)

+[L1 d(]_,l‘g + 1)+1(l‘1 = 2)
td(z — Lag 4+ 1)V 12y > 2)], 22> 1. (A.44)

Because f1; > po and d(1, ) and g(0, ;) are decreasing sequences, d(1,z5) > d(1, 25 + 1)
can be easily proved by induction on xs based on (A.41) and (A.42). For x; > 2 we use
induction on z;. Because d(z1,0) > 0, to show that d(z;,0) > d(x1,1) we only need to
consider d(z1,1) > 0, in which case (A.44) gives

d(.ﬁlfl, 1) = ,ul(hl — h2) — M2h2 -+ V1d<.§L’1 — 1, 2) + (,MQ + §1)d(3:1, 1)
un [(Z(L )+ 1(x1 = 2) + d(wr — 1,2) 1(z > 2)] . (A.45)

The result follows in a straightforward manner from (A.43) and (A.45) because of d(1,z,)
being decreasing (r; = 2) or the induction hypothesis (x; > 2). For x5 > 1, d(x1,25) >
d(z1, e + 1) is proved by induction on x5 based on (A.44) with Lemma 2.2 used as well.
Finally, because for x5 > 2 (A.42) and (A.44) are special cases of (A.10) and (A.13) for
Ve =& =0, lim,, o d(x1, 29) = —o0 is proved exactly as in Lemma 2.5(ii).

The fact that the slope of ¢(z) is at least -1 is a consequence of the properties cited in
the statement of Lemma 2.6. Their proof is very similar and even simpler because aZ(azl, 1)
is not involved, so we omit the details.
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Having shown that d(1,2,) and d(zy, z;) are decreasing sequences, to prove part (ii) it
suffices to show that J(l, 1) < 0 and d(x1,1) < 0 when py(hy — hy) < pghs. Assuming
d(1,1) > 0, (A.40) leads to a contradiction. Because p1 > po and d(1,1) < 0, d(1,1) < 0
follows from (A.42). For xz; > 2 we prove d(z1,1) < 0 by induction on ;. Assuming that
d(xy — 1,29) < 0 for x5 > 1 (induction hypothesis) and d(z;,1) > 0 we get a contradiction
from applying (A.44), and the proof is complete.

Proof of Theorem 2.5

The first part is a direct consequence of Proposition 2.2 and Lemma 2.3. For the second
part we only need to show that d(1,zs) is decreasing and its limit is equal to —oo; the proof
of these properties for x; > 2 is identical to the corresponding part of the proof of Theorem
2.4 because it did not use condition py > ps. For x; = 1 we have

d(1,0) = by — ho) + pap2V(0,1) + (1 + p2)d(1,0),
d(l,ﬂ?Q) = ul(hl — h2) — ,UQhQ + Mld(l,ﬂfQ) + MQd(l,ﬂ?Q — 1)
+,u21/19(0, To + 1), ) > 1, (A46)

where (A.46) was obtained by setting & = 0 and d(1, )" = [p2g(1,22)]” = pag(1,22) in
(A.42). The monotonicity of d(1,x2) is proved by a straightforward induction on x5, while
its limiting property is a consequence of the analogous limiting behavior of ¢(0, x5).

Proof of Theorem 2.8

When f(z1,25) < 0, Propositions 2.1 and 2.2 imply that the dedicated server at Station
1 should be idled and the flexible server should be assigned to Station 2. Therefore, to
prove the first part of the theorem we only need to show that decision functions cZ(l, xg) and
d(x1, ) are negative for 1 > 2, x9 > 1 such that f(xy,z5) > 0.

Because f(1, z3) is a decreasing sequence (see proof of Theorem 2.6), there exists x5 such
that f(1,22) > 0 for x5 < aj. If 25 = 0, there is nothing to prove. Otherwise, the expression
we have derived for J(l, x9) when hy > hy (Equation A.39) is valid for zo < x3, that is,

Ci(l,ﬂ?Q) = fl(hl — hg) — ,ughQ —+ uch(l, 1’2) —+ ulugg(O, To + 1)
+§1d(1,$2)_ + MQd(l,IEQ)JF + MQCZ(L@ —1D1(zy > 1), 1< 29 < a3,

and cZ(l, x9) < 0 can be proved by a straightforward induction on 5. Therefore, the optimal
allocation in state (1,x2), o < 3, is (v, p2), and optimality equations (2.3.1) and (2.3.2)
give

d(1,1) = p1(hy — ha) — poha + (1 + §1)d(1, 1) + v1429(0,2) + pa(pn — 1) f(1,0),  (A.47)
and for xy > 2,

d(1,x2) = p1(h1 — ho) — pigha + (p1 + §1)d(1, x2) + v1p2g(0, 22 + 1) + pad(1, 29 — 1). (A.48)
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From (2.3.3) and (2.3.5) we have f(1,0) = hy/(v; +&1). Because hy < hg and vy +&; > py it
is easily seen that (u1 — &) f(1,0) —he <0, and d(1,1) < 0 follows from (A.47). For zo > 2,
d(1,xz9) < 0 follows directly by applying induction in (A.48).

Next we show d(z1,z5) < 0 for 1 > 2 by nested induction on z; and z3. Assume that
d(xy — 1,29) < 0 for 5 > 1 and d(xy,29 — 1) < 0 if x5 > 1 (induction hypothesis). Note
that for states (yi,y2) with d(y1,y2) < 0 the optimal allocation is either (vq, o) or (0, pa),
resulting in the following optimality equation.

V(y,y2) = hayr + haya + 2V (y1,92 — 1)
+min{nV(yr — 1Ly2 + 1) + (1 + &)V (Y1, 42), (1 + pa + §)V (g1, 92) }- (A49)
Assuming f(z1,22) > 0, we use (2.3.10) for V(z1,25) and (A.49) for V(z; — 1,29 + 1) and

V(zq, 22 — 1) to get an expression for d(xy, z3). Noting that the difference of the two terms
in braces in (A.49) is equal to vy f(y1,y2), we get for xo > 1
)

= p1(h1 — ha) — pohe + vipn f(z1 — L, xa + 1) + vip0g(@r — 1,0 + 1)
+&id(21, o) + pud(zy, 22) ™ + pod(z1, x2) "
+ [pod(z1, 32 — 1) + vipa f (21,22 — 1)7] Lz > 1). (A.50)

Because pi1 f(21—1, 22+ 1) " +pag(71 — 1, 22+ 1) = max{d(z1 —1, 19 +1), prag (21— 1, 22+ 1)} <
0, we obtain d(z1,z2) < 0 by applying the induction hypothesis and Lemma 2.2 in (A.50).

(xla X2

For part (ii) it suffices to show that f(z1,x2) is increasing in x; and decreasing in xs.
Taking into account that the optimal policy assigns the flexible server to the downstream
station, we use (A.49) to derive the following recursive equation for f(zq,x2), 21 > 1, 25 > 1.

flri,20) = hy—ho+ (u + &) f(z1, 22) + pof (21,22 — 1)
+V1f(371, 1’2)7 + I/1f<.§L’1 — 1,33‘2 + 1)+1<.§L’1 > 1) <A51)

The proof of the first monotonicity property, f(x1 + 1,22) > f(x1,22), 21 > 1, is by a
straightforward induction on x1, z5 based on (A.51), with the induction base for each x; > 1
established by the fact that f(z; +1,0) > f(x1,0). The second monotonicity property has
already been proved for x; = 1 (see proof of Theorem 2.6). For x; > 2 we can prove that
f(x1,z5) is decreasing in x5 by similar induction arguments provided that we can also show
that f(x1,1) < f(x1,0) to establish the induction base for each z;. For that purpose we use
a sample path argument. Let P1 and P2 be the processes that start at states (z;,1) and
(x1 — 1,2), respectively, and assume that the optimal policy, say 7, is applied to P2. As for
P1, we apply a policy 7 that imitates 7 until the first time that Station 2 is empty under
P1 and has one job under P2, and is optimal afterwards. Let 7 be that time and y; be the
number of jobs in Station 1 under P1 at time 7. The two policies have a holding cost rate
difference of hy; — hy until time 7 and are optimal afterwards. Therefore, because 7 is not
necessarily optimal we have

Ve, 1) = V(e —=1,2) < (b = ho) E(r) + E[V(y1,0) = V(i — 1L, 1)] < E[f(1,0)], (A.52)

because hy < hy. Along every sample path we have y; < x1, so f(y1,0) < f(z1,0), which
combined with (A.52) yields f(x1,1) < f(x1,0).
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Proof of Lemma 2.8

First, we show the monotonicity of the value function with respect to x5. The proof is
by induction on n. Let (p}, p5) be the optimal allocations in state (x1,z2). Assuming a
suboptimal allocation (pf,0) for state (z1,x2 — 1) we get from (2.3.15) and (2.3.16)

Vag(wr,22) = V(1,20 — 1) > ho+ 8 [Tp{,p; n—1,8(71, T2) — Tp’{,Oanl,B<x17~r2 - 1)]
=ho + B{N Ve (s + 1, 20) = Viimy gy + 1,29 — 1)]
+p) [Vae1p(r — Lizg + 1) — Vg g2y — 1, 29)]
+(1 = A= p = p3) [Va1,8(w1, 2) = Vg (21, 22 — 1)} 2 0,

by the induction hypothesis. Next, we show the monotonicity property with respect to x;
by a similar argument. We have

Vag(x1,22) = V(e — 1) > hy+ 0 [Tﬂf,pé n-1,8(21, 2) — Top3 Vio1,8(21 — 1, :cg)]
=h1 + B{A Vas(v1 + 1, 22) — Viy p(21, 72)]
01 Va1 (e — Lxe + 1) = Vg p(ay — 1, 29))]
+05 [Va-r,8(z1,22 = 1) = Vooy g(@1 — 1,22 — 1)
+(L = A= pf = p5) [Vacr,p(z1, 22) = Vi g1 — L)} > 0,

because of the monotonicity with respect to xs and the induction hypothesis.

Proof of Lemma 2.9

The proof is by induction on n. Let (p7, p3) be the optimal allocations in state (xy, z5).
Assuming a suboptimal allocation (0, p}) for state (z; — 1,29 + 1) we get from (2.3.15) and
(2.3.16)

fop(@r,22) = hy = ho + B[Afurp(1 +1,22) + pfa1p(21, 22 — 1)
+(1 — A= ,OT - p;)fn—l,ﬁ(xlaxZ)] > 0,

by the induction hypothesis.

Proof of Theorem 2.9

For part (i) we only need to consider xs > 2 because Y; > 1. The proof is by sample
path arguments, similar to those used for the proof of Theorem 4.2 in [64]. We denote by
P1 and P2 the processes that start at states (1, x2) and (z1 — 1,29 + 1), respectively, and
assume that the optimal policy, say m, is applied to P2. As for P1, we add in Station 2
a fictitious job that incurs no cost and we apply a policy 7 that mimics 7. Under 7 the
fictitious job has the lowest priority' so that it has no effect on the cost incurred by real

IThe fictitious job is assigned a server when there is no other job that has not been assigned a server and

is preempted by an arriving job from Station 1.
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jobs. Policies 7 and 7 have a cost difference hy — hy per period as long as the fictitious job
is present, and h; after its departure. For a realization w, let T'(w) be the time the fictitious
job departs and C7(w) be the cost incurred by a policy v over a horizon of length n. Then,
letting S(w) = min{7T(w),n}, we have

S(w)—1
Cr(w) = CT(w) = (7 — hy) Z B* + hy Z "
k=S (w)
B 1— BS BS _ Bn B Bn 6S(w) _ Bn
= (hy — hs) 75 + hy 5 (hy hz) —5 +hzﬁ.(A.53)

Noting that the fictitious job leaves the system after at least x5 service completions at Station
2 and at most one such event can happen at each period, we have T'(w) > x5. Therefore,
either S(w) = n or x5 < S(w) < n. In both cases, taking also into account that hy > ho,
(A.53) yields

hy — hy + hy 3%

C7(w) = Of(w) < =752

(A.54)

from which we get

hi — hg + hy3*?
1-0 ’

because 7 is not necessarily optimal and (A.54) holds for expected values as well.

fnp(z1,22) = Vip(ar, 22) — Vap(en — Lizo+ 1) <

(A.55)

Applying the same sample path argument to the processes that start at states (z1, o —1)
and (x1,z3), and defining policies 7, 7 and time S(w) accordingly, we obtain

_ — BSW)
Cr(w) — C(w) = —hs Z gt = — %

For n > 5 we have S(w) > x5 — 1, which leads to

Clw) - Op(w) s I
from which we get
G0, 22) = Vg 1, 22 — 1) — Vi, 22) < —2 f_flfm_l. (A.56)
Combining (A.55) and (A.56) we get
do o0, ) < PAlL =) = oy | a8 ko (A57)

1 _ /B 1 _ /8 ) -

Recalling that Y} = min {:E|B:” < %}, it is clear from (A.57) that d,, g(x1,22) < 0
for > Y; +1 and n > z,5. Because dnﬁ(l,xg) < d, 5(1, x2), taking the limits as n — oo
we get dg(1,22) < 0 and dg(z1,22) <0, 1 > 2, which proves part (i).
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To prove part (ii) we need an expression for decision function a?n,g (x1,1). The arguments
used in part (i) to get (A.55) are valid for 5 = 1 as well. However, in the arguments used
to get (A.56) we have S(w) > 1 for x5 = 1. Therefore, g, g(x1,1) < (—hy + hof)/(1 = f3),
which combined with (A.55) yields

; hy — hy) — Esh "
dyg(x1,1) < pa(Py 2) f2_26+ Bpr + &) 2’

. . . (p1+€2)ho—p1hy
which is negative for § < S naE e

policy assigns the flexible server to Station 2 whenever there is one job there. For the

, implying d,, 5(1,1) < 0 as well, so the optimal

aforementioned range for 5 we also have Y] = 1, so part (i) applies and the proof of part (ii)
is complete.

For part (ili) we need to prove that f, g(z1,22) < 0 for x5 > Y5 — 1(Y3 = 1). For that it
suffices to show that CT(w) — C7(w) is negative along every sample path. We consider all
xy > 0, 80 T'(w) > max{1,z2}. For w such that S(w) = n, (A.53) implies C7(w) — CT(w) < 0
because hy < hy. For w such that max{1,z2} < S(w) < n we get from (A.53)

hl _ h2 + h26max{1,1'2}
1-0 '

It is clear that zo > Yy — 1(Yy = 1) implies max{1, 25} > Ys. Therefore, hypmax{hezt <
hef3¥2 < hy — hy, and C7(w) — CT(w) < 0 follows from (A.58).

Ch(w) = Ch(w) <

(A.58)

Proof of Theorem 2.10

Because non-idling policies are optimal for h; > hs, when there is no dedicated server in
Station 1 optimality equation (2.3.15) takes the following form.

Vop(0,1) = ho+4 B[AVuo15(1,1) + (2 + &) Vie1,5(0,0)

+(p1 + p12) V1,800, 1)] (A.59)
Vog(0,29) = howy + B[AVi15(1,22) + (2 + p2)Vio1,5(0, 22 — 1)
+(p +&)Va15(0,22)], @2 > 2, (A.60)

and for 1 > 1

Vop(x1,0) = hizy + B[ AV 5(x1 +1,0) + Vg gl — 1,1)
+(v2 + p2 + &) Va1,5(21,0)] (A.61)
Vog(x1,1) = hixy+ho+ B[ AV (2 + 1,1) + 0V, g(21,0) + Vi1 g2, 1)
+min {p Vo1 s(z1 — 1,2) + &Vio1s(21, 1), &Vi1,5(21,0) + 1 Vi (21, 1) 1] (A.62)
Vg1, 22) = hizy 4 hoxo + B [AViuo1 (@ + 1, 20) + Vi g(@1, 22 — 1) + Vo1 g(21, 22)
+min {n Vo1 p(xs — Lxg + 1) + peVio1 g1, 22),
poVn_1p(xr, 2o — 1) + 1 Vi1 (21, 22) Y], @9 > 2. (A.63)
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Replacing V,, 5 and V,,_1 5 with V3 in (A.59)-(A.63) we get the infinite horizon optimality
equations from which it follows that the decision function whose sign determines the optimal
allocation of the flexible server is dg(zy, 1) for one job downstream and dg(xy, x5) otherwise.
We have already shown that dg(x;, z2) becomes negative for x5 sufficiently large (Theorem
2.9(1)). Therefore, taking into account that dg(zy,1) < dg(zy,1) and Proposition 2.3, for
part (i) it would suffice to show that d,, 3(z1, z2) is non-increasing in xs. From (A.59)-(A.63)
we get
dnp(21,0) = pa(hy — ha) + B [Adp15(x1 +1,0) + (Vo + p2 + §2)dn-1,5(21,0)
(e + &) [Vaors(zr — 1,1) = Vo g(21 — 1,0)]
tpndy_y gz —1,1) (2 > 1), (A.64)

dnp(x1,1) = pi(h1 — ho) — poho + B[ Adp—1 (21 +1,1)
+vodn-1,5(71,0) + (2 + &) dp—1,6(21,1)
"—(,Ltl — Mg)Cznfl,ﬁ(l’l, 1)7 + Mldn,175(.f1 — 1, 2)+1<.§L’1 > 1) s <A65)

and for x5 > 2

dnp(T1,72) = pa(hy — hg) — piohg + B [Adp1 5(71 + 1, 22)
+vady—1,5(x1, 72 — 1) + &adn1 (21, T2)
+pndy (21, 2)” + N?dn71,5<x17x2>+ + pdp_1p(x1 — 1,20 + 1)+1(£171 > 1)
"‘Mg(in,l,g(ﬂfl, 1)71(372 = 2) + Mgdn,1,5($17I2 — 1)71(372 > 2)] . <A66)
We use induction on n. We start by proving that d,, g(1,0) > d, s(z1,1). When d,,_y g(z1,1) >
0, dng(x1,0) > dy 5(x1,1) follows directly from (A.64) and (A.65) by the monotonicity of
the value function (Lemma 2.8) and the induction hypothesis. When d,,_1 g(z1,1) < 0, we
get from (A.64) and (A.65)
dnp(1,0) = dng(21,1) > pohe + B{A[dn-15(x1 +1,0) = dpy p(z1 + 1,1)]
+ady—1,(21,0) + o [dn1,5(21,0) — dp1 (21, 1))
+ 2 [G?nq,ﬁ(ﬂfla 1) — dp_1,8(21, 1)] — pindp_1 p.(21,1)

+1q |:dn_175(l‘1 — ]_, 1)+ — dn—l,ﬁ(l‘l — 1, 2)+i| 1(l‘1 > 1)} ,

which is nonnegative because of the induction hypothesis, d,,_1 g(x1,0) > 0, and d,,_1 g(x1,1) <
dn 15(z1,1). To prove that d, g(z1, ) > d,, p(x1,2) we again consider d,_; g(x1,1) < 0 and
dy_1,5(z1,1) > 0 separately. When d,,_1 5(z1,1) < 0, we also have d,_1 5(z1,1) < 0 and
dp_1 5(;1:1, 2) < 0 by the induction hypothesis. Then, we get from (A.65) and (A.66)
) —dnp(r1,2) = B{N[dn1 (21 +1,1) = dyrg(z1 + 1,2)] + vadp_1,5(21,0)

+(p2 — vo)dn_18(x1,1) + & [dp—1,8(21, 1) — dneq g1, 2)]

+ [dn—l,ﬁ(xla )™ —dy—1 (21, 2)_] — 2N2dn—1,5($1, 1)

+u1 [dn—1,ﬁ($1 -1, 2)+ - dn—l,ﬁ(xl — 1,3)+] 1(201 > 1)} > 0,

d (l‘l, 1
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because of the induction hypothesis, vo > po, and d,,— g(x1,1) < a?n,l,g(:cl, 1) < 0. Let now

A~

dyp—1p(x1,1) > 0. If dyq1 g(x1,1) > 0 as well, we get from (A.65) and (A.66)

dnp(®1,1) = dnp(r1,2) = B{A[dn-rp(z1+1,1) = dp_rp(21 + 1,2)]
+v [dn—1,6(21,0) = dn1p(21, D] + & [dn-1,5(21, 1) — dno1,5(21, 2)]
o [dno1,p(21, 1) = dny (21, 2) ] = pad—1 p(21,2)”
1 [doorg(zr — 1,2)T — dypo1 (e — 1,3)7] 1(zy > 1)},

and the result follows from the induction hypothesis. If d,,_1 g(z1,1) < 0, in which case the
induction hypothesis implies that d,,—1 g(z1,2) < 0 as well, (A.65) and (A.66) give

dnp(1,1) —dpp(x1,2) = B{N[dno1p(x1 +1,1) —dpy g(21 + 1,2)] + 12dy—1 5(21, 0)
+(pe — o)dn_1 5(x1, 1) + &2 [dno1 g1, 1) — dyey (21, 2)] — pady—1 (21, 2)
1 [dnorg(zr — 1,2)T = dpoy (o — 1,3)7] 1(zy > 1)},

and the result follows from the induction hypothesis, vo > po, and d,,—1 5(z1,1) < 0. For
Ty > 2, dy (21, 22) > dy g(x1, 22 + 1) follows by applying the induction hypothesis in (A.66).

When pq(hy — ha) > pohs, a straightforward induction on n based on (A.65) and (A.66)
yields d,, g(x1,22) > 0, 25 > 1, which combined with cflnﬁ(xl, 1) > d, g(x1,1) and Proposition
2.3 proves part (ii).

Proof of Theorem 2.11

When h; < he, idling policies may be optimal. Therefore, when there is no dedicated
server in Station 2, the optimal allocation is either (v; + py,0) or (0,0) when there are no
jobs in the downstream station, and one of (v4 + p1,0), (v1, p2), and (0, u2) with jobs in both
stations. Then, for zo > 1

Vnﬁ(O, .TQ) = hQSL’Q + ﬁ [)\anl,g(l, 1’2) —+ /@Vn,l,g(o, To — 1) + (/i1 + Vl)Vn,Lg(O, 1’2)] 7(A67)
and for z; > 1

Vops(x1,0) = hyzy + B[ A1 (1 +1,0) + paVio1 (21, 0)
+(v1 + p) min {V,,—1 g(x1 — 1,1), Voo 5(21,0)}] , (A.68)
Vap(xr, ) = hixy + hoxg + B [AV,o1 g(ar + 1, 22)
+min {(v1 + 1) Vo1 g(x1 — Lzo + 1) + poVioy g1, 22),
nVn-15(x1 — Lxe + 1) + Vi1 (21, 20 — 1) + 1 Vi (1, 22),
poVo_15(x1, 00 — 1) + (11 + 1) Va1 (21, 22) },, 22 > 1. (A.69)

To prove that the optimal policy assigns the flexible server to Station 2 it suffices to show
for each time n that allocation (11, o) incurs no more cost than (v4 + py,0), which in view
of (A.69) leads to d,, g(x1,22) < 0 for x5 > 1. The proof is by induction on n. Assuming
that d,,_1 g(x1,22) < 0 (induction hypothesis) means that the optimal allocation at time n
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88 Preemptive service discipline

for x5 > 1 is either (v, pus) or (0, ps), so the first term in braces in (A.69) can be omitted.
Then, we use (A.67)-(A.69) to get

dnp(l,m3) = pi(hy — ha) — pohg + B [(Adn—15(2, 22) + pidn—1,5(1, 2)
v fo1,5(1, 22) " — porn fam1,8(L wa — )T + porn [gno1,6(1, 22) + fao1,8(1, 22) ]
+,u2dn,175(1, 0)71(.’172 = 1) —+ /,Lgdnfl,ﬁ(l, To — 1)1(372 > 1)] s (A?O)

and for x; > 2

dnpg(z1,22) = pi(hy — he) — poho + B [Adp—1 5(x1 + 1, 29) + p1dp—1 (1, 22)
o1 (pn — p12) fam1,8(21, 2) " + 11 [pogno15(m1 — L wo + 1) + pug foo1,p(z1 — 1,20 + 1) 7]
+,u2dn_175(x1, O)_]_(ZL‘Q = ].) + ,ugdn_lﬁ(l‘l, To — 1)1(1‘2 > 1)] . (A?l)

Note that for x1, 29 > 1 we have
pogn-15(x1, 22) + pu1 fr1,(x1, 22) " = max {pogn_1,(x1, 2), dp1,5(x1,22) } . (A.72)

Then, the result follows from (A.70)-(A.72), p1 > pe, and the induction hypothesis.
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Proof of Lemma 2.10

We start with the proof of parts (i)-(iii). For x5 > 1 we have

V(xlailajax2_1a1)7 (Bl)
V(.Tl, il, 2,372 — 1, ig), (BQ)

V(ZEl,’il,j, 1'2,0) S
<

V<x17 i17 07 T2, Z2)

because assigning the dedicated server of Station 2 (respectively, the slow server) to Station
2 may not be optimal. Next, consider the following sample path argument. Let P1 and P2
be the processes that start in states (1,11, J, T2, i9) and (x1, 41, j, 22+ 1, 1), respectively, and
7 be the optimal policy for P2. Assume that for P1 we apply a policy 7 that imitates 7 until
the first time, say 7, that it is unable to do so, and is optimal afterwards. Policy 7 cannot
imitate 7 only when there is one job in Station 2 under P2 and a server is assigned to it, in
which case 7 cannot replicate the action because of lack of jobs under P1. Then, the state
of the system under P1 and P2 at time 7 can be either (#,41,7,0,0) and (Z1,1,7,0,1), or
(#1,11,0,0,173) and (Z1,41,2,0,43). The two policies have a holding cost rate difference of hy
until time 7 and are optimal afterwards. Therefore, because 7 is not necessarily optimal we
have

V(xlailaja xZaiQ) - V(xlailaja T2 + 1ai2)
S _hQE(T) + E [V(fi‘lajzlajaoao) - V(fi‘lajzlajaoﬂ 1)} (Bg)

or

Vw1, i1, J, 2o, 12) — V(21,41, , 02 + 1, 42)
S —hQE(T) + FE [V(i‘l, 51, O, 0, 22) - V(fl,%l, 2, O,gg)} . (B4)

Let Xy = 21 + 43 + 1(j = 1) be the number of jobs in Station 1, waiting and in service.
We claim that, assuming that parts (i)-(iii) hold for X; < K, it suffices to prove parts (ii)
and (iii) for X; = K + 1 and x5 = 0 for parts (i)-(iii) to hold for X; = K + 1. This is true
because part (i) would follow from (B.3) or (B.4), and then parts (ii) and (iii) for xs > 1
would follow from (B.1) and (B.2). Based on this observation we use induction on X; to
prove parts (i)-(iii).

The induction base is established by proving parts (i) and (iii) for X; = 25 = 0. For
j=0orj =2 we have

V(anajaoa ]-) - V(070797070) = h2/y27
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and for i =0 or ip =1,
V(0,0,2,0,i5) — V(0,0,0,0,i9) = ha/ uo.

The induction step for part (ii) requires the proof of V(z1,11,7,0,0) < V(z1,41,7,0,1). We
consider all possible combinations of 41,7 and use (2.4.1)-(2.4.4) to derive expressions for
V(z1,11,7,0,0) and V (z1,141, 7,0, 1).

Case 1.1, = j = 1. We have

V(z1,1,1,0,1) — V(21,1,1,0,0) = W(zy,1,1,0,1) — W(z1,1,1,0,0) = hy
+u1 [V (21,0,1,1,1) — V(21,0,1,1,0)] + 11 [V (21,1,0,1,1) — V(21,1,0,1,0)]
+M2[V(ZL‘1, ]_, 1,0, 1) — V(l‘l, 1, 1,0,0)],

and using the induction hypothesis we get
Vi(x1,1,1,0,0) < V(z1,1,1,0,1). (B.5)

Case 2. i3, = 0, 5 = 1. The optimal action of the dedicated server of Station 1 for state
(r1,0,1,0,1), denoted by &y, is feasible for state (x1,0,1,0,0), so we have

V(ZL‘l,O, ].,0, ].) - V(xl,(), 1,0,0) Z W(l‘l — 071,6(1, 1,0, 1) — W(l‘l - 6[1,6(1, 1,0,0) (BG)
For &; = 0 we have

W(.Tl, 0, 1, 0, 1) — W(.Tl, 0, 1, 0, O) = h2
+[V(21,0,0,1,1) — V(21,0,0,1,0)]
+(l/1 + MQ)[V(ZL‘l, 0, ]_, 0, ].) - V(l‘l, O, 1, O, 0)] (B?)

For &¢; = 1 we have
Wi(z;—-1,1,1,0,1)—W(x;—1,1,1,0,0) = V(2;—-1,1,1,0,1)—V(2;—1,1,1,0,0) > 0 (B.8)

from (B.5). Using (B.6),(B.7), and the induction hypothesis for &; = 0 and (B.6),(B.8) for
ap =1, we get

V(21,0,1,0,0) < V(z1,0,1,0,1). (B.9)

Case 3. 13 = 1, 5 = 0. Interchanging the role of 71, 7 in the analysis of Case 2 we obtain
V(x1,1,0,0,0) < V(z1,1,0,0,1). (B.10)

Case 4. 11 = 7 = 0. Let Ay, be the optimal actions of the dedicated server of Station
1 and the slow server for state (x1,0,0,0,1). If &3 = @ = 0 we have V(z,0,0,0,1) —
V(21,0,0,0,0) = hy/vs. In any other case actions @i, & are feasible for state (x1,0,0,0,0),
so we have

V(l’l,0,0,0, 1) — V(.Tl,0,0,0,0) Z W(.Tl — 6[1 — 5[,6[1,5[,0, 1) — W(.Tl — 6[1 — 6[,6[1,5(,0,0).
(B.11)

Institutional Repository - Library & Information Centre - University of Thessaly
01/06/2024 21:10:43 EEST - 18.119.166.180



Appendix B 91

For a; =1, @ = 0 we have

Wiz —1,1,0,0,1) — W(z1 — 1,1,0,0,0)
= hg + l/l[V(l‘l — 1,0,0, ]_, 1) — V(ZL‘l — 1,0,0, 1,0)]
+(p1 + p2)[V(z1 — 1,1,0,0,1) — V(z; — 1,1,0,0,0)] > 0, (B.12)

by induction and (B.10). For & = 0, @ = 1 we have

W(z, —1,0,1,0,1) — W(z, — 1,0, 1,0,0)
= h2 + ,ul[V(.’L'l — 1,0,0, 1, 1) — V(.lel — 1,0,0, 1,0)]
(4 m)[V(z1 — 1,0,1,0,1) — V(g — 1,0,1,0,0)] > 0, (B.13)

by induction and (B.9). For &; = & = 1 we have

Wz, —2,1,1,0,1) — W(z; — 2,1,1,0,0) = hy
[V (2 —2,0,1,1,1) = V(21 — 2,0,1,1,0)]
V(2 —2,1,0,1,1) = V(2 — 2,1,0,1,0)]
oV (21 —2,1,1,0,1) — V(2 — 2,1,1,0,0)] > 0, (B.14)

by induction and (B.5). Then, get we from (B.11)-(B.14)
V(21,0,0,0,0) < V(z4,0,0,0,1). (B.15)
Case 5.1, =1, j = 2. We have

V<x17 17 2707 1) - V(xlu 1727070) = W(xlu 172707 1) - W(xlu 1727070) = h’2
+11 [V (21,0,2,1,1) = V(21,0,2,1,0)] + p2[V(21,1,0,0,1) — V(21,1,0,0,0)]
+M1[V(ZL‘1, ]_, 2, O, 1) - V(l‘l, 1, 2, 0, O)],

and using the induction hypothesis and (B.10) we get
V(x1,1,2,0,0) < V(z1,1,2,0,1). (B.16)

Case 6. 77 = 0, 5 = 2. The optimal action of the dedicated server of Station 1 for state
(1,0,2,0,1), denoted by &y, is feasible for state (x,0,2,0,0), so we have

V(ZL‘l,O, 2,0, ].) - V($’1,0,2,0,0) Z W(ZL‘l — dl,d1,2,0, 1) — W(ZL‘l - dl,@l,Z,0,0). (B].?)
For &; = 0 we have

W(.Tl, 0, 2, 0, 1) — W(.Tl, 0, 2, 0, O) = h2
o[V (21,0,0,0,1) — V(21,0,0,0,0)]
(4 )[V(21,0,2,0,1) — V(21,0,2,0,0)]. (B.18)

For &1 = 1 we have

W(z1—1,1,2,0,1)=W(z1—1,1,2,0,0) = V(z,—1,1,2,0,1)=V(21—1,1,2,0,0) > 0 (B.19)
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from (B.16). Using (B.17),(B.18),(B.15) for &3 = 0 and (B.17),(B.19) for a&; = 1, we get
V(21,0,2,0,0) < V(z1,0,2,0,1). (B.20)

The induction step for part (iii) requires the proof of V' (21,141, 0,0, 13) < V(xy,11,2,0,14y). For
every combination of i1, i we use (2.4.1)-(2.4.4) to derive expressions for V' (z1,11, 0,0, i3) and
V(.Tl, ilu 27 07 Z2)
Case 1. i1 =1, io = 0. We have
V(.Tl, 1, 2, O, 0) - V(l’l, 1, O, 0, O) Z W(l’l, 1, 2, O, 0) — W(l’l, 1, 0, O, 0) = h2
+V1[V(.§L’1, 0, 2, 1, O) — V(.Tl, O, O, 1, O)] + (,ul + V2)[V<.§L’1, 1, 2, O, O) - V(.Tl, 1, O, O, 0)],
and using the induction hypothesis we get
V(21,1,0,0,0) < V(21,1,2,0,0). (B.21)
Case 2. i1 = i3 = 1. We have
V(1,1,2,0,1) — V(21,1,0,0,1) > W(z1,1,2,0,1) — W(21,1,0,0,1) = hy
Fu[V(21,0,2,1,1) — V(21,0,0,1,1)] + [V (21, 1,2,0,0) — V(z1,1,0,0, 0)]
+a[V(21,1,2,0,1) — V(21,1,0,0,1)],
and using the induction hypothesis and (B.21) we get
V(21,1,0,0,1) < V(z1,1,2,0,1). (B.22)
Case 3. 11 = 153 = 0. Let a; be the optimal action of the dedicated server of Station 1 for
state (z1,0,2,0,0). For &; = 0 we have
a4 he

V(z1,0,2,0,0) = W(z1,0,2,0,0) = — V(21,0,0,0,0). (B.23)
2

For &1 = 1 we have

V(21,0,2,0,0) — V(241,0,0,0,0)
>W(z; —1,1,2,0,0) — W(zy —1,1,0,0,0) = hy
+I/1[V(l’1 - ]-7 07 27 17 O) - V(xl - 17 07 07 ]-7 0)]
(s + 1) [V(z1 — 1,1,2,0,0) — V(z; — 1,1,0,0,0)], (B.24)
where the inequality is due to the fact that actions 1,0 for the dedicated server of Station 1

and the slow server, respectively, are feasible for state (x,0,0,0,0). Using (B.23) for &@; =0
and (B.24),(B.21) and the induction hypothesis for &; = 1, we get

V(21,0,0,0,0) < V(z1,0,2,0,0). (B.25)

Case 4. i1 =0, i3 = 1. Let &; be the optimal action of the dedicated server of Station 1 for
state (r1,0,2,0,1). Then, actions a;,0 for the dedicated server of Station 1 and the slow
server, respectively, are feasible for state (z1,0,0,0, 1), so we have

V(ZL‘l, 0, 2, 0, ].) - V(fEl, O, 0, O, 1) Z W(ZL‘l - 6(1, 6(1, 2, O, 1) — W(ZL‘l - dl, 6(1, 0, O, 1) (B26)
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For a; = 0 we have

W(.Tl, 0, 2, 0, 1) — W(.Tl, 0, O, 0, 1) = h2
+1,[V (21,0,2,0,0) — V(241,0,0,0,0)]
(1 + )V (21,0,2,0,1) = V(21,0,0,0,1)]. (B.27)

For &1 = 1 we have

Wiz —1,1,2,0,1) = W(z; — 1,1,0,0,1) = hy
+u[V (1 —1,0,2,1,1) = V(27 — 1,0,0,1,1)]
+1o[V(zy —1,1,2,0,0) — V(27 — 1,1,0,0,0)]
+u[V(zy —1,1,2,0,1) = V(2 — 1,1,0,0,1)]. (B.28)

Using (B.26),(B.27),(B.25) for @; = 0 and (B.26),(B.28),(B.21),(B.22), and the induction
hypothesis for a; = 1, we get

V(21,0,0,0,1) < V(21,0,2,0,1). (B.29)
We now proceed to the proof of parts (iv) and (v). For 25 > 1 we have
V(xl,i1,0,$2,1> < V(.Tl,il,Q,ZUQ — 1,1), (BSO)

because assigning the slow server to Station 2 may not be optimal. Next, we use a sample
path argument to compare the terms involved in part (iv). Let P1 and P2 be the processes
that start in states (x1, 11, j, xe —1,1) and (1, 71, J, 2, 0), respectively, and 7 be the optimal
policy for P2. Assume that for P1 we apply a policy 7 that imitates = until time 7 (defined
later), and is optimal afterwards. Time 7 is the time that the earliest of the following three
events occurs: i) Server 2 is assigned to a job under P2, ii) a service completion by Server 2
under P1, and iii) there is one job in Station 2 under P2 and the slow server is assigned to it,
in which case 7 cannot replicate this action because of lack of jobs under P1. In the first case
the two processes are coupled and there is no cost difference between 7 and 7. In the second
case the state of the system under P1 and P2 at time 7 is of the form (5:1,21,5, To — 1,0)
and (71, i1, ], Zo, 0), respectively. Finally, in the third case the state of the system under P1
and P2 at time 7 is of the form (#,41,0,0,1) and (#1,41,2,0,0). Therefore, because 7 is
not necessarily optimal we have

V(fL‘l,Z.l,j,lQ—1,1)—V($1,i1,j,$2,0) Soa (B31)
or

V(xy, i1, §, w0 — 1,1) = V(w1,41, 4, 22,0) < E [V(Z1,11, §, 82 — 1,0) — V(Z1, 11, j, &2,0)]
(B.32)

or

V(xy,iy, j,we — 1,1) = V(21,41, 4, 22,0) < E [V(%1,11,0,0,1) = V(1,41,2,0,0)] . (B.33)
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Let X; = x1 4+ 41 + 1(j = 1) be the number of jobs in Station 1, waiting and in service. We
claim that, assuming that parts (iv) and (v) hold for X; < K it suffices to prove part (v) for
X; = K+ 1 and 23 = 0 for parts (iv) and (v) to hold for X; = K + 1. This is true because
part (iv) would follow from (B.31) or (B.32) (part (i) of the lemma) or (B.33), and then part
(v) for o > 1 would follow from (B.30). Based on this observation we use induction on X;
to prove parts (iv) and (v).

The induction base is established by proving part (v) for X; = x5 = 0. We have

ha h
V(0,0,2,0,0) — V(0,0,0,0,1) = — — =2 >0,

H2 Vg
because vy > ps. For the induction step we need to prove V' (z1,1i1,0,0,1) < V(xq,11,2,0,0).
Case 1. i1 = 1. We have
V(z1,1,2,0,0) — V(21,1,0,0,1) > W(xy,1,2,0,0) — W(z4,1,0,0,1)
=11V (21,0,2,1,0) — V(21,0,0,1,1)] + 15[V (21,1,2,0,0) — V(21,1,0,0,0)]
+M1[V(ZL‘1, 1, 2, 0, O) — V(l‘l, 1, 0, O, 1)] + ,lLQ[V(ZL‘l, 1, O, 0, O) — V(l‘l, 1, 0, O, 1)]
Because the term multiplying v, is nonnegative (part (iii) of the lemma) and vy > ps we get
V(x1,1,2,0,0) — V(x1,1,0,0,1)
> 11[V(21,0,2,1,0) — V(21,0,0,1,1)]
+(M1 + MZ)[V(xla ]-7 27 07 0) - V(x17 17 07 07 O)]a
and using the induction hypothesis we get

V(z1,1,0,0,1) < V(z1,1,2,0,0). (B.34)

Case 2. i1 = 0. Let a; be the optimal action of the dedicated server of Station 1 for state
(1,0,2,0,0). Then, actions a;,0 for the dedicated server of Station 1 and the slow server,
respectively, are feasible for state (z1,0,0,0,1), so we have

V(21,0,2,0,0) — V(z1,0,0,0,1) > W(xy — @1, 64,2,0,0) — W(zy — a1, 64,0,0,1). (B.35)

For a; = 0 we have

haai +hs x4k
W (21,0,2,0,0) = W(x1,0,0,0,1) = AL Tl It #h o (B.36)

2 %)

because 15 > ps. For ay = 1 we have

Wiz —1,1,2,0,0) — W(z; — 1,1,0,0,1)
=un[V(r;—-1,0,2,1,0) — V(z; — 1,0,0,1,1)]
+1o[V(zy —1,1,2,0,0) — V(27 — 1,1,0,0,0)]
+u[V(z; —1,1,2,0,0) — V(2 — 1,1,0,0,1)]
eV (2 — 1,1,0,0,0) — V(21 — 1,1,0,0,1)].
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Because the term multiplying v, is nonnegative (part (iii) of the lemma) and vy > ps we get

W(zy —1,1,2,0,0) — W(z, — 1,1,0,0,1)
> [V(z, —1,0,2,1,0) — V(z; — 1,0,0,1,1)]
+(p1 + p2)[V (21 — 1,1,2,0,0) — V(zy — 1,1,0,0,1)]. (B.37)

Using (B.35),(B.36) for &3 = 0 and (B.35),(B.37),(B.34), and the induction hypothesis for
ap =1, we get

V(21,0,0,0,1) < V(x1,0,2,0,0),
completing the proof.

Proof of Lemma 2.11

We start with the proof of parts (i)-(iii). For z; > 1 we have

V(x1707j7x2) < V(x1_1717.j7x2)7 <B38)
V(ZEl,’il,O,l‘Q) S V(l‘l—l,il,l,l‘g), (B39)

because assigning the dedicated server of Station 1 (respectively, the slow server) to Station
1 may not be optimal. Next, we adjust the sample path argument used in the proof of
parts (i)-(iii) of Lemma 2.10 to compare the expected cost of processes P1 and P2 that
start in states (xi,141,7,22) and (x; + 1,41, j, x2), respectively, by defining policies 7 and 7
accordingly. The two policies have a holding cost rate difference of h; until time 7, the first
time that 7 cannot imitate 7w, and the state of the system under P1 and P2 at that time
can be either (0,0, 7, %) and (0,1, 7, %), or (0,11,0,%5) and (0,11, 1, &5). Therefore,

V(xy, iy, j,x2) — V(g + iy, j, x2) < —m E(7) + E [V(0, 0,7, ) — V(0, 173,52)} (B.40)
or
V(.Tl, il,j, 1’2) — V(.Tl -+ 1,’i1,j, 1’2) S —h1E<7') -+ FE [V(O,gl, O,.’IZ‘Q) - V(O,gl, 1,.%2)} . <B41)

Then, it is evident from (B.38)-(B.41) that it suffices to prove parts (ii) and (iii) for z; = 0.
The proof is by induction on z3. We start with part (ii) for j = 0,2. For j = 0 the induction
base is established by (2.4.12). For j = 2 we have

V(0,1,2,0) — V(0,0,2,0) =W (0,1,2,0) — W(0,0,2,0) = hy
+11[V(0,0,2,1) — V(0,0,2,0)] + u[V(0,1,0,0) — V(0,0,0,0)]
+(:u1 + V2)[V(O7 17 27 0) - V(07 07 27 O)]a
which combined with (2.4.13) and (2.4.12) yields V/(0,0,2,0) < V(0,1,2,0). For the induc-
tion step we need to prove part (ii) for j = 0,2 and xo > 0. We consider j = 0 first. Let &

be the optimal action of the slow server for state (0, 1,0, z5). Because & is feasible for state
(0,0,0, x2) we have

V(0,1,0,25) — V(0,0,0,22) > W(0,1,d&, x5 — 1(& = 2)) — W(0,0, &, x5 — 1(& = 2)). (B.42)
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For & = 0 we have

W(0,1,0,z9) — W(0,0,0,29) = hy
+11[V(0,0,0,25 + 1) — V(0,0,0,75)]
F[V(0,1,0,25 — 1) — V(0,0,0, 25 — 1)]
+(p1 + p2)[V(0,1,0,29) — V(0,0,0, xs)]. (B.43)

For & = 2 we have

W(O7 17 2,.1’2 - ]-) - W(0,0, 2,,1‘2 — ]_) = hl
+11[V(0,0,2,25) — V(0,0,2, 25 — 1)]

+1u[V(0,1,2,25 — 2) — V(0,0,2, 25 — 2)]
+u[V(0,1,2,25 — 1) — V(0,0,2, 25 — 1)]
+u2[V(0,1,0, 25 — 1) — V(0,0,0, 25, — 1)]. (B.44)

Using (B.42)-(B.44),(2.4.13), and the induction hypothesis we get
V(0,0,0,25) < V(0,1,0,25). (B.45)
For j = 2 we have
V(O, 1, 2, .TQ) — V(O, 0, 2, .TQ) = W(O, 1, 2, .TQ) — W(O, O, 2, SL’Q) = hl
+11 [V<O7 07 27 T2 + 1) - V<O7 07 27 x?)] + V2[V<O7 17 27 To — 1) - V<O7 07 27 Ty — 1)]
+M1[V(07 ]-7 27 xQ) - V(Ov 07 27 xQ)] + He [V(Ov ]-7 07 xQ) - V(Ov 07 07 ZL'Q)],
and using (2.4.13),(B.45), and the induction hypothesis we get
V(0,0,2,25) < V(0,1,2,25).
For any x5 > 0 we have
V(0,1,1,25) — V(0,0,1,25) = W(0,1,1,22) — W(0,0,1, z5)
= hl + I/l[V(O, O, 1, To + 1) — V(O, O, 1, {L‘Q)]
+15[V(0,1,1, (25 — 1)) = V(0,0, 1, (x5 — 1)7)]
+M1[V(O, 1, O, T2 + 1) — V(O, 0, O, To + 1)]
+u[V(0,1,1,29) — V(0,0, 1, z2)]. (B.46)
Then, taking into account (2.4.13) and (B.45), part (ii) for j = 1 follows from a straight-
forward induction based on (B.46). For part (iii) we consider 7; = 0 first, in which case the
induction base is established by (2.4.12). For x5 > 1 we have
V(O, 0, 1, .TQ) - V(O, O, 0, 1’2) > W(O, 0, 1, .TQ) — W(O, 0, O, .TQ) = hl

_'_VQ[V(Oa 07 17 T — 1) - V<O7 07 07 To — 1)] + ,LLJV(O, 07 07 To + 1) - V(07 07 07 1’2)]
+(V1 + NQ)[V(Oa 07 17 x?) - V(07 07 07 l’g)],
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and using (2.4.13) and the induction hypothesis we get
V(0,0,0,2) < V(0,0, 1, 22). (B.47)
For any x5 > 0 we have

V(0,1,1,22) — V(0,1,0,25) > W(0,1,1,25) — W(0,1,0, 2)
=hy +11[V(0,0,1,29+ 1) — V(0,0,0, 25 + 1)]
+1[V(0,1,1, (20 — 1)) = V(0,1,0, (22 — 1)1)]
Fn[V(0,1,0, 29 + 1) — V(0,1,0, 25)]
e[V (0,1, 1, 22) — V(0,1,0, ). (B.48)

Then, taking into account (2.4.13) and (B.47), part (iii) for i; = 1 follows from a straight-
forward induction based on (B.48).

We now proceed to prove parts (iv)-(vi). Similarly to the proof of (i)-(iii), it suffices to
prove parts (v) and (vi) for z; = 0 because i) (B.38),(B.39) hold with x5 + 1 instead of x5,
and ii) the same sample path argument can be applied to compare the expected cost of the
processes that start in states (xq — 1,41, 7,22 + 1) and (1, 71, J, 2), yielding

V(:El - 17i17ja X2 + 1) - V("L‘la'él)j) 1'2)
< _(hl - hz)E(T) + E [V(0,0,j,[i‘g + 1) - V(07 1737j2)}

or

Vi(zy — 1,01, j, 00 + 1) = V(1,41, J, 72)
< —(h1 — ha)E(7) + E [V(0,41,0,3 4+ 1) — V(0,41, 1, 22)] -

We start with part (v) for j = 0,2. We have
V(0,1,0,0) — V(0,0,0,1) = hy /vy, (B.49)
and

V(0,1,2,0) — V(0,0,2,1) = W(0,1,2,0) — W(0,0,2,1) = hy — hs
+V2[V(O7 17 27 0) - V(O7 07 27 0)] + p2 [V(Ov 17 07 O) - V(O7 07 07 1)]
+M1[V(O717270) - V(070727 1)]7 (B50)

and the induction base (z; = 0) is established by (B.49),(B.50) and part (ii). For the
induction step we need to prove part (v) for j = 0,2 and x5 > 0. We consider j = 0 first.
Let & be the optimal action of the slow server for state (0, 1,0, z5). Because & is feasible for
state (0,0,0,z5 + 1) we have

V(0,1,0,22) — V(0,0,0, 25+ 1) > W(0, 1,6, 25 — 1(& = 2)) — W(0,0, &,z + 1(& = 0)).
(B.51)
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For & = 0 we have

W(O, 1, 0, SL’Q) — W(O, O, 0, T2+ 1) = hl — h2
+V2[V(0a ]-7 Oa Ty — 1) - V(07 Oa 07 l’g)]
+(p1 + p2)[V(0,1,0,22) = V(0,0,0, 22 + 1)]. (B.52)

For & = 2 we have

W(0,1,2,29 — 1) = W(0,0,2,29) = hy — hs
+15[V(0,1,2,29 — 2) — V(0,0,2, 29 — 1)]
+1[V(0,1,2,29 — 1) — V(0,0,2, x5)]
+112[V (0, 1,0, 25 — 1) — V(0,0,0, 25)]. (B.53)

Using (B.51)-(B.53) and the induction hypothesis we get
V(0,0,0, 20+ 1) < V(0,1,0, x9). (B.54)
For j = 2 we have

V(O, 1, 2,33‘2) — V(O, 0, 2,1‘2 + 1) = W(O, 1, 2, SL’Q) - W(O, 0, 2,1‘2 + 1) = hl — h2
+1,[V(0,1,2,25 — 1) = V(0,0,2, 22)] + 11[V(0,1,2,25) — V(0,0,2, 25 + 1)]
[V (0,1,0,25) — V(0,0,0, 25 + 1)],

and using (B.54) and the induction hypothesis we get
V(0,0,2,250+ 1) < V(0,1,2,z,).
For any x5 > 0 we have

V(0,1,1,22) — V(0,0,1, 25 + 1) = W(0,1,1,z5) — W(0,0,1, 25 + 1)
= hy — hy + »[V(0,1,1, (32 — 1)™) = V(0,0, 1, 25)]
+u1[V(0,1,0, 25 + 1) — V(0,0,0, 25 + 2)]
Fp2[V(0,1,1,25) — V(0,0,1, 5 + 1)]. (B.55)

Then, taking into account (B.54), part (v) for j = 1 follows from a straightforward induction
based on (B.55). For part (vi) we consider ¢; = 0 first, in which case the induction base is

established by V/(0,0,1,0) — V(0,0,0,1) = hy/py. For x5 > 1 we have

V(0,0,1,25) — V(0,0,0, 25 + 1) > W (0,0, 1, 25) — W(0,0,0,25 + 1) = hy — ho
+V2[V(07 0,1,29 — 1) - V(07 0,0, $’2)] + (Vl + MZ)[V(Ov 0,1, xQ) - V(Ov 0,0,z + 1)]7

and by the induction hypothesis we get

V(0,0,0,25 + 1) < V(0,0, 1, 25). (B.56)
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For any x5 > 0 we have

V(0,1,1,29) = V(0,1,0,290+ 1) > W(0,1,1,29) — W(0,1,0, 29 + 1)

=hy — hy +11[V(0,0,1, 20 + 1) — V(0,0,0, x5 + 2)]

+15[V(0,1,1, (2, — 1)*) = V(0,1,0, 25)]

+ua[V(0,1,1,29) — V(0,1,0, 29 + 1)]. (B.57)
Then, taking into account (B.56), part (vi) for iy = 1 follows from a straightforward induction
based on (B.57).

Finally, the proof of parts (vii) and (viii) is similar to the proof of parts (iv) and (v) of

Lemma 2.10. For z; > 1 we have

V(l’l, 1,0,372) < V(.Tl — 1, 1, 1,1‘2), <B58)

because assigning the slow server to Station 1 may not be optimal. Next, we use a similar
sample path argument (interchanging the roles of Stations 1,2 and their dedicated servers)
to compare the expected cost of the processes that start in states (z; — 1,1,7,x2) and
(21,0, j,z2). Reasoning as in the proof of Lemma 2.10 we get

V(zy — 1,1, j,29) — V (21,0, j,29) <0, (B.59)
or
Vi(zr —1,1,5,22) — V(21,0,4,22) < E [V(%1 — 1,0,5, % + 1) — V(i1,0,,3)] <0 (B.60)
by part (iv), or
Ve, —1,1,7,22) — V(x1,0,4,25) < E[V(0,1,0,%) — V(0,0,1,%,)] . (B.61)

Then, it is clear from (B.58)-(B.61) that it suffices to prove part (viii) for z; = 0. The proof
is by induction on x5, with the induction base established by

V(0,0,1,0) — V(0,1,0,0) = b _ M >0,
1o
because vy > py. For x5 > 1 we have
V(0,0,1,25) — V(0,1,0,25) > W(0,0,1,25) — W(0, 1,0, z5)
=1[V(0,0,1,25) — V(0,0,0, 22+ 1)] + 15[V (0,0,1, 20 — 1) — V(0,1,0, 29 — 1)]
+u1[V(0,0,0, 29 + 1) — V(0,1,0, 29)] + p2[V(0,0,1,29) — V(0, 1,0, x5)].
Because the term multiplying v; is nonnegative (part (vi) of the lemma) and v4 > p; we get
V(0,0,1,25) — V(0,1,0, 25)
> 1[V(0,0, 1,29 — 1) — V(0,1,0, 29 — 1)]
+(pq + p2)[V(0,0,1,29) — V(0, 1,0, x9)],
and using the induction hypothesis we get

V(0,1,0,22) < V(0,0,1, ),

completing the proof.
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Proof of properties (P1)-(P5)

The proof is by induction on n. First, we use (2.4.19)-(2.4.21) to show that Wy (1, i1, 7, 2, i2)
satisfies (P1)-(P5), establishing the induction base. Then, the induction is completed by as-
suming that W, satisfies (P1)-(P5) and showing that V,, and W, satisfy these properties
as well. According to the induction hypothesis, if there are jobs in Station 2 at time n and
its dedicated server is available, the optimal policy assigns a job to that server, that is, for
T9 > 1 we have

Vio(x1,d1, 7, 22,0) = Vi (21,41, j, 22 — 1, 1). (B.62)

Starting with the proof of (P1) for V,,, let (a4, &g, &) be the optimal allocation for state
(21,41, j, 22 + 1,42). Then, if (&1, &g, &) is feasible for state (x1,11,j, z2,42), we have from
(2.4.18)

Vn(Il,il,j, l’g,’iQ) S Wn(x/l,&l,&,l’é,&2>

S Wn(l‘/l,@l,&,ffé + ]_,6[2) = Vn(l‘l,il,j, ) + ]_,’l.g),

where 2}, = x — ai(l — i) —1(j = 0,& = k), k = 1,2, and the second inequality follows
from property (P1) for W,,. Next, we consider the cases for which (&1, g, &) is not feasible
for state (z1, 11, j, T2, 12).

Case 1. 29 = 0,43 = 0. Wehave g =land a=jif j #0, & #2if j =0, so (a1,0,&) is
feasible for state (x1,11,7,0,0). Therefore,

Vio(xy,11,7,0,0) < W, (2], dy,a,0,0) < W, (2, &1, @,0,1) =V, (21,11, 7, 1,0),

where ) = x; — @;(1 —i;) — @ - 1(5 = 0) and the second inequality follows from property
(P2) for W,.

Case 2. 75 =0, j =0, i3 = 1, @ = 2. In this case (a4, 1,0) is feasible for state (z1,41,0,0,1),
so we have

Vn<$17i170707 1) S Wn(x/la&l70707 1) S Wn<x11764172707 1) = Vn<x17i1707 17 1)7

where 2} = 27 — &;(1 — 71) and the second inequality follows from property (P3) for W,,.
Case 3. xo = 1,9y = j = 0, @ = 2. We have ay, = 1, so (@i, 1,0) is feasible for state
(x1,41,0,1,0). Therefore,

Vn<l’1,’i1,0, 1,0) S Wn(x/l,&l,o,(), 1) S Wn<l’/1,641,2,0, 1) = Vn<l’1,’i1,o,2,0),

where 2} = 27 — a;(1 — 71) and the second inequality follows from property (P3) for W,,.
Having completed the proof of property (P1), we also use (B.62) to get

Vn(xlailaja $2,0) S Vn(xlailaja T2 + 170) = Vn(xlailaja Za, 1)7

which proves property (P2). To prove (P3), letting &; and @&s be the optimal allocations of
the dedicated servers for state (z1,1i1,2, 22, 42), we note that allocation (&, &, 0) is feasible
for state (z1,11,0,2,15). Therefore,

Vn($1,i1,0,$2,i2) S Wn(l‘/ladlaoaxéadQ) S Wn(l‘/lath)x,Q)dQ) - Vn(x17i172ax27i2)7
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where x}, =z, — a(1 — i), k = 1,2, and the second inequality follows from property (P3)
for W,.

As a consequence of the induction hypothesis, property (P4) for V, is satisfied with
equality (see (B.62)). We also use the induction hypothesis to prove (P5) for z, > 1, in
which case we get

Va(xy,i1,0,29,1) < Vi(x1, 01,2, 20 — 1,1) = Vi, (21,41, 2, 22, 0),

where the inequality is due to the fact that assigning the flexible server to station 2 may not
be optimal. For x5 = 0, we let &7 be the optimal allocation of the dedicated server of Station
1 for state (z1,71,2,0,0). Then, allocation (a&i,1,0) is feasible for state (z1,71,0,0,1) and
we obtain

Vn(l‘lailaoaoa 1) S Wn(xllaalaoaoa 1) S Wn(xllath)OaO) = Vn(l‘l)’ilaQaOaO))

where 2} = 27 — &;(1 — 71) and the second inequality follows from property (P5) for W,,.
Finally, we show that W, satisfies properties (P1)-(P5) by using (2.4.19) and (2.4.20).
For property (P1) we have

Wii(x1, i1, j, T2, 10) — Wiy (21,01, j, 22 + 1,49) = —ho
+B8{A\ V(1 + 1,41, 7, T2, 40) — V(w1 + 1,41, J, 22 + 1, 49)]
+11[Vo(21,0, 7, 29 + i1, 00) — Vi (21,0, 4, 20 + 1+ iy, 19)]
+15[ Vi (21,41, J, x2,0) — Vi (21,41, 7, x2 + 1, 0)]
V(@ iz, j - 15 # 1), 22 + 1(j = 1), i2)
—Viu(xy,i1, -1 # 1), 20+ 1+ 1(j = 1),15)]
+uo[Vi(xy, i, 1(j = 1), 29,12) — Vp(x1,41, 1(j = 1), 29 + 1,i2)]} < 0,

because V,, satisfies (P1). For property (P2) we have

Wii1(z1, 01, j, 22,0) — Wyai(xy, 41, 7,02, 1) = —ho
+B{AVa(z1 + 1,d1, J, ©2,0) — V(21 + 1,41, §, 79, 1)]
+11 [V (21,0, 7, 20 +i1,0) — Vi (21, 0, J, 29 + 07, 1)]
Va1, i, 7 - 1 # 1), 22 + 1(§ = 1),0)
V(211,51 # 1), 20 + 1(j = 1), 1)]
+po[ V(a1 i1, 1() = 1), 29,0) — Vi (21,11, 1(5 = 1), 22, 1)]} <O,

because V;, satisfies (P2). For property (P3) we have

Wiaa(x1,41,0, 29, 49) — Wiy (21,41, 2, 22, i2) = —hg
+O{A[Va(z1 4+ 1,11,0, 29, 19) — Vi (21 + 1,41, 2, 29, 4)]
+11 [V (21,0,0, 20 + 41, 92) — Vi (21,0, 2, 29 + i1, io)]
+1o[Vi (21,41, 0, 29,0) — V, (21,11, 2, 22, 0)]
+1q [V (1,41, 0, 29, 49) — Viu(1,41, 2, 9, 19)] } < 0,
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because V,, satisfies (P3). For property (P4) we have

Whii(zy, i1, j, 20 — 1, 1) — Wi (2,41, 7, 22, 0)
= B{A V(21 4+ 1,41, 4,00 — 1, 1) — V(21 + 1,44, j, 22, 0)]
+u1 [V (21,0, 4,00 — 1441, 1) — Vi (21,0, 4, 2 + i1, 0)]
+1o[ Vi (21,01, J, e — 1,0) — Vi (21, 41, J, 2, 0)]
+u[Valzr, i, g -1 # 1), 22 =1+ 1(j = 1), 1)
—Voul(w1,01,5 -1 # 1), 22+ 1(j = 1),0)]
Fp2Va(zr, 11, 1(j = 1), 22 = 1,1) = Vy(a1,41,1(j = 1),22,0)]} <0,

because V,, satisfies (P1) (term multiplying 1») and (P4) (remaining terms). For property
(P5) we have

Wn+ ('rhilao T, 1) - Wn+1<l’1,’i1,2,$€2,0)
_B{)\[ (l’1+1 ’5170 :L‘Qa]-) Vn(x1+177:1727x270)]
+V1[Vn(l‘170707$2+2171) _Vn(x170727x2+i170)]

+V2[ n([L‘1,’i1,0,!L‘2,0) - Vn(l‘lailazal‘%o)]
+,u1[ n(x 2170 T2, 1) - Vn(xluilu 2,.’172,0)]
Fpa Va1, 41,0, 29, 1) — Vi (21,11, 0, 22, 0)]}.

Because V,, satisfies (P2), the term multiplying 5 is nonnegative. Then, taking into account
that puo < s, we get

Whi1(x1,11,0, 29, 1) — W1 (21,41, 2, 9, 0)
< B{AVp(x1 + 1,41,0, 29, 1) — V(21 + 1,41, 2, 29, 0)]
+11 [V (21,0,0, 20 + i1, 1) — Vi (21,0, 2, 25 + i1, 0)]
+1o[ Vi (21,41, 0, 29, 1) — Vi (21,41, 2, 22, 0)]
+1a [V (21,01, 0,29, 1) — Vi (21,41, 2, 22,0)]} <0,

because V;, satisfies (P5).

Proof of properties (Q1)-(Q8)

The proof is by induction on n and is structurally identical to the proof of (P1)-(P5).
Assuming that W, satisfies (Q1)-(Q8), we show that V,, and W, satisfy these properties
as well. According to the induction hypothesis, if there are jobs at Station 1 at time n and
its dedicated server is available, the optimal policy assigns a job to that server, that is, for
z1 > 1 we have

Vn(x1707j7 'TQ) = VYL(:UI - 17 17j7 1’2). <B63)

Starting with the proof of (Q1) for V,, let (&;, &) be the optimal allocation for state (x; +
1,41, 7, x2). Then, if (ay, @) is feasible for state (1,11, 7, x2), we have from (2.4.24)

Vn(l‘l,il,j, I‘Q) S Wn(xi,dl,&,xg) S Wn(ZL'll + 1,6&1,0?,1‘,2) = Vn(l‘l + l,il,j, 1‘2),
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where ) = 21 —a1(1 —4;) = 1(j = 0,a = 1), 2y, = 25 — 1(j = 0,& = 2), and the second
inequality follows from property (Q1) for W,,. Next, we consider the cases for which (&1, &)
is not feasible for state (1,11, j, T2).

Casel. 21 = 0,4, =0. Wehave &1 = land a=jif j #0, a # 1if j =0, so (0,&) is
feasible for state (0,0, j, z5). Therefore,

Vo (0,0, 7, 29) < W,(0,0,a&,xh) < W,(0,1,a,x5) = V,(1,0, 7, z2),

where z, = x5 — 1(j = 0,& = 2) and the second inequality follows from property (Q2) for
W,.

Case 2. x1 =0, j =0, 4, =1, @ = 1. Then, because (1,0) is feasible for state (0, 1,0, z5),
we have

Vn(0,1,0,29) < W, (0,1,0,29) < W,(0,1,1,29) = V,,(1,1,0, x5),

where the second inequality follows from property (Q3) for W,.
Case 3. x1 =1,4; = j =0, @ = 1. Because a3 = 1 and (1, 0) is feasible for state (1,0,0, z3),
we have

Vn<1,0,o,ﬂf2) < Wn((), 1,0,372) < Wn((), 1, 1,1‘2) = Vn(Q,0,0,SL’Q),

where the second inequality follows from property (Q3) for W,.
Property (Q2) is a consequence of (Q1) and (B.63) (induction hypothesis) because

Vn<$1707j7 1’2) S Vn('rl + 1707j7 1’2) = Vn(xla 17.j7 213'2).

To prove (Q3), letting &; be the optimal allocation of the dedicated server of Station 1 for
state (1,11, 1, z3), we note that allocation (&1, 0) is feasible for state (z1,141, 0, z5). Therefore,

Vn(xl,il,(),ajg) S Wn(x/l,&l,o,l’g) S Wn<l’/1,641, 1,372) = Vn<l’1,’i1, 1,1’2),

where 2} = 21 — &;1(1 — 71) and the second inequality follows from property (Q3) for W,,.

The proofs of (Q4)-(Q6) are similar to those of (Q1)-(Q3), respectively. To see this, note
that the only difference in the two sets of properties is that in the lefthand side of (Q4)-(Q6)
there is one more job in Station 2 compared to (Q1)-(Q3). This difference has no effect on
whether the optimal policy corresponding to the righthand side is feasible for the lefthand
side, so the arguments in the proofs of (Q1)-(Q3) can be replicated for (Q4)-(Q6).

To prove property (Q4), we let (&1, &) be the optimal allocation for state (xy,11, j, 22).
Then, if (&1, @) is feasible for state (xq — 1,41, 7,22 + 1), we have

Vn(ﬂfl — 1,il,j, i) + 1) S Wn<.§L’/1 — 1,5&1,6[,37/2 + 1) S Wn<l’/1,641,5(,$/2> = Vn<l’1,’i1,j, 1’2),

where 2] =21 —ay;(1 —4;) —1(j = 0,a = 1), a4, = 2 — 1(j = 0,& = 2), and the second
inequality follows from property (Q4) for W,,. Next, we consider the cases for which (&, &)
is not feasible for state (x1,11, J, 2).

Case 1. 1 = 1,4, =0. Wehave @&y = land a=jif j #0, a # 1if j =0, so (0,a) is
feasible for state (0,0, j, z5 + 1). Therefore,

Vn(0,0,7, 29+ 1) < W,(0,0, &, 25 + 1) < W,(0,1, &, x5) = V,(1,0, j, x2),
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where zf, = 29 — 1(j = 0,& = 2) and the second inequality follows from property (Q5) for
W,.

Case 2. x1 =1, =0,4 =1, @ = 1. Then, because (1,0) is feasible for state (0,1,0, x5+ 1),
we have

V,(0,1,0,25 + 1) < W, (0,1,0, 25 + 1) < W, (0,1, 1, 25) = Vo (1, 1,0, 25),

where the second inequality follows from property (Q6) for W,,.
Case3. 71 = 2,4 = j = 0, @ = 1. Because @; = 1 and (1,0) is feasible for state
(1,0,0, 29 + 1), we have

Vn(la 07 Oa T2 + 1) S Wn(07 15 O,lj + ]-) S Wn(oa ]-7 15 x?) - Vn(27 Oa OaxZ)a

where the second inequality follows from property (Q6) for W,,.
Property (Q5) follows from (Q4) and (B.63) because

Vn<$1707j7 T2 + 1) S Vn(xl + 1707j7 1’2) = Vn(xla 17.j7 213'2).

To prove (Q6), letting &; be the optimal allocation of the dedicated server of Station 1
for state (x1,i1,1,22), we note that allocation (&q,0) is feasible for state (x1,41,0, 29 + 1).
Therefore,

Vi(21,01,0, 20 + 1) < W (2], a1,0, 20 + 1) < W, (2, &1, 1, 29) = Vi1, 41, 1, 29),

where 2} = 21 — &;(1 — 71) and the second inequality follows from property (Q6) for W,,.
As a consequence of the induction hypothesis, property (Q7) for V,, is satisfied with
equality. We also use the induction hypothesis to prove (Q8) for x; > 1, in which case we
get
Va(z1,1,0,29) < V(2 — 1,1, 1, 29) = Vi (21,0, 1, 25),

where the inequality is due to the fact that assigning the flexible server to station 1 may
not be optimal. For xs = 0, noting that allocation (1,0) is feasible for state (0, 1,0, x2) we
obtain

Vn(0,1,0,29) < W,(0,1,0,29) < W,,(0,0,1,25) = V,,(0,0, 1, z5),

where the second inequality follows from property (Q8) for W,.
Finally, we show the same properties for the function W, satisfies properties (Q1)-(Q8)
by using (2.4.25) and (2.4.26). For property (Q1) we have

Wiii(21,11, 7, 22) — Wi (21 + 1,41, 5, 72) = =y
+B{A Va1 + 1,11, J, x2) — V(21 + 2,41, J, 22)]
F11[Va(21,0, 5, 22 +d1) — V(21 + 1,0, j, 22 + i1)]
oV, i1, J, (w2 = 1)7) = Vi + 1,41, 4, (22 — 1)7)]
+u[Valzr, i, j -1 # 1), 22+ 1(j = 1))
—Va(@r+ 141,51 # 1), 22+ 1(j = 1))]
Fp2[Va(z1, 11, 1(j = 1), 22) — Vo + 141, 1(j = 1), 22)]} <0,
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because V,, satisfies (Q1). For property (Q2) we have

Wii1(21,0, J, 22) — Wipi (21,1, 4, 02) = =y
+B8{AVa(z1 + 1,0, j, 72) — Vo(wy + 1,1, 4, 22)]
+V1[Vn(x17 Oaja :L‘Q) - Vn(l‘la Oaja X2 + 1)]

+15[Vi (21,0, 7, (22 — 1)+) — Vo(21,1, 4, (20 — 1)+)]
[V (21,0,5-1( # 1), 20 +1(j = 1)) = Viu(o, 1,5 - 1(5 # 1), 2 + 1(j = 1))]
+/12[ N(xlao 1(] = 1) ) Vn(xlalv 1(] = 1),1‘2)]} < 07

because of (2.4.28) (term multiplying 1) and the fact thatV/, satisfies (Q2) (remaining terms).
For property (Q3) we have

Whii1(21,11,0,29) — Wi (21,01, 1, 29) = —hy
+B{AVa(z1 + 1,41, 0,29) — Vo1 + 1,41, 1, 29)]
+V1[V (SL’l, O 0 To + Zl) — Vn<SL’1, 0, 1,372 + 21)]

+V2[ n(xla Zla ) (:L‘Q - 1)+) - Vn(xlv ilv 17 (1‘2 - 1)+)]
[V (21, 11,0,29) — Vi (1, 11,0, 29 + 1)]
+M2[ n(ZL'l,’ll,O xQ) Vn(l‘l)il) 171‘2)]} < 07

because of (2.4.28) (term multiplying 1) and the fact that V,, satisfies (Q3) (remaining
terms). For property (Q4) we have

Wiaa(xy — 1,41, j, 2o + 1) — Wiq (21,41, 4, 2) = he — by
+B{A Vo (21,01, 5, 22 + 1) = Vi (21 + 1,41, 7, 22)]
1 [Vo (21 — 1,0, 5,20 + 1 +141) — Vi, (21,0, j, 22 + 41)]
o [Vi(y — 1,41, j, 22) — Vi(21,41, 4, (22 — 1) 7))
i [Valoy — 1,5 - 10 # 1), 22+ 1+ 1(j = 1))
—Va(21,01,5 - 1(J # 1), 22+ 1(j = 1))]
o [Vi (1 — 1,41, 1(j = 1), 9 + 1) = Vi (21,41, 1(j = 1), 22)]} <0,

because V,, satisfies (Q4) and (Q1) (term multiplying v, when z5 = 0). For property (Q5)
we have

Wi (21,0, 5,20 + 1) = Wiyq (21,1, j, x0) = ho — Iy

+O{A[Va(z1 + 1,0, 7,20 + 1) — V(21 + 1,1, j, x9)]

15 [Vi (21,0, 4, w9) — Vi(21, 1, 4, (22 — 1) 7))
Fa[Val21,0,5-1(j # 1), 22+ 1+ 1(j = 1))
—Vou(21,1,5-1(j # 1), 22+ 1(j = 1))]

Fp2[Va(21,0,1(j = 1), 22 + 1) = Vo (21, 1,1(j = 1), 22)]} <0,

because V,, satisfies (Q5) and (Q2) (term multiplying v, when z5 = 0). For property (Q6)
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we have

Wiaa(x1,41,0, 20 + 1) — Wi (21,41, 1, 20) = he — by
+O{A[Va(zy + 1,41,0, 29 + 1) — Vi (21 + 1,49, 1, 29)]
+11 [V (21,0,0, 20 + 1 4+ 41) — Vi (21,0, 1, 29 + i)
+1u Vi1, 11,0, 22) — Vi(21,1, 1, (22 — 1)T)]
+o[ Vi (21,41, 0,29 + 1) — Vi (21,41, 1, 29)]} <0,

because V,, satisfies (Q6) and (Q3) (term multiplying v, when x5 = 0). For property (Q7)
we have

Whii(zy — 1,1, 5, 29) — Wii1(21,0, 7, x2)
= B{A\[Vp(x1, 1, 7, 29) — V(21 + 1,0, j, 22)]
+un[Vo(xy — 1,0, 4,20 + 1) — V,,(21, 0, 7, 22)]
+va[Valzr = 11,4, (w2 — 1)) = Va(21,0, 4, (22 — 1)7)]
V(e —1,1,5-1( # 1), 22+ 1(j = 1))
—Va(21,0,7 - 1(] #1), 22+ 1(j =1))]
Fpo[Va(zr — 1, 1,1(5 = 1), 2) — Vo(21,0,1(j = 1), 22)]} <0,

because V,, satisfies (Q4) (term multiplying v1) and (Q7) (remaining terms). For property
(Q8) we have

Whi1(z1,1,0,29) — Wipq(21,0, 1, 29)
= B{A\[Vp(21 + 1,1,0,29) — V(21 + 1,0, 1, 25)]
+11 [V (21,0,0, 290 + 1) — Vi (21,0, 1, 29)]
+15[Vi(21,1,0, (23 — 1)1) — Vi (21,0, 1, (22 — 1)1)]
+1q[Vi(x1, 1,0, 29) — Vi, (21,0,0, 29 + 1)]
+ua[Vi(x1,1,0, 29) — Vi (21,0, 1, 29)] }

Because V,, satisfies (Q5), the term multiplying p; is nonnegative. Then, taking into account
that uy < vy, we get

Wiaa(x1,1,0,9) — Wiyq (21,0, 1, 29)
< B{AN[Vinlz1 +1,1,0,29) — Vi (21 + 1,0, 1, 25)]
+11 [V (21, 1,0, 29) — Vi (21,0, 1, 29)]
13 [Viu(21, 1,0, (29 — 1)F) — Vi (21,0, 1, (29 — 1))
+ua[Vi(21,1,0, 29) — Vi (21,0, 1, 29)]},

because V;, satisfies (Q8).
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Proof of Proposition 3.1

Differentiating (3.4.4)-(3.4.9) with respect to @ and K we get the following expressions
for the second-order derivatives of the profit function. For Q + K < I,

%ﬁ = —(r+p-nE[U*f(QU + K)], (C.1)
Il — (rtp-NE[FQU+K). ©2)
O*1l
9QoK ~ U Fp-MEUAQU+ K, (C.3)
for ] - K <Q <1,
0Pl ¥ )
202 = —(r+p-—nh) O/ u f(Qu+ K)g(u)du, (C.4)
0PI ¥
K2 —(r+p—nh) / f(Qu+ K)g(u)du, (C.5)
0
0PI ¥
ogoK ~ _rtr=h / uf(Qu+ K)g(u)du, (C.6)
0
and for Q > I,
211 T 1 .
TCQQ = —(r+p—nh) 0/ f(Qu+ K)g(u )dU+/u f(Qu)g(u)du|, (C.7)
0211 7
S = ~0rp=n [ £@Qut Ky ©3)
0
0PI ¥
900K —(r+p—nh) / uf(Qu+ K)g(u)du. (C.9)
0

Let H be the Hessian matrix of the profit function, that is,

92 92
_ | 82 8Qokx
0= [ o112 82 |-

9KOQ  OR?
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Then, using (C.1)-(C.9) we get the following expressions for its determinant. For Q+ K < I,
det(H) = (r+p—h)’E[U*f(QU + K)| E[f (QU + K)]

~(r+p—h)?[E[Uf(QU + K", (C.10)
for | — K <Q<1,
1z o
det(H) = (r+p—h)? wf(Qu+K)g f(Qu+ K) g(u)du
[ |/
Ik 2
—(r+p—h)? / uf (Qu+ K) g(u)du| (C.11)
0
and for Q > I,

det(H) = (r+p—h) / P (Qu+ K) g(u)du / £ (Qu+ K) g(u)du

s
= | [ 5 @ue ) gde | [0 Qu gl
K :
Ik 2
o
—(r+p—h)? / uf (Qu+ K) g(u)du| . (C.12)
0
Applying the Cauchy-Schwarz inequality, given by
b 2 b b
[oiwuatia| < | [Pau] | [ el

with a =0, b=min{(/ — K)/Q, 1}, ¥1(u) = uy/f(Qu + K), and 1s(u) = \/f(Qu + K), we
get from (C.10)-(C.12) that det(H) > 0, which combined with 9?I1/0Q? < 0 and §*T1/0K? <

0 proves that the profit function is concave.

Proof of Proposition 3.3

To prove that the expected profit is concave it suffices to show that the profit function
is concave for every realization of Uy, Uy, X. For realizations uq, us, x of the aforementioned
random variables we define sets R1, Ra, R3 as follows.

Ri = {(Q1, Q2 K): o < Quui + Qaus},
Ry = {(Q1,Q2,K): Quui + Qaus < v < Qruy + Qoug + K},
Rs = {(Q1, Q2 K): x> Qrus + Qauz + K}
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Then, the profit resulting from ordering )1, () from the primary suppliers and reserving K
with the backup supplier, denoted by I1(Q1, Q9, K), is equal to

ﬁ(@h Q2, K) = —c1Q1u1 — c2Qousy — ¢, K + E(Qh Q2, K),

where
E(Ql,QQ,K) = rx—+ h(Q1u1 -+ QQUQ — .I‘), if (Ql, QQ,K) c Rl, (013)
re — co(x — Qruy — Qaug), if (Q1, Q2, K) € Ry, (C.14)
= —CK +1(Qrur + Qous + K) — p(x — Qrug — Qaug — K),
if (Q1,Q2, K) € Rs. (C.15)

To prove the concavity of function II we will show that for any vectors T} = (Q1i, Qai, K3),
t=1,2, and any 0 < A < 1 we have

TN, + (1 — N)T) > MI(Ty) + (1 — NII(Ty). (C.16)

This is trivial when T, Ty € R, for some i = 1,2, 3, because AT} + (1 —\)Tz € R; as well and
(C.16) holds with equality. For cases with T3, T belonging to different sets, let LR denote
the difference between the left-hand side and the right-hand side of (C.16).

Case 1: T7 € Rq, T5 € R,

For A such that AT7 + (1 — \)T, € Ry we get

LR = (1—=X)(ce — h)(x — Qiaur — Qaouz) > 0,
because ¢, > h and Ty € Ry. For A such that AT} + (1 — \)T5 € Ry we get
LR = Xce — h)(Quiug + Qauz — x) >0,

because ¢, > h and 17 € R;.
Case 2: T1 € Ry, Ty € R3
For A such that AT7 + (1 — )T, € Ry we get

LR = (1 — )\)(p +7r — Ce)(.’lf — Q12U1 — Q22u2 — Kg) > 0,
because p + 1 > ¢, and Ty € R3. For A such that AXT; + (1 — \)7T» € R3 we get
LR=Xp+71r—c)(@uui + Quus + Ky —x) >0,

because p +r > ¢, and T} € R..
Case 3: T; € Rl, T € Ry
For A such that AT7 + (1 — \)T, € Ry we get

LR = (]_ — )\) [(p +r — h)(l‘ — Q12U1 — QQQUQ — KQ) + (Ce — h)KQ] > 0,
because p+ 1 > h, ¢, > h, and Ty € R3. For X such that AT; 4+ (1 — ATy € Ry we get
LR = (1 - )\)(p +r— Ce)(37 — Qrau1 — Qaoug — K2) + )\(Ce - h)(Qllul + Qa1us — 37) > 0,

because p+1 > ¢, ¢e > h, Ty € R3, and T} € Ry. For A such that AT} + (1 — \)T, € R3 we
get
LR=X[p+7r—h)(Quui — Quus —x) + (p+ 1 —c)K1] >0,

because p+7r > h, p+1r > c., and T} € R,.

Institutional Repository - Library & Information Centre - University of Thessaly
01/06/2024 21:10:43 EEST - 18.119.166.180



110 Random yield

Proof of Proposition 3.4

We will show that the expected profit is concave for every realization of Uy, X1, Uy, X5. For
realizations wuy, x1, us, x5 of the aforementioned random variables we denote by l:[(Ql, Q2, K)
the profit resulting from ordering )1, ()2 from the primary suppliers and reserving K from
the backup supplier. Then,

ﬂ(@l, Q2, K) = —c1Q1u1 — caQus — ¢, K + ﬁl(Qla K) + 1:[2(Q1,Q2,K),

where II,(Qq, K) and II,(Q1, Q2, K) are the realized profits from product 1 and 2, respec-

tively. To obtain expressions for these profits we define sets R;; and functions L;, ¢ = 1,2,
7 =1,2,3, as follows.

Ri = {(Q,K): z <Qu},

RZ‘Q = {(Q,K) Quz<xZ§Qul+K},
Ri3 = {(Q,K) xi>Qui+K},

and

= 7T, — Cei(xi — Qu,), if (Q, K) - RZ’Q, (618)
= —CezK*FTZ(QUZ*FK)—pz(ZL‘Z—Qul—K), lf (Q,K) GRZ'?,. (C]_g)

Then,
(Q1,K) = Li(Q, K), (€.20)
(Q1, Qs K) = Ly(Qy,K), if (Q1,K) € Ruy, (C.21)
= L(Qy K — x; + Quuy), if (Q1, K) € R, (C.22)
= Ly(Q1,0), if (Q1,K) € Rys. (C.23)

To prove the concavity of function II we will show that for any vectors T} = (Q1i, Q2 Ky),
t=1,2,and any 0 < A < 1 we have LRy + LRy > 0, where

LR, = IL(\T 4 (1 — NTy) — MI(T)) — (1 — ML (T), (C.24)
LRy = IL(MTy + (1= \)T3) — MI(Th) — (1 — M)x(T3), (C.25)
where T, = (Q1i, K;). Because functions [~/1,[~/2 are special cases of function L defined in
the proof of Proposition 3.3 for two suppliers and one product, they are jointly concave in

Q, K. Therefore, we get from (C.20) and (C.24) that LRy > 0. As for LRy we see from
(C.21)-(C.23) and (C.25) that it is given by the following general expression.

LRy = Ly(AQa1 + (1 — N)Qa2, K) — ALy (Qa1, K1) — (1 — N Lo(Qa2, K>). (C.26)

Taking also into account that EQ(Q, K) is nondecreasing in K, which can be easily derived
from (C.17)-(C.19) and the definition of Ry;, j = 1,2,3, we have LRy > 0 whenever K >
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NK, + (1 - )\)R’Q. This condition is satisfied with equality when fl,fg € Ry, for some
j = 1,2,3, which implies that AT} + (1 — \)Ty € Ry, as well. It is also easy to verify that
the condition is satisfied in the following cases: 1) Tl € Rii, TQ € Ri2, and ii) Tl € Riq,
Ty € Rys, and z; < (AQ11 + (1 = N)Q12) ug + (1 — V) Ky, that is, T + (1-— )\)Tg belongs
to Rq1 or to the subset of Ris specified by the last inequality. For all other cases we
have K < \K, + (1-— A)KQ, so we need to consider cases with 77 € Ry, To € Ri3 and
Tl € Ria, Tg € Ri3, both implying that f(g = 0, and all possible combinations of sets Roj,
j =1,2,3, to which (Q21,f(1), (QQQ,KQ), and (AQ21 + (1 — )\)QQQ,f() may belong. In case
(AQa1 + (1 = N)Qa2, K) € Rgy or Ry, we also have (AQa1 + (1 — \)Qa2, MKy + (1 — M K) €
Ro1 or Ras, respectively, because K < \K, + (1-— )\)f(g. Then, we see from (C.17) and
(C.18) that Ly(AQar + (1 = A)@a2, K) = Lo(AQa1 + (1 = A\)Qa2, AK1 + (1 = \)K3), and
LRy > 0 follows from the concavity of L,. Therefore, we need to compute LR, for cases
with (AQa + (1 — )\)QQQ,I?) € Ry and K, = 0, which means that (QQQ,I?Q) ¢ Roo.
Note that (Qa1, f(l) and (Qaz, I?Q) cannot both belong to Ro; because we would have 25 <
(AQ21 + (1 — X\)Qa2)us, contradicting the fact that (AQa + (1 — \)Qas, .f() € Ras. Then,
using (C.26), (C.17)-(C.19), and the definitions of Ry;, 7 = 1,2,3, we get the following for
the remaining cases. For (Qa1, f(l) € Roa1, (Qa, f(Q) € Ros,

LRy = (p2 + 12 — CeQ)f( + A(p2 + 72 — ho)(Qa1u2 — x2) > 0,
for (Q217K1) € Rao, (Q22,f~(2) € Ro1,

LRy, = (p2+12—ce2) [f( + A Q2uz — 962)} + (1 = A)(p2 + 12 — ho)(Qa2us — x2)
> (po+12— Ce2)([~( — )\fh% (C.27)

for (Q217K1) € Rao, (Q22,f~(2) € Ras,
LRy = (p2+ 1o — Ce2) [f( + M Qa1us — $2)] > (po + 79 — Cea) (K — AKY), (C.28)

for (Qa1, K1) € Rag, (Q22, K>) € R,

LRy = (pa+79—cea)(K = AK}) + (1 = A)(p2 + 72 — o) (Qoptiy — )
Z (pg + 19 — Ceg)(K - )\Kl), (629)

and for (Qa1, K1) € Ras, (Qu2, K>) € R,
LR2 = (pg + 19 — Ceg)(K - )\Kl) (630)

To deal with the last four cases (Eqs (C.27)-(C.30)) we need to get expressions for LR; as
well.

Case 1. T} € Ria, T, € Ris

For \T} + (1— )\)Tg € Rys we have K — \K, = (1 = N) (K3 — 21 + Q12uq) and by replicating
the arguments used in the proof of Proposition 3.3 (Case 2)

LRy = (1 = X)(p1 + 11 — cer)(z1 — Qraug — Ks),
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which combined with each one of (C.27)-(C.30) yield
LRy + LRy > (1= A)[(p1 + 71— ca1) = (p2 + 12 — ce2)] (21 — Qrawr — K3) >0,
because Ty € Ry3. For NT} + (1-— )\)Tg € Rz we have K — \K, = Mz — Ky — Qq1up) and
LRy = Ap1 + 11 — car) (K1 — 21 + Quiuq),
so we get
LRy + LRy > A[(p1 + 71— caa) — (P2 + 72 — ce2)] (K1 — 71 + Quwa) > 0,

because T; € Ris.

Case 2: Tl € R, TQ € Ris

For AT} + (1 — A)Ty € Ryz we have K — MKy = (1 — A\)(K3 — 21 + Quaur) + M(Quyug — 1)
and by replicating the arguments used in the proof of Proposition 3.3 (Case 3)

LRy = (1 =X (p1 + 11— ca)(z1 — Qraur — Ka) + A(cer — ha)(Quius — 21),
which combined with each one of (C.27)-(C.30) yield

LR+ LRy > (1—=X)[(p1+711— 1) — (p2+ 72 — ce2)] (21 — Qraur — K3)
+A(p2 4+ 12 — Cea + Ce1 — 1) (Qr1ur — 1) > 0,

because Ty € Ry3 and T; € Ryy. For AT} + (1-— )\)Tg € Ry3 we have K — \K; = —\K; and
LRy = XNp1 + 71— ca) K1 + Mp1 + 11 — h) (Quiug — 1),
so we get

LRy + LRy = A[(p1+7r1—ce1) — (p2+ 12— cea)| K1
+A(p1 4+ 71— h)(Quiug — x1) > 0,

because Ty € Ri;.
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