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A Study in Active Filters

Iepiinyn

2Komdg TG TNG MEAETNG €lvol N TOPOLGIOGT GTOV AVAYVAGCTI, TOV CTUAVIIKOTEP®OV
EVVOLOV YUP® amo T evEPYE @idTpa, pali pe avdAlvon KUKA®UAT®OY Kot 60YKPIon HeTald
TOV OPOPETIKMOV TOTOAOYIDV EVEPYDV OGiIATpwV. Mmopel va ypnoiwomombel omd
APYAPLOVG, TTOL EVOLOPEPOVTOL YiaL TNV OXESIOON EVEPYDV PIATP®V, GOV GNUEID VOPOPES
®ote va ponbobv ota evepyd o@iktpa. To mpdTo KEPHAOO TOPOVOIALEL GNUAVTIKY
opoAoyio kol PBacikéG YVOOES YOp® amd To QIATPO, OT®MG, ONUOPIAEIS TOTOLG Kot
TPOcEYYIoELS, KOOMG Kol TEYVIKEG EMITEVENG QIATPOV peYdAoL Pabuod, avaloyo HE Tig
OTOUTNOELS NG €QUPUOYNS Tovc. To debTEPO KOl TPITO KEPAAOMO TOPOVGIALOVY
avtiotoyo, v Sallen-Key (SK) kou tqv Multiple Feedback (MFB) tomoloyia, ue
Aemtopepn avdALON TOV  KUKAOUATOV TOV  YOUNAOTEPATMOV, VYITEPATMOV KOl
LovomepaTdV TEPIMTOCE®V, Kol Topovcstdlovior ot €l6MOES MOV TO  OLEMOVV.
[Mapopoing, to TéTOpTo KEPOAMO emkevipdveral otny State Variable Filter (SVF)
tomoloyia, kabmg ko oto Biquad ¢iktpo, to omoio givar o mapaAiiayn tov SVF. To
TeAeVTOio KEPAAOO givol pia Tpoomdbelo TPOsEYYIoNG TOV 1WBAVIKOD GIATPOV OTOKOTNG
CLYVOTNTMOV OVAAOYO LE TIG GLVONKEG TOV TPEMEL VoL 1KavomoinBovv. Xto KePAAoo avtd
nopovotdletar to Twin-T @idtpo amokomng kat to @idtpo Bainter.
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Preface

The purpose of this study is to introduce to the reader, the most essential concepts of
active filters, along with circuit analysis and comparison between the different active
filter topologies. It can be used by beginners, interested in active filter design, as a
reference point to grasp the essence of active filtering. The first chapter presents
important terminology and basic filter knowledge, such as, popular types and
approximations, as well as the technique of cascading filter stages to achieve high order
designs and various applications. The second and third chapter present the Sallen-Key
(SK) and Multiple Feedback (MFB) topologies respectively. Both chapters provide
thorough circuit analysis of the lowpass, highpass and bandpass scenarios, and present
the equations that govern each case. In the same sense, the fourth chapter focuses on the
State Variable Filter (SVF) topology, as well as, the Biquad filter, which is a variation of
the SVF. The last chapter is an effort to approach the ideal notch filter topology,
presenting different realizations, such as the Twin-T notch and the Bainter notch,

depending on the requirements of the application.
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1. Introduction

1.1 Filters and Signals

The term filter can have a large number of different meanings. In general, it can be seen
as a way to select certain elements with desired properties from a larger set. In circuit
analysis a filter is a frequency-selective network that favors certain frequencies of input
signal at the expense of others, depending on the application. A frequent task is to
attenuate for example, noise or harmonic distortion (Figure 1.1). The fundamental idea
upon which filter behavior is relied, is the frequency dependent nature of capacitors and
inductors. Capacitors more easily pass high frequencies, while inductors handle better,
lower frequencies. The first filter topologies had been designed using solely combinations
of passive components, thus we refer to them as passive filters. Nowadays, a modern
approach for designing filters is by using operational amplifiers (op-amps) along with

resistors and capacitors. These filter networks are called active filters.

Figure 1.1 using a filter to reduce the effect of an undesired signal

Active filtering outweighs passive one for many reasons:

- The first and most evident difference between the two is that active filters do not
need large and expensive inductors, thus enabling small-scale low-cost
manufacturing, especially when it comes to low frequency systems, where
inductors are bulky and heavy.

- The existence of op-amps in active filters makes their response independent of
source and load impedances, due to their ability to set a high input and a low
output impedance.
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- Another attribute that originates from the isolation of active filters is the ability to
cascade filter stages in order to design higher order circuits and satisfy more
complex problems.

- Active filters can provide gain or loss as needed to suit filter requirements.
Current gain is almost always provided, while voltage gain is an option.

- Many active filters can be easily tuned over a wide range without changing their
response shape. Tuning can be done manually, electronically or by voltage
control. Tuning ranges can go much higher than is usually possible with passive

circuits.

Figure 1.2 a performance comparison of the available filtering technologies

Of course all those advantages come along with some limitations that are op-amp-related
and have to do with the signal limits set by the op-amp’s characteristics and sensitivity

issues due to component and op-amp tolerance, especially in high frequency applications.
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In figure 1.2 a comparison is presented among the filter approaches used today. As
regards with the active filters, they are limited by the gain-bandwidth product of the op-
amp. The gain-bandwidth product is an indicative of the op-amp’s open-loop gain at any
frequency or vice versa and it must be large for all frequencies of interest, including
frequencies in the stopband as well. Though, within the op-amp’s operating frequency
range, active filters can achieve — depending on the task - ease of tuning, minimum
component number, high Q factor or a fixed bandwidth. Some topologies that can
achieve these objectives and will be examined later are the Sallen-Key, the multiple
feedback (MFB), the state-variable filter (SVF) and the biguad. On the contrary, passive
filtering incorporates the use of inductors, and excludes the use of amplifying elements,
therefore its applications are not restricted by the bandwidth limitations making them
suitable for high frequency systems.

1.2 Filter Terminology
Some essential filter concepts should be introduced for future reference:
- The cutoff frequency is the point at which the filter response drops 3dB or to
0.707 of its peak value.
- The center frequency is an attribute of bandpass filters. In wide-band bandpass
filters, where the bandwidth is greater than an octave, center frequency is

computed by

fo= \/f1f2

Where f; is the lower cutoff and £, is the upper cutoff frequency.
In narrow-band bandpass filters, center frequency is calculated as the average of

the cutoff frequencies:

£ = fl;fz

- Damping or ¢ is an index of a filters tendency towards oscillation. Practical

damping values range from 2 to 0, with zero being the value of an oscillator, and a
value of 1 being a critical value that gives maximum flatness without overshoot
(figure 1.3).
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Figure 1.3 overshoot and ringing for different damping values

Q Factor is simply the inverse of damping, Q = 1/2¢, and is used to measure the
peaking of 2" order filters. The higher the Q, the higher the peak of the response
at the cutoff frequency (figure 1.4). Q factor along with the center frequency are

indicative of a filters bandwidth (BW):

wn
BW = —
Q

Filter order determines the slope of its rolloff — the transition region between
stopband and passband — with frequency. The higher the order, the steeper the
rolloff slope.

Decibel (dB) is a logarithmic unit that indicates ratio or gain. It is used to indicate
the level of acoustic waves and electronic signals. Decibels are defined as
201log ¢ Vo /Vin- A rolloff slope of -6 dB/octave or -20 dB/decade, simply means
that the amplitude of a transfer function decreases by 6 dB at each doubling of the

frequency, or by 20 dB at each multiplication of the frequency by 10.



A Study in Active Filters

Figure 1.4 peak behavior of a filter for different Q factors

1.3 Basic Filter Types
The frequency-domain behavior of a filter is described mathematically in terms of its
transfer function. This is the ratio of the Laplace transforms of its output and input

signals. The voltage transfer function of a filter can therefore be written as

AN

(s
i(s)

—/

H(s) =

(1.1)

=

where

s=o0+jw
Where o is the Neper frequency in nepers per second (NP/s) and o is the angular
frequency is radians per second (rad/s).
The transfer function defines the filter’s response to any arbitrary input signals. The
transfer function magnitude versus frequency is called the amplitude response or
sometimes, especially in audio applications, the frequency response.

V,(jw)
Vi(jw)

|[Hjw)| = (1.2)

or
A=20log|H(jjw)| (1.3)

and the phase is
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Vo (w)
Vi(jw)

argH(jw) = arg (1.4)

The general form of a filters transfer equation is

ApS™ + Ay S™ T+ -+ ays + ag
bps™ + by_1S™" 1 + -+ by;s + by

H(s) = (1.5)

The degree of the denominator is the order of the filter. Solving for the roots of the
equation determines the poles and zeros of the circuit. Each pole provides a -6 dB/octave
or -20 dB/decade response, while each zero provides a +6 dB/octave or +20 dB/decade
response.

The various filter types can be defined according to the following classification:

1. Lowpass filters (LPF) pass low-frequency signals, and reject signals at
frequencies above the filter’s cutoff frequency (Figure 1.5). Its transfer function
is:

Hy

Hyp(s) =
52 +%s + w3

Figure 1.5 lowpass frequency response.

2. A high-pass filter (HPF) is the inverse of the low-pass filter and rejects signals

below its cutoff frequency (Figure 1.6). Its transfer function is:
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Hyp(s) =
s+ %s + w§

Figure 1.6 highpass frequency response

3. Band-pass filters (BPF) pass frequencies within a specified band and reject
components outside the band (Figure 1.7). When a narrow bandwidth bandpass
filter is amplified, it is called a resonator filter. Its transfer function is:

2
Hywg

Hpp(s) =
s? + %s + w§

Hy=H/Q
Q has a particular meaning for the bandpass response. It is the selectivity of the
filter.

4. Band-reject filters are filters with effectively the opposite function of the
bandpass filter (Figure 1.8). A subcategory of band-reject filters are the notch
filters, which attenuate frequencies in a very narrow bandwidth around the cutoff
frequency. Its transfer function is:

Ho(s* + w§)

HBR(S) =
s2 +%s + w?
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5. All-pass or phase-shift filters leave the frequency response intact. Their function

is to change the phase of the signal without affecting its amplitude.

52 —%s + w§
Hpp(s) =
s2 +%S + w}

Figure 1.7 bandpass frequency response.

Figure 1.8 band-reject frequency response.
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1.4 Filter Types

A great deal of work has already been done and a number of standard filter characteristics
have already been defined. These usually provide sufficient flexibility to solve the
majority of filtering problems. The classic filter functions were developed by
mathematicians (most bear their inventors' names), and each was designed to optimize

some filter property. The most widely-used of these are presented below.

1.4.1 Butterworth Filters

Butterworth or maximally flat response is one of the most popular filters, designed to
have a frequency response as flat as possible in the passband. The rolloff is smooth and
monotonic with a rate of 20 dB/decade or 6 dB/octave for every pole.

The general equation for a Butterworth filter’s amplitude response is

|H(jw)| =

(1.6)

1
2

1G]

where n is the order of the filter, w, is the -3 dB frequency of the filter, and K is the gain
of the filter.
We see that |H(0)| = K and |H(jw)| is monotonically decreasing with w. In addition, the

-3 dB cutoff frequency is at w = 1 for all n

K
|H(w)| =

—  foralln 1.7
7z (1.7)
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Figure 1.9 amplitude response curves for Butterworth filters of various
orders (K=1)

The cutoff frequency is thus seen to be w = 1. The parameter n controls the closeness of
approximation in both the band and the stop-band.

For w > 1, the amplitude response of a Butterworth function can be written as (with
K=1)

) 1
|H(jw)| = o @ >1 (1.8)
Hence the slope is obtained as
) 1
A =20log|H(jw)| = 2010g|ﬁ| = —20nlog(w) (1.9)

Consequently, the amplitude response falls at a rate of -20n dB/ decade or -6n dB/octave.

1.4.2 Chebyshev Filters

Another approximation to the ideal filter is the Chebyshev or equal ripple response. This
sort of filter will have ripple in the passband amplitude response. As the ripple increases,
the rolloff becomes sharper. The amount of passband ripple is one of the parameters used
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in specifying a Chebyshev filter. The Chebyshev characteristic has a steeper rolloff near
the cutoff frequency when compared to the Butterworth, but at the expense of
monotonicity in the passband and poorer transient response. The ripple height, or distance

between maximum and minimum in the pass-band is given as

Figure 1.10 amplitude response curves for Chebyshev filters of various
orders

1
Ripple =1 —

1
(1+e2)2

In figure 1.10 we see the amplitude response for various Chebyshev filter orders. An
important thing is that for a filter of order n we will have n-1 peaks or dips in the pass-
band response. The most important attribute of this filter realization is that it sacrifices

passband amplitude stability for a steeper cut-off slope.

1.4.3 Bessel-Thomson Filters

Another filter approximation is the Bessel-Thompson. It is useful when linear phase shift
with frequency is needed to avoid overshoot or ringing on the output of a filtering stage.
The higher the filter order, the more linear the phase response. If a square wave is to be
passed through a Butterworth or Chebyshev filter overshoot or ringing will appear on the
output. In that case a Bessel-Thompson filter can be used. Figure 1.11 depicts the
difference for a square wave through a 4™ order Butterworth and a 4" order Bessel filter.

It is obvious that the signal passing through the Butterworth filter causes ringing and
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overshoot while the Bessel filter will introduce linear phase shift with respect to
frequency (figure 1.12). Hence it will act as a delay line and will just round off the input
square wave at the places where high frequency harmonic components are present in the

input waveform.

1.4.4 Elliptic or Cauer Filters

Elliptic or Cauer filter has the sharpest rolloff of all previous mentioned types but has
ripples in both the passband and the stopband, as illustrated in figure 1.13. The phase
response is very non-linear as well. Despite the ripple effect, if frequency selectivity is of

great concern, the elliptic filter is the design to be used.

Figure 1.11 a square wave input passing through a 4" order Butterworth filter on the left and a

4t order Bessel filter on the right.

Figure 1.12 phase response comparison between a Butterworth and a Bessel filter with respect

to frequency.
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Figure 1.13 response curve of an elliptic filter of various orders.

1.5 Cascading Filter Stages

First and second order filters perform much better when they are combined by suitable
cascading to build higher-order filters, in order to achieve a greater stopband attenuation
or a broad passband with some special transmission characteristic. Because of the use of
op-amps which theoretically provide an infinite input and zero output impedance, a
simple cascade of first and second order filters can be made without interactions between
the individual stages. The system’s transfer function is the product of each stage’s
transfer function and each filter can be tuned separately.

The order of the filter is given by the highest power of frequency that appears under the
transfer function. As the order of the filter increases, the ultimate response falloff versus
frequency gets better. The rate is 6N dB/octave, where N is the order.

Figure 1.14 shows how to construct even and odd-order filters. The filter is broken into
complex-conjugate-pole pairs that can be realized by either Sallen-Key, or MFB circuits.
To implement an n-order filter, n/2 stages are required. Adding a first-order real pole at
the beginning of the system an odd-order filter can be constructed, as shown in 3.b. The
stages are normally arranged with the lowest Q near the input and the highest Q near the
output.

Each stage is carefully chosen to be a factor of the overall response shape desired, the
stages cascaded are rarely identical and the response shape of the individual stages
normally appears wildly different from the final response shape. Further, the cutoff
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frequencies of each individual stage may also be very much different from the final

overall cutoff frequency desired.

Figure 1.14 cascading filter stages for odd or even order filter construction.

1.6 Applications of Active Filters

Active filtering plays an important role in audio processing. An active filter added to a
guitar preamplifier can dramatically change the sound of the instrument by selectively
emphasizing portions of the acoustic spectrum of the guitar. Synthesizers with many real
instrument options are realized with the aid of active filtering. Their function depend on
the control of the harmonics of a sinusoidal, sawtooth or square wave input signal and the
envelope or the amplitude, as seen in figure 1.15. Audio equalizers cut or boost certain
audio bands by setting up an arrangement of active bandpass filters. A general schematic
of an audio equalizer is presented in figure 1.16.

Another field active filters are used is brainwave research, where a method similar to that
of an audio equalizer is used to segregate the four commonly recognized brainwaves,
delta, theta, alpha and beta.

Oscillators and signal sources can be created by providing enough feedback to a filter.

Moreover, tone creation or detection and noise rejection heavily rely upon active filters
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and their characteristics. Such as in modems, biomedical instrumentation,
communications, lowpass noise filtering for general instrumentation and anti-alias
filtering for data acquisition systems. Active filters excel in controlled frequency filtering
(vcf) as well, applied in spectrum analysis.

ACTIVE HOLLOW OR WOODY
LOW-PASS l:>
I l l | ) W PAS (CLARINET)
SQUARE WAVE
/1/1/1/] [:> mzﬂ ':A‘SS :> e
GH-PA WIOLINY
SAWTOOTH
ACTIVE MELLOW STRING
-PASS
/‘/1/1/] = LONTER =3 (CELLO)
SAWTOOTH
/l/lA/] Ac.slv £ HORN
BANOPASS :>
) ANDPAS TRUMPET)
SAWTOOTH
MULT I PLE HORN
1111 — BANDPASS = O eAssun
FILTER
SAWTOOTH
/1/‘/1/] FUNDAMENTAL PURE TONE
FILTER IFLUTE)
SAWTOOTH

Fig. 10-4. Active formant filter basics.

Figure 1.15 input manipulation through filtering for simulating instrument tones.
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INPUT O AN
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SLIDE POTS

Figure 1.16 general schematic for a sound equalizer.
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2. Sallen-Key Filter Topology

2.1 General Sallen-Key scheme

One of the most widely used filter topologies is that of Sallen and Key, also known as a
voltage control-controlled voltage source (VCVS). It was first introduced in 1955 by R.P.
Sallen and E. L. Key of MIT’s Lincoln Labs. It utilizes an op-amp and a voltage divider
configuring an amplifier and as such it offers good stability, requires minimum number of
elements and has low impedance, which is important for cascading filters with four or
more poles.

The popularity of this topology is attributed to the fact that it shows the least dependence
of filter performance on the performance of the op-amp. That is because the op-amp is
configured as an amplifier whose gain bandwidth product does not limit the performance
of the filter, in contrast to an integrator configuration, allowing the design of a higher
frequency filter for a given op-amp.

Another advantage is the small component spread which is good for manufacturability.
Plus, frequency and Q value are somewhat independent though very sensitive to gain

parameter which renders this topology unsuitable for high Q applications.

2.1.1 The Voltage-Controlled Voltage Source (VCVS)

The need for buffering a high impedance source to a filter is satisfied with a non-
inverting VCVS op-amp. Typical input impedances are greater than tens of mega ohms
and output impedances are typically less than a few ohms, depending on the amplifier

being used.

ol

=
R -:'1.-
1

1

Figure 2.1 A non-inverting VCVS op-amp with resistive feedback
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From figure 1.16, we have:

node v,
GIVI + GZ(Vl - Vo) = O
G+ Gy
= V.
Vo ( G, ) !
but,
Vi=V_=V,=V; (ideal opamp)
therefore,
v, = (1+Gl)v (1+R2>V
Vo R;
K=—=1+—=— (21

Figure 2.2 2nd-Order General Sallen-Key topology

2.2 First and second-order Sallen-Key filters
In figure 2.2 we have the general second-order Sallen-Key circuit from which we can
obtain the first-order one by omitting Z2 and Z3 impedances. For example let’s analyze

the first-order LPF circuit in figure 2.3:
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For node V1:

1

1
ﬁ(Vl_Vi)-*'SCVl =0 —>V1 :mvi

Also

Ry
Vo=KV; and K=1+ —
R,

FIGURE 2.3 First-order LPF

K
Vo(s) = 1T sRC Vi(s)

Vo(s) _
Vi(s) 1 +wi
1

H(s) =

(2.4)

Where

S =jw and wq = RC
w, = 21fi, f; 1S the cutoff frequency of the filter.

From the transfer function we have:
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1. Fors/w; « 1 we have:
|[HGw)| = K
A =20log|H(jw)| = 20logK dB
Hence the slope is 0 dB/decade.

2. Fors/w; > 1 we have:

w\" ! w
A = 201og|H(jw)| = 20 log K + 20 log (w—> — 201l0g K — 20 log (w—) dB
1 1

Hence the slope for “)/w1 = 10 is -20 dB/decade

3. Fors/w; =1:

|H(jw)| =

Nl =

K
A= 201ogﬁ = 20logK —20logV2 = 20logK — 3 dB

Which is the -3dB cutoff frequency point.
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Figure 2.4 shows the frequency response of the filter.

Figure 2.4 First-order LPF frequency response

We’re going to analyze the general second-order Sallen-Key topology. From figure 2.2

we have:
For node V1:
1 1 1
Z_l(V1 -V)+ Z_Z(V1 - V) + Z_3(V1 -V)=0 (2.2)
For node V2:
1
Z_3(V2 Vi) +Z_4,V2 =0~
Z3
Zy
Also
Vo

Combining equations (2.3) and (2.4) we obtain:
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V—V°(1+Z3) 2.5
=x(1+7) @9

And by substituting (2.5) in (2.2):

Vo 224
=K (2.6)
Vi ZIZZ +ZIZ3 +Z2Z3 +Z2Z4 +le4(1 _K)

To extract the equations that define a second-order low-pass Sallen-Key filter we
substitute Z;, - Ry, Z3 - R,, Z, - 1/sC; and Z, — 1/sC,. Therefore:

1 1
K__
C,sC
H(s) =— - 1512 1 -
Rises + RaRe + Ro s+ 550+ Rusgs c (1-K)
K
H(s) = =
S2R{R,C1Cy + s[Co(Ry + Ry) + CiR{(1 - K)] +1
1
K—
RiR,C,C,
H(s) = 2.7
) 24 [C2(Ry + Ry) + CyR, (1 — K)]+ 1 2.7)
RiR,C, G, RiR,C; G,
From the standard second-order form:
2
H(s) = - (2.8)
s2+ aé" s + w?

Therefore we can calculate the natural frequency, and the Q factor as follows:

1
= [——— 2.9
©n ,/Rleclcz (2:9)

(l)n _ CZ(R]_ + Rz) + ClRl(l - K) N

Q R{R,C,C,
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JRiR,C,C, 2.10)

= LRt R) T GR(A—K)

In order to observe the frequency response of the filter, from equation (2.8):

1. Fors/w, <1

H(jw) = K

A =20log|H(jw)| = 201logK dB

2. Fors/w, > 1

W\ "2 w
A =20log|H(jw)| = 2010gK(—) =20logK —401log (—) dB
Wy Wn

For w/w, = 10
A =20logK —40dB
The slope is -40 dB/decade

3. Fors/w, =1
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K
A= ZOIOgﬁ = 20logK —20logV2 = 20logK — 3 dB

Figure 2.5 2nd SK LP frequency response

We see that the slope is two times steeper than the slope of the first order one, due to the
order of the filter.

Likewise for the second-order high-pass filter:

Z, - 1/sCy,Z3 —» 1/sC,,Z, » R, and Z, — R,. Therefore:

KR4R,
H(s) =5 T 1 1 1 -
ERl + sC; 5C, + le + RiR, + ERZ(I - K)
KSZR1R2C1C2
H(S) = 2 b
$2RyR,C,C, + s[R(C; + C,) + R,C,(1—K)]+ 1
H(s) i
S) =
g2 4 g[R1C+C) + R G(1 = K] 1
R.R,C.C, R.R,C.C,
From the standard form of high-pass filter:
Ks?

H(s) =
SZ+%S+(1),%

Q
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We evaluate:

1
“n = ./Rleclcz

Wn _ R.(C; + C3) + CR,(1 - K) .

Q RlRZCICZ

T R(CL+C) + CR,(1—K)

Q

2.3 Wide-band Band-pass/reject Filters

Wide-band bandpass filters with relatively constant gain can be realized simply by
clarifying the specifications into lowpass and highpass filter stages and cascading them.
A wide-band approach is valid when the separation between cutoffs is at least an octave
so that minimum interaction occurs in the passband.

In the same manner, a wide-band band-reject filter can be constructed according to figure
2.6. The first step is to parallel the filter stages and sum both outputs with the aid of an

inverting amplifier. The amplifier can also provide K gain to the circuit.

Figure 2.6 wide-band band-reject building block
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Sallen-Key filters exhibit serious disadvantages in forming notch filters. The
resonant/notch frequency cannot be adjusted easily due to component interaction.
Moreover, the gain is fixed by other design parameters and there is a wide spread in
component values. Since there are easier to use circuits, Sallen-Key topology is avoided

for notch filter construction.
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3. Multiple Feedback Filter Topology

Another very popular configuration is the multiple feedback filter (MFB) which uses a
single op-amp as an integrator, providing RC feedback around it. A general configuration
for the 2" order case is shown in figure 3.1. The MFB configuration exhibits greater
dependence of the transfer function on the op-amp parameters in contrast to the Sallen-
Key, responsible for which, is the integrator configuration. It is difficult to generate high
Q, high frequency sections due to the limitations of the open-loop gain of the op-amp. It
is called a multiple feedback infinite gain amplifier filter and it inverts the phase of the
signal. Another thing to mention is that the component spread is higher than that of the
Sallen-Key.

With this configuration we can have a low-pass, a high-pass, and narrow-band band-pass

characteristic.

Figure 3.1 General multiple feedback
filter topology

For node V1:

1 1 1 1
—(V; =V — (V; =V —V.+—W,—-V,)=0 3.1
Z1(1 1)+Zz(1 0)+Z4 1+23(1 2) 3.1)

For node V2:

1 1
A V= V) + 7 V,=Vp) =0 (3.2)
3 5
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Also
V,=V.=V,=0 (3.3)
By replacing equation (3.3) into (3.2) we get

Vv, = Z3V 3.4

Utilizing equations (3.3) and (3.4) into (3.1) we get

V(Z3+Z3+1+Z3+1) 1V
—_ —_— —_ ] =Y. >
O\ZsZy " Z,Z5 Zs Z,Zs Zy) Zy '

M)—%— ZyZyZs
S‘m_ 7223724+ 212374 + 217,74 + 217,75 + 212475

(3.5)

3.1 Low pass filters

We’re going to calculate the frequency response of the second-order low-pass MFB
circuit in Figure 3.1. We substitute Z; - Ry, Z, - R,,Z3 > R3, Z, —» 1/sC; and Zg —

1/sC,. From equation (3.5) and for these impedance values we get:

Figure 3.2 2nd order low pass MFB

1 1

Ry, ———~
H(s) = - 1 L T 1
R2R3 E + R1R3 E + R1R2 E + R1R2R3 + Rl EE
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1
R{R3C,C
H(s) = — T (3.6)
(Z+m*r) 1
s2+s—1 2 3+
&} RyR3C, G,
We can calculate the gain K by setting s = 0:

R,

K =H(0) = % (3.7)

And rewrite the equation (3.6) as:

1
Krr.CG,
1 1 1
RR "Ry, 1

H(s) =

(3.8)

s2+s

2

H(s) Ko 39)
S) = .
52+%s+a),%

1
= |[—— 3.10
o= R G0

wn Cy

Q=77 1
RTR, TR

Where

-

JR,R5C,CoR,

= -
C2(RiRy + R{R3 + R3R53)

" (R, + 1 - K)R3)C,

Q

Q (3.11)
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3.2 High pass filters
For the high-pass circuit we substitute Z; - 1/sCy, Z, = 1/sC,, Z3 = 1/sC5, Z, > R4

and Z; - R,
Figure 3.3 HP MFB
st Rk
H(s) = -9 T 1 T T 1 1 1 -
5C,5C; "1 T 50,56, F Fse. 56, ™ Y 56,56, 56, T s RiRe
sZﬂ
H(s) = - “
52+S(C1+C2+C3)+ 1
R,C5C5 R1R;(,C3
. C1
K=1lmH(s) =——
S—00 CZ
Ks?
H(s) =

[
52+7”s+wn

_ 1

w —————————————
" JRiR,C,Cs

Wy, (Cy+Cy+ C)

Q  R,C,Cs

wnR,C,C5
Q=——"22
Ci+C,+ (5
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B Ri(C3 + (1 - K)Cy)

Q

3.3 Band Pass MFB

When the separation between the upper and lower frequencies exceeds a ratio of
approximately 2, the bandpass filter is considered a wide-band type of filter. The
specification is then separated into individual lowpass and highpass requirements and met
by cascade of active lowpass and highpass filters.

Though, with the MFB topology we can design a 2" order narrow-band bandpass filter as

shown in figure 3.4.

Figure 3.4 2nd order bandpass MFB filter.

From this circuit, working in the same sense as above:

node v1:

V; 1 1
_R_:+(R_1+R_3+SC1+SC2)V1_SC1V2 —sGV, =0

Node v2:

1 1
_SC1V1 + (SCl +R_2> VZ _R_ZI/O = O

Again V, = 0, hence

V. - V.
1 sCiR, °
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4
Vo R,
H(s) =—=—
. 1 1 1\1
Vi s2C,C, +s(Cy + CZ)R—2+ (R_1 + R_S)R_Z
Transforming it to the general form
s=1_
— Rch
H(s) = - = c1+czi+(i+i)iL
$°TS7c’c, R, T \R, TR;/R,C,C,
Let Cl=C2=C,R1=1/R2,R3—)OO
1 1
w, = — = —
" JRR,C.C, C
At w = 1 rad/s,
w C;+C 1 1
0 eG K = =3k
Q 1%~2 2
K = H(jwy) = —on2 = 302
=HUwo) =5 =20

1
R2:2Q1R1:E

From the equations above we can deduct that the tuning of the resonant frequency is

possible by altering the two capacitors, but keeping their values identical. Damping or its

inverse Q factor can be varied by varying the ratio of the two resistors, keeping their

product constant. Though the limitation this circuit exhibits is pointed out by the

dependency between gain and Q. The gain of this circuit is fixed at —2Q?2 and cannot be

independently adjusted. Increasing the Q has the result of lowering the input resistance

and raising the op-amp feedback resistance. Using the R3 resistor it is possible to lower

the circuit gain and raise the input impedance at the same time, without affecting any

other attribute of the filter. Overall, this is a good, general-purpose, low-Q filter. The

upper Q limit depends on the op-amp and the desired frequency.
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From the transfer function we have:

Rt (o)

H(s) =— >
s 2 s
(&) *mcws () +1
The general form is:
S
KO -
H(S) _ _ (1)0)

1. for 5/, « 1
. . w
H(jwy) = —Ko(j )
0

w
A =20logK, (co_)
0

w
A =20logK, + 20log—
Wo

Hence the slope is 20 dB/dec

2.for 5/, > 1

H(jeog) = Ko ( ‘“)_1

"0,

w\~1
A =20logK, (a)_)
0

w
A =20logK, — 20log (—)
Wo

Hence the slope is -20 dB/dec

2.for /g, =1
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. JK
H(jwy) = ——"1 = —QK, =K
~1+jg+1

K
K():a

Figure 3.5 depicts the frequency response of the narrow-band bandpass filter.

Figure 3.5 narrow-band bandpass filter frequency response
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4. State Variable Filter Topology

4.1 State variable filter general scheme

The state variable filter or SVF, is a type of multiple-feedback filter circuit that can
produce all three filter responses, low pass, high pass and band pass simultaneously from
the same single active filter design. Figure 4.1 shows that it uses three op-amps for its
basic operation cascaded together to produce the individual filter outputs and more
specifically, a summing amplifier followed by two consecutive integrator stages. The
input signal is injected in the summing amplifier along with the feedback networks of the
two integrator stages to obtain the high pass response. Subsequently the high pass signal
is passed through the first integrator stage. Integrators use a capacitor within their
feedback loop and as such, the output voltage is proportional to the integral of the input
voltage.

Because of its versatility, this filter is called the universal filter. This filter provides the
user with easy control of the gain and Q-factor. It offers several features which are not
available with the other simpler filters. By properly summing all three filter types outputs
some very interesting responses can be made. Bandpass filters with high Q can be built.
The damping and/or critical frequency could be electronically tuned. The low-pass and
high-pass outputs are inverted in phase while the band-pass output maintains the phase.
The gain of each of the outputs of the filter is also independently variable. With an added
amplifier section summing the low-pass and high-pass sections the notch function can
also be synthesized. By changing the ratio of the summed sections, low-pass notch,
standard notch and high-pass notch functions can be realized.

Beginning with the analysis of the SVF, we start from the first stage which is a summing
amplifier. The input signal, the high pass and the low pass outputs are fed back to the
negative connector, while a portion of the band pass output is fed back to the positive

connector.
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Figure 4.1 state-variable filter general scheme

For the negative connector we have:

Vi=V™ Vyp—=V~ Vip—V~
i 4 ZHp 4 e _

R

0
g RZ R3

1 1 1\ Vi Vyp Vp
V —+—+—)==+22+2 @1
<Rg R, R3> R, R; ' Ry

For the positive connector we have:

VBP - V+ _ V+

R, R,

Vap 1 1
— =V (—+—
R, (Rl + Rq)

+ — Rq
V* = Vgp (4.2)

R, + Ry
Though, V- =Vt
Hence equation 4.1 becomes
R 1 1 1 Vi V v
q <—+—+—)VBP _ Vi Ver Vie
R, +Ri\R; R, R; R, R, Rs
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Vyp = RZV R2V+ Rq 1+RZ+R2 v, 4.3

After the summing amplifier stage, signal Vyp is passed through two consecutive
identical integrator stages. Integrators use a frequency dependent impedance in the form
of a capacitor within their feedback loop. As a capacitor is used the output voltage is

proportional to the integral of the input voltage. More thoroughly:

V- -7,
THP‘F (V_ - VBP)SC = O

But, V- =V*=0

1
=—— 4.4
VBP SRC VHP ( )

Which can be re-written in the frequency domain as:

1

Vgp = ——=V,
BP 2nf.RC P

Frequency-wise the output signal is 1/2rf.RC times the input signal. 1/2nRC is a
constant, therefore, as frequency grows the magnitude of the output falls. Plus, integrators
exhibit a -180 degrees phase lag because the input signal is connected directly to the
inverting input terminal of the op-amp.

Likewise, for the following integrator:
Vip = ! % 4.5
LP = T CRC 'BP (4.5)
4.2 Low Pass SVF
From equation 4.4 and 4.5
VHP == _SRCVBP (4’6)
VBP = _SRCVLP (4‘7)

Hence:
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VHP = SZRZCZVLP (4‘8)

From equation 4.3 and 4.7 we have:

R, R, R R, R,
2R2c2)y = — Vip ——V. — 4 1+—+4+—|sRCV

g
R R R R R
52R2C2+—q<1+—2+—2>sRC+—ZlV = -2y
R+ Ry R; R, Rs| "7 R,
Ry
Hyp = @ == %
Vi 2 Rq ( R, Rz) R,
S2R2C? + 5—5|1 + 5=+ =) SRC + 3=
R,+R\""R; "R, R;
The general for of a low pass filter is
Kw?
H(s) = o L
52+7”s+a),%
Hence
R, 1
Y 2y Ko (14 Re o) L (R 1 2
S"TR,+R; R; " R,)RC® T Ry R2C?

We can calculate the gain K by setting s = 0:

K = H(0) = 2

Ry

4.3 High Pass SVF
From equation 4.4 and 4.5

VLP = (4‘10)

S2R2(C? Viar
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Equation 4.3 from equations 4.4 and 4.10:

Vp = —2_1__ Rz, Re (1R R) 1,
HP ™ " Rys2R2¢2 " R,"' R,+R,\" Rs R,)sRC "
R, 1 R, R, R,\ 1 R,
Vip [1+== 1+—=4+==)—|=-=2V;
HP +R352R262+Rq+R1< +R3+Rg sRC R, "
R,
H :VHP__ Ry
S LT S (1+&+&)L
R3s?R2CZ "R, +R; R; "R,)sR
The general for of a high pass filter is
. Ks?
52+%s+w£
Hence
Ry 2
H il
HP —
R, R\ 1 R, 1
s2 4+ 52 (1+ 2+ 2)—s+—2
R, + R R; "R,)RC® ™ Ry R2C?
Gain K is

K = lim Hyp(s) = —
S—00 Rg

4.4 Band Pass SVF
Equation 4.3 from equations 4.5 and 4.6:

RCVyp = RZ( 1)1/ R2V+ Rq 1+ 2+R2 vV
- Ter = SRC)"®" "R, "R, +R,\" Ry R,) PF

R, ]
R, 1
g Ver R,RC*®
BP = 1, =
g R (”&Jf%)% +§2R21C2
q 1 3 g 3



m A Study in Active Filters

From the general bandpass equation:

Hgp(s) =
s+ %s + wg

Hence
0= R, + Ry R, 1
- R, &JR?R
Rq(1+R3+Rg)
Fors =jw
R,
K = Hgp(jw) i
= w =
o L(Hh&)
R, +R; R; " R,

Forw = 1rad/s
For a normalized filter:
R=R,=R, =10

C =1F
Hence
Ry =10
Substituting in the above equations:
0="11M s R = G- 1R,
3R,
¢ _RatRi_ Ry + (B0 —DR; _
3R 3R

q q

As repeated before frequency can be tuned in steps by switching the capacitors or by
varying the frequency-determining resistors, independent of Q or gain. Circuit Q and

bandwidth are adjusted with a single resistor. As the frequency changes, the Q and
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percentage bandwidth stay constant. The absolute bandwidth goes up or down
proportionately with the center frequency.

The circuit gain is Q and the op-amp need only have a gain of 3Q or so, open-loop, at the
resonance frequency. This is a much less severe restriction than the earlier filters, so

state-variable techniques are ideal for high Q and high frequency uses.

4.5 Other SVF Realizations
A SVF notch can be constructed by summing the highpass and lowpass outputs along
with an appropriate voltage divider network.

R8 R10

HP OUT O——ww» AV ONOTCH OUT

RS
LP OUT

-

Figure 4.2 state-variable filter notch construction

R8:R9
R

K=
Rg

In the same manner an all-pass filter can be realized by summing the input signal along

with the bandpass output of the filter.

R8 R10

INPUT AP OUT

R9
BP OUT o—m—-—\

.

v

Figure 4.3 state-variable filter all-pass filter construction

Rg = Ryg
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4.6 The Biquad Filter

The Biquad filter consists of two integrators and inverter. Loss is introduced into one of
the integrators with a damping and Q-setting resistor. The Biquad demonstrates a
particular useful characteristic, constant bandwidth. In the Biquad filter, as the frequency
changes, the absolute bandwidth remains constant, while in the SVF, the bandwidth

narrows at lower and expands at higher frequencies.

Figure 4.4 biquad filter scheme
1 _ 1+ sR,Cr 7 = R,
R, R, 1+ sR,Cr

Z Z
Vep = =5 Vi——Vip (411)

V1 = _VBP (4‘12)

Equation 4.11 from 4.12
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)
Vep SR{C;Z SR Cy B R,
Vi (sREG +2)R, SREC;\ T+sR,C;
i ( fef )g Ry(1+ gf 1+SR1§CfR—q
SRFCrR, 1
Hpp = — Ry — _ RyCy
R, + SR2Cs + s2R2R,C?) 1 1
a ff ftavf s? + s+
Rl " RECH
1
“r 7RGy
pw=n_ L B 43
Q Ry G
. Rq
K = Hpp(jwy) = R,
g

The center frequency is easily tuned by merely adjusting the value of R;. Also, Q may be
adjusted by changing the value of R,, and the gain of the filter may be changed by
adjusting the value of R;. The biquad filter is capable of attaining high values of Q, in the
neighborhood of 100, and is a much more stable network than those discussed in the
previous bandpass filters.

With a little observation of equation 4.13, it can be seen that bandwidth is independent of
frequency tuning resistor R;. The Q goes up and the percentage bandwidth goes down as
frequency is increased and vice versa.

The biquad is handy if you want a group of identical absolute bandwidth channels in a

system, such as in telephone applications and spectrum analyzers.
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5. The Perfect Notch Filter

The notch filter’s significance is found in applications where elimination of undesirable
signals is needed, such as, tone-signaling, hearing-aid feedback, and mains rejection
systems. Another use is in distortion analyzers for calculating the total harmonic
distortion (THD) of an input signal. Variable notch filters are also used in sound
engineering for graphic equalizers, synthesizers and electronic crossovers to deal with
narrow peaks in the acoustic response of the music.

For example, 50/60 Hz hum or prominent acoustic feedback can be eliminated thanks to
the very narrow band-stop region of notch filters. The bandwidth can be as low as around
10-20 Hz, with the unwanted frequency reduced by 40dB or more.

In the previous chapters, the inadequacy of Sallen-Key and MFB topologies to deliver a
satisfying notch behavior was pointed out. While, by summing the highpass and lowpass
output of a SVF, a satisfying, medium Q notch can be realized, if there is a need for
greater precision, higher Q and generally a more independent control over the center

frequency and component selection, there are more elaborate designs to choose.

5.1 Twin-T Notch

Twin-T filter (figure 5.1) consists of three resistors and three capacitors. It is widely used
as a general-purpose notch circuit. The passive implementation has a Q that is fixed at
0.25. This issue can be rectified with the application of positive feedback to the reference
node. The amount of signal feedback, set by the R4/R5 ratio, determines the value of Q
of the circuit which in turn determines the notch depth. For maximum notch depth R4, R5
and the associated op-amp can be eliminated.

It operates by phase shifting the signals in the different legs and adding them to the
output. At the notch frequency, the signals passing through each leg are 180 degrees out
of phase and cancel out. In order to achieve such a precise response the components

tolerances must be very low.
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Figure 5.1 Twin-T notch filter. The passive configuration on the left and the active configuration
on the right

From the two circuits above:
R1=R2=R,R3=R/2

C1:C2:C,C3:2C

1 2
2
Vour _ s + w _ sT+ (W)
V 2 4 %o 2
IN S+Qs+oo0 2+(L) 4 +(i)2
> T\RC)\ [ Rs |°T\RC
R,
Center frequency is calculated by
_ 1
Jo = 22re
And Q is set by the R5/R4 ratio as such
0= (1 + E) /4
R,
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Figure 5.2 2nd order Twin-T notch filter response

Figure 5.2 shows the response of a 2" order Twin-T notch filter. Such a narrow
bandwidth and abrupt attenuation behavior could be very useful for example, in removing

the 60 Hz interference component in measuring instruments.

5.2 Bainter Notch

Another notch filter topology that differentiates from the others is the Bainter notch. In
contrast to most notch realizations, its Q is not based on component matching, yet on the
gain of the amplifiers. Consequently, the notch depth is not affected by temperature drift
or circuit aging and it remains relatively constant even though the filter’s notch frequency
may shift.

As seen in figure 5.3, it is made up of three amplifier stages with two feedback loops. A
highpass filter, a lowpass filter and the last amplifier providing the notch output.

The transfer function for the Bainter notch topology is:

K
2 1
Vour  s*+w; K (s + R3R5C16'2)
VIN _52+ﬂs+w2_ 2 R5+R6 KZ
Q 0 S*+RR.C, ST RRCLG,
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Figure 5.3 Bainter notch filter circuit
Re tunes Q, R1 tunes center frequency, varying R3 sets the ratio of mo/m; producing
lowpass notch (R4 > R3), standard notch (R4 = Rs) and highpass notch (R4 < Rs3). K1 and
K> set the gain above and below the notch frequency. With an appropriate op-amp, a Q
factor of 200 and above can be achieved.

Figure 5.4 6th order Bainter notch filter response.

Figure 5.4 shows the frequency response of a 6™ order Bainter notch circuit. With correct

component selection and by cascading 2" order filters, an attenuation less than -100 dB
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can be achieved. Also the rolloff alongside the notch frequency is smooth with no peaks,

providing a stable behavior.
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