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Abstract

Topology optimization 1S a methodology that provides the optima\ layout of a

structure within a predefined design domain. The objective of this thesis is to present a

framework for topology optimization of structures for various boundary conditions and

to a1so expand ιο the case of 10ad robust topology optimization. T11ree different Mat1ab

cases imp1emented ίη Matlab code, are presented, one for the static 10ad case and the two

others for uncertainty ίη one and two 10ads, respectively. These three different code

variations derive fronl the original 99-1ine code by Sigmund (1999) for topology

optimization of 2-D structures.

For the deterministic case, different bowldary conditions were examined and the

va1ues of the vaIiab1es penal and rmin were studied, as well as the number of e1ements.

Rmin is the filter size that is divided by the size of each e1ement and penal is the

pena1ization power from the SIMP met110dology which is permissib1e for p~3 (Sigmund,

Bendsoe, 1999). It was s110wn that for a finer mesh, the optima1 structure becomes more

complex and with less gray areas, meaning a better distribution of material. Moreover,

ΒΥ increasing the penal variab1e above the value 4.5 the gray areas are not affected.

However, if increased too much, the topology may change and prove inaccurate. The

ideal value for penal is around 4. The idea1 value for rmin is 2.5. For a 1aIger value,

theIe appeaI mOIe gray aIeas.

For the 10ad uncertainty case, two codes weIe bui1t for the topo10gy optimization, a1so

based οη tl1e oIigina1 case of Sigmund. Code top2 is built [ΟΓ t11e case of one-load

uncertainty and code run_top2n is bui1t [ΟΓ uncertainty ίη two 10ads. Fol' tlle nnceItainty

ίη one 10ad οη1Υ, the topo10gy does not change ίη comparisoη to the static case problen1,

especially [ΟΓ the symmetIica1 prob1em [ΟΓ fixed eηds at botl1 sides and 10ad ίη the

midd1e. Fol' mOIe apparent a1teΓatioηs, a mOIe asymmetIical mode1 was IeqniIed aηd so

the two 10ad problem was inserted. The results weIe indeed Π10re obvions and the

a1teIatioηs between tl1e detenninistic and tlle nncertainty problem were mainly obseIved

at the point wheIe t11e fOIces weIe applied.
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Chapter 1

Introduction

1.1 Review ίn recent and relevant literature

The design optimization of structures is a subject whicll has enabled engineers to

discover solutions for engineering problems, such as optimizing the size and shape of

a structure within a. given d01nain. Ovel' the years, there have been multiple

approaches to this subject, with the one of topology optimization constantly gaining

ground. But what exactly is topology optimization? Topology optimization is a

relatively new methodology whicll 11as been used widely over the last decade in the

aerospace, mechanical and material fields, with more recent applications in the design

of Micro-Electro and Mechanical Systems, also known as MEMS. Its application has

achievedgreat minimization in material use and consequently, in cost, since it is

computer-aided and its goal is to optimize the distribution of a limited amount of

material i11 a specific domain. This is the reason that many publications have been

made over the years over this matter.

For the static case, the pylon of topology optimization is the work of Sigmund

(1999) who presented Ά 99 line topology optimization code written in Matlab' a

code Wllich enables engineers to calculate an optimal topology wllen boundary

conditions and volume fraction of the material are given. Tllis code, as welJ as an

improved one using 88 lines of code ίη Matlab (Sigmund et al., 2010) have enabJed

tlle visualizatio11 of tJle optimal design and are based οη tlle optimizatiol1 througll

compliance minimization οη statically loaded structures. Tlle 88-line code 11as also tlle

extension of a density fιlter and was described by tlle autllors as more efficient than

tlle origina199-1ine code developed by Sigmund. 111 the 99-1ine code (Sigmund, 1999),

the Solid Isotropic Material with Penalization (SIMP) apPlΌach was Bsed. Otllerwise,
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this methodology is called 'ΡοweΓ-law approach' (Bendsoe, 1989; Zhou and Rozvany,

1991; Mlejnek, 1992). The materia! pΓOperties are considered constant and tl1e

densities related to each element are the variables. The tl1eory of tl1e optimization is

described οη isotropic and anisotΓOpiC tnaterials, as well as its extensions and

applications and the topology design of tlΊlSS structures, ίη tl1e book 'Topo!ogy

Optimization: Theory, Metl10ds and Applications' (Sigmund and Bendsoe, 2003).

Matlab was used for the realizatioll of these codes, because it provides excellent

tools and great efficiency, especially ίιι fillite e]etnent analysis wl1ich is used fo1' tl1e

calculation of tl1e optimization code. Sucl1 examples al'e a finite e!emellt code fo1' the

sOIUtiOll of elliptic pIΌblems with mixed boundary conditions οη unstructU1'ed grids

(Alberty et al, 1999), a topology optimizatioll code for compliant tnechanism design

alld heat conduction pIΌblems (Bendsoe and Sigmund, 2003), a discrete level-set

topology optimization code (Cl1allis, 2010), a combined s11ape and topology

optimization methodology fo1' 3D stlΊlctures (Christiansen et al., 2014). Recent

review papers have also demonstrated that, fo1' compliant structures under large

displacements or large rotation, geometrical non-linear analysis is implemented into

the original topology optimization appIΌacl1. However, wl1en non-linearity appears,

the standard finite element method proves inadequate, and so the use of an element­

free Galerkin method (EFG) is required (Wang et al., 2015). This method has also

been used fo1' the topology design of cracked stlΊlctures (SI10beiri, 2015).

Another method fo1' tl1e developmellt of the topology optimization of cοnψlίant

stlΊlctures is the one pIΌposed by Huallg et al, (2014), which is based οη the f1exibility

of the componellts of such structures and is called BESO (bί-dίΓectίοna] evolutionary

stlΊlctural optimization). Finally, with tl1e available computing resources, tl1e

investigation of the material microstructure composition has permitted the solution of

both the macroscopic and the micIΌscopiC topology pIΌblem via homogenization

processes such as FE2 (Xia and Breitkopf, 2014). This approach has been developed

'in ol'da to assess the n1aaoscopic in:fILlence ο[ n1iaoscopic hetaogeneities', as

quoted by Xia and Breitkopf, 2014. None ofthe above metl10ds l1ave, 110weveI, taken

into consideration tl1e uncertainty fIΌm tl1e imposed excitation.

Throughout the years, and based οη tl1e theories mentioned above, the need [ΟΓ tl1e

application of topology optimization undeI llncertainty ίη load and/o1' eleInent density

9



has ansen. Caπascο et a1. (2014) proposed a uncertainty ωοdel for topology

οΡtiωiΖatiοη, w11ere t11ey introduced a variance-expected cotnpliance ωοdel w11ere t11e

Ρrοbleω becοωes nonlinear and thus its cοωΡleχitΥ reduces. Anotl1er work ΡΓesents a

uncertainty topology οΡtiωiΖatiοn of structures with iωΡeΓfect geοωetry, w11ere t11e

solution is based οη geοωetιic lineaI" analysis tΙποug11 a Total Lagrangian finite

eΙeωeηt ωethοdοlοgΥ (Jansen et a1. 2014). In this Ρrοbleω, t11e Monte Carlo sanΊPling

ωethοd has been used to estίωate t11e uncertainty quantities. Their appΓOac11 allowed

the solution of 2D and 3D design ΡωbΙeωs with loads with dependent οι independent

perturbations. Α very iωΡοrtaηt work upon uncertainty and reliability-based topology

οΡtiωiΖatiοη has been presented by Guest and 19usa (2008), wheΓe uncertainties in

loading and nodal locations have been inψΙeωented into calculations and t11en

resolved, using the adjoint ωethοd.
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1.2 Objectives and Thesis Outlίne

Despite a11 the ίωΡοrtant deveΙοΡωents ωade οη the conlprehension and solution

of topology οΡtίωίΖatίοn ΡrobΙeωs, tllere are still ωanΥ topics worth working on. lη

tlliS thesis work, the subjects that will be studied are:

• The topology οΡtίωίΖatίοn of a beaω under deterministic load and different

boundary conditions with the use of the SIMP ωethοd.

• The ίωΡΙeωentatίοn of Von Mises stress criteria for the topology οΡtίωal

structure.

• The ΓObust topology οΡtίωίΖatίοn of a cantilever beall1 under uncertain

load.

The researcll work presented ίη this thesis is organized as follows:

Chapter 2 introduces the static load case ΡrobΙeω and dell10nstrates the topology

optimal structures for different boundary conditions and load applications. Tlle

stresses for the οΡtίωal structure are also calculated and cοωΡared to the yield

strength. The code is written ίη Matlab and is based οη the 99-1ine code by Sigll1und

(1999) that uses the finite eΙeωent ωethοd, a sensitivity filter and an οΡtίωalίtΥ

criterion. The effect of the nuωber of eΙeωents, as well as the vοluωe fraction, the

penalty and the dίωeηsίοns oftlle beaω are discussed.

ln Chapter 3, a ωethοdοlοgΥ for design οΡtίωίΖatίοn of structures under uncertain

load is presented for the eχaωΡΙe of the cantilever beaω. The code presented ίη

Chapter 2 is modified ίη order to include the load uncertainty according to the robust

ωethοdοlοgΥ described ίη the work by ΡaΡadίωίtrίοu and ΡaΡadίωίtrίοu (2015).

Different standard deviation values are studied and discussed.

Finally, sοωe concluding reωarks are presented ίη Chapter 4 regarding the reslllts

obtained froll1 the ll1ethodologies ίn Chapters 2 and 3.
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Chapter 2

The static load case

2.1 Theoretical background of topology optimization

Topology optimization IS a methodology that provides the optimal layout of a

structure within a predefined design domain. This is achieved by mathematically

approaching a structural problem. More specifically ίn οιιτ case, tl1is is done for given

load and boundary conditions. In this Section, parts of the Sigrnund (1999) methodology

are used for complicity.

Since the problem at hand is that of a beam with different boundary conditions, tl1e

design domain is assumed to be rectangular with square finite elements discretization.

For simplicity reasons, the numbering of nodes and elements begins from t11e uppe1" left

node and continues column by column. Following the SIMP approach f01" compliance

minimization that was refeaed ίn Chapter 1, tl1e topology op6mization problem,

according to Sigrnund (1999) is expressed below:

subject to: V(x) = f
Vo

:KU=F

: 0< xmin:5 Χ :5 1

At the expression above, c is the compliance, χ is the vector of the element densities

(i.e. design variables), Κ is the global stiffness matrix, U and F are the global

displacemeηt and force vectors respectively, U e is tl1e elel11ent displacement vector, k e is

the element stiffness matIix, Ν is the numbeI of elements, V(x) and Vo aIe the material

volume and t11e design domain volUllle respectively and f is the volLIme fraction. Last but

not least, Ρ is the penalization powel" that according to a worlc by Bendsoe and SigIl1und

(1999) must be equal to 01" larger than 3 ίn order for t11e SIMP approacl1 to be

permissible.
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Next step to the solution of the optilllization problelll expressed above is the cl10ice of

an approacl1. Here, the optitnality criteria (OC) llletl10d was chosen. Others lllethods

include the Method of Moving Asyιnptotes (Svanberg, 1987) and Sequential Linear

PΓOgralllllling (SLP). Therefore, according to tl1e work of Bendsoe (1995) and later

Siglllund (1999), the update for the density of eacl1 tnaterial becollles:

X enew= {max(xmin' X e - m), ί! xeBen :::; max(xmin' X e - m) },

= {min(l,xe +mΙ ifmin(l, X e + m) :::; xeBen}

Here, 1ll is a positive 1ll0ve-lilllit, n=O.5 is a dalllping coefficient and Be is found from

the optillla1ity condition and is expressed as:

-oc
Β = OXe

e OV
λ­

OXe

where λ is a Lagrangian lllultiplier of the optimization problem.

The sensitivity of the objective function is expressed by its derivative as:

( )ρ-Ι Tk
-Ρ X e U e oUe

Finally, ίη order to ensure the lllesh-independency of the optilllal designs and also to

elilllinate potential 'c11eckerboard patterns' (Diaz and Sigωund, 1995; Jog and Haber,

1996; Sigωund and Peterson, 1998), a mesh-independency filter is reqllired:

where the convolution operator(weigl1t factor) Hg is written as:
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Η9 = r min - dist(e, g), {ο ε Nldist(e, ο) ::; r min}, e=l,....,N.

From its expression, ίι is apparent t11at as the distance from e1ement g increases, Hg

becomes smaller and reac11es the value zero when it 1eaves t11e filtering region.Tl1e

operator dίst(e,g) is defined as the distance between the centeI of e1ement e and t11e

centeI of e1ement g .

The pΓOb1em expressed above by Sigmund (1999) pΓOvides the optimal topo1ogy for

the given structure. However, it does not pΓOvide any information Iegarding the stresses

deve10ped at the optimized structure. 1η the work that follows an appΓOac11 to the stress

and strain calcu1ation will be presented.

For biaxial (p1ane) stress, the stress matrix for each e1ement is:

~]

where σχχ is the χ-axial stress, σΥΥ is the y-axial stress and σΧΥ = σΥΧ is tl1e shear

stress. In this problem the materia1 is assumed to be linear1y elastic and isotropic, so the

strains and the stresses can be ca1cu1ated fron1 the following equations:

Strains Stresses

oUx Ε

exx = ΟΧ σχχ = (1 + ν)(1 - ν) (exx + veyy )

oUy Ε

eyy = ΟΥ σΥΥ = (1 + v)(1- ν) (eyy + vexx)

1 (OU X OUY )
Ε

exy = eyx = '2 ΟΥ + ΟΧ σΧΥ = e
(1+v) ΧΥ
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U x and uy are t11e displacements calculated fol" eac11 node fol" the χ and Υ axIs,

l"espec6vely. More specifically, U x fol" node ί is found οη the 2ί-Ι position οη the global

displacement matrix U and U)' is found οη the 2ί position. From t11e above it is apparent

that the strains for each element must be found by the displacements of a11 t11e nodes of

the corresponding element. FΓOm t11e finite eleInent method (ΡΕΜ), tl1e Galerkin

equations are used to describe the position of element at a local axis system (ξ, η). Ρο1' an

square element, these equa60ns a1'e the following:

ι

Ν ι=-(1- ξ)(1 + η)
4

ι

Ν2= 4: (1 + ξ) (1 + η)

Ι

Ν3= - (1 + ξ)(1 - η)
4

ι
Ν4=-(1- ξ)(1- η)

4

Now, the total displacement οη the χ and y-axis, 1'eSΡectίveΙΥ, can be calculated

thΓOugh GaΙe1'kίη as:

Ιη Ο1'de1' to find the st1'aίη, it is simply needed to find the derivative of each Galerkin

equation and multiply it by its counteΓpart displacement:

Ν αΝί
exx =Σ·- ι- * u .ι- oq ql

Ν αΝί
eyy =Σ·- ι- * u .ι- αη ηι

ι ( Ν αΝί Ν αΝί )exy=- Σ·-ι-*u . +Σ·-ι-*u .2 Ι- oq ηι ι- αη qt

This way, the stresses can be dί1'ectΙΥ found by t11e equations οη the matrix s110wn

above. F01' each element, accoIding to the νοη Mises C1'ίterίοη, al1 equivalent st1'ess σε

ll1USt be calculated and colnpaIed to t11e yield st1'eηgt11 of t11e mateIial σΥ' The fOImula fo1'

t11e equivalent st1'ess is:
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The equivalent stress 111USt be equal οτ s111aller than the yield strength of t11e 111aterial

ίn order to avoid failure of the ele111ent ί.

In the following Chapter, the 111ethodology expressed above [ΟΓ topology opti111ization

and calculation of strains and stΓesses will be i111ple111ented into the Matlab code.
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2.2 Implementation ίη Matlab

The methodology explained above is implemented in a topology optimization code

and will be explained brief1y in tl1is C11apter. This code is built in Matlab according to

the one by Sigmund (1999) and is called by t11e prompt line

topl(nelx, nely, volfrac, penal, rmin)

where nelx, nely are the number of elements in the x-axis and y-axis, respectively,

volfrac is the volume fraction used to distribute t11e material and rmin is the filter size

that is divided by the size of each element. Finally, penal is the penalization power from

the SIMP methodoJogy whicl1 is permissible fOI p~3 (Sigmund, Bendsoe, 1999).

T11e code 'top l' contains lnany subroutines that are called ίη the main program and

are fully presented ίη the Appendix. First of all, ίη the first lines of the main program,

there is a line that determines tl1e even distribution of material ίη the design dolnain,

always according to the volume fraction that was inserted by the user. Next, there is the

initialization of a lοορ that relies οη the value of the variable change. T11is variable starts

with the value 1 and changes (as the name implίes) inside the lοορ.

After that, the subroutine [U] is called which solves the problem by using the finite

element method. The FEM subroutine calls the [ΚΕ] subroutine, which calculates the

values of the element stiffness matrix. After the element stiffness matήΧ has a value, the

FEM problem is solved, depending οη the boundal)' conditions that are required by the

problem. In the code of Sigmund (1999), the boundary conditions studied are those fOI

the example of the cantileveI beam witl1 10ad application οη the down right con1er and

also the example of a beam with scrolling at t11e left side and at the down right comeI

and 10ad οη the upper left comeI. Ιη this work, different boundary conditions weIe tested

ίn the Matlab code. These boundaIY conditions for tl1e load and displacemeηt are

presented οη the matrix below. The displacement boundaIY conditions are implemented

ίη the code by the variable fιxeddofs. In the code pIesented ίn tl1e Appendix, all the

boundaIY conditions are written and, according to t}1e type of beam, the user can remove

t}1e '%' comment Figure and activate the condition Ρrefeπed. ΒΥ adding the '%' FiguIe,

all the other boundary conditions become inactive.
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Type

boundary

of Load Condition (F) Displacement

(fixeddofs=)

Condition

Fixed ends at At the middle of the beam:

botll sides F((nely+1)*nelx+2,1) =-1

Fixed end at the At the upper Iight corneI:

left side F(2*(nely+1)*(nelx+1)­

2*nely,1)=-1

υnιοn([ 1:2*(nely+1)],[2*(nely+1)

*nelx-1 :2*(nelx+1)*(nely+1)])

[1 :2*(nely+])]

ScIOlling at the At tl1e middle ofthe beam (uppeI union([2*(nely+1)],[2*(nelx+1)*

loweI left side): (nely+1)-1,2*(nelx+1)*(nely+1)])

comeI and joint F((nely+1)*nelx+2,1) = -1

at the loweI

Iight comeI

Fixed end at the UnifoImly distIibuted at the [1 :2*(nely+1)]

left side upper side of the

beam:

F([2*(nely+1)+2:2*(nely+1):2*(

nely+1)*(nelx+1)-2*nely],1)=­

1/nelx

Fixed end at the AttheupperrightcomeI: [1:2*(nely+1)]

left side F(2*(nely+ l)*(nelx+1)­

2*nely,1)=-1

and

At the middle of the beam (lower

side):

F((nely+1)*(nelx+2), 1) = -1
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The [ΚΕ] subroutine is also called ήght after [U] and is used ίn the objective function

c and sensitivity analysis part. FOI the sensitivity analysis part, the deIivative of the

objective function dc is calculated fOI each 100Ρ. Then, fOI the filteIing of sensitivities,

the subroutine [dc] is called fOI each deIivative dc. T11e design is updated accoIding to

t11e optiIηality cIiteIia Iηethod by tlle subIOutine OC. Finally, the Iesults and the densities

are pIinted fOI each 100Ρ.

ΑΙΙ the above concerned the topology optiIηization pIObleIη. Now the stIain and stIess

calculation part of the code will be explained. ΒΥ following the classic theoIY of

Mechanics of StIUctuIes and by using the FEM theoIY, the following lines of code weIe

iIηpleIηented into t11e oIiginal code (SigIηund, 1999):
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%%Yield StrengttJ

~6 ~"POl- SteeJ.

Stress and Strain calculation algorithm

%%%STRESS ~~Ό ST~~N CALCULATION%%%%%
Sy=1.0;

nu=O.3;

Ε = 1;

Sxx=O; Sxy=O; Syy=O;

exx=O; exy=O; eyy=O;

for eJ.y=l:nely

for elx=l:nelx

if x(ely,elx»=O.500

n1=(nely+1)*(elx-1)+ely;

n2=(nely+1)*elx+ely;

exx=- (1/4) * (2) *U(2*n1-1, :) + (1/4) * (2) * U(2*n2-1,:) + (1/4) * (2) *

U(2*n2+1, :)-(1/4)*(2)* U(2*n1+1,:);

eyy= (1/4) * (2) *U (2 *n1, : ) + (1/4) * (2) *U (2 *n2, : ) ­

(1/4) * (2) *U(2*n2+2,:) - (1/4) * (2) *U(2*n1+2,:);

exy= (1/2) * ((1/4) * (2) *U(2*n1-1,:) + (1/4) * (2) *U(2*n2-1, :)­

(1/4) * (2) *U(2*n2+1,:) - (1/4) * (2) *U(2*n1+1, :) - (1/4)

*(2)*U(2*n1, :)+(1/4)*(2)*U(2*n2, :)+(1/4)*(2)*U(2*n2+2, :)-

(1/4) * (2) *U(2*n1+2,:));

Sxx=(E/(1-(nu)A2 ))*(exx+nu*eyy) ;

Syy=(E/(1-(nu)A 2 ))*(eyy+nu*exx) ;

Sxy=(E/(l+nu))*exy;
Se=sqrt(SxxA2-Sxx*Syy+SyyA2+3*SxyA2) ;

%%~%%νoη Mises Cricerl2

if Se>Sy

display('Failure for eIement' )

dispIay ( , EIy= ' )

display (eIy)

dispIay ( , EIx= ' )

dispIay(elx)

dispIay('Stress 3e=')

dispIay(Se)

else

dispIay('Stress under yield for eIement'

dispIay ( 'ΞΙ}'=' )

display(ely)

display ( 'Elx=' )

display(elx)

display('Stress 3e=')

display(Se)

end

end

end

end
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From the basic code ofSigmund (1999), the YOWlg'S modulus Ε was normalized and

is set equal to 1 and tlle Poisson's ratio nu is set to 0.3 tllat is tlle value for steels. For tlle

Υοη Mises criterion, the yield strength Sy is set to 1.0. The constants Ε, nu and Sy can

be altered by the usel". The strain variabIes are exx, exy and ey)' and the stIess variables

are Sxx, Sxy and Syy and they are all initialized outside tlle loops. The indexes elx and

ely are used ίη order to check if tl1e coaesponding element has density equal οτ larger

than 0.5. Through the 'ίΓ condition, the strain and stresses will be calcu1ated only for

elements with density equal οτ larger than 0.5. This way, the computational costs become

much smaller.

After the variables exx, exy, eyy and Sxx, Sxy, Syy have been calculated according to

the methodology explained ίn Cllapter 2.1 (FE and Mechanics ofMaterials methods), the

equivalent stress Se is found and then compared to the yield strength Sy. Tllen, the

counterpart message appears οη screen, depending οη the value of Se.
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2.3 Results and Discussion

In the previous Sections of Chapter 2, tl1ere was a brief description and also the

additions to of the original code that was developed by Sigmund (1999). More

specifically, ίη Section 2.1, the Π1ethοdοl0gΥ of both the topology and the stress and

strain problem was presented. 1η Section 2.2, this methodology was implemented into a

Mat1ab code and also various boundary conditions were studied. The results that were

shown by the top1 code refer to the topology optimization part and specifically, to the

different boundary conditions. Tl1e significance of the ratio h/L of the beam is

thoroughly studied, where h is the heigl1t of the beaΠ1 ίη the 2D case and L is its length.

1t is proved that, for square finite elements, Dx=Dy, where Dx, D)' is the distance

between two successive nodes οη tl1e horizontal and vertical axis, respectively. The total

beam length L is ίη this case equal to nelx*Dx and the total height h is nel)'*Dy. This

way, the h/L ratio becomes equal to the nely/nelx ratio. This means that by altemating

the ratio of elements one also altemates the dimensions ratio.

Finally, the irnportance of the vaIiables rmin and penal to the optimal design is also

underlined, as well as of tl1e number of elements. These various cases are presented

below:

1. Fixed ends at both sides with load applίed ίη the middle of the upper side
ofthe beam:

As refeπed to ϊη Section 2.2, the prompt line to call the code is topl(nelx, nely,

volfrac, penal, rmin).

• h/ _ nely/ _
For L - nelx-2,
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Fig. 2.1: Optimal design for volume fraction volfrac=O.l, by using the prompt line top1(20,40 ,ο. 1,4 ,2.5)
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Fig. 2.2: OptimaI design for volume fraction volfrac=O.l, by using the prompt lίne top1(30 ,60 ,0.1 ,4 ,2.5)
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Fig.2. 3: Optimal design for volume fraction volfrac=0.1, by using the prompt lίne top1(50 ,100 ,0.1 ,4 ,2.5)
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Fig. 2.4: Optimal design for volume fraction volfrac=0.1, by using the prompt line top1(100 ,200 ,0.1 ,4 ,2.5)

As it can be observed from the three Figures displayed above, for the same

dimensions and volume ratio, the shape of the structure does not c11ange. However, for a

finer grid, w11ich equals more elements, the design becomes clearer of grey areas. In

general, it is most wanted for the design to have areas with element density closer to Ο οτ

1, since this way only the amount of material necessary wi11 be used for the construction

of the structure. After a11, it s110uld not be forgotten tl1at the goal of topology

optimization in genera! is to provide the optimum design with t11e least amount of

material required.
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Fig.2. 5: Optimal design for νolume fraction νolfrac=0.3, by using the prompt line topl(20 ,40 ,0.3 ,4 ,2.5)

ΒΥ cοmΡaήng the two Figures 2.1 and 2.5 that use the same number of elements, it is

obvious that, as the volume ratio (volfrac) increases, the amount οfmateήal used

increases and the design becomes more complex.
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Fig.2. 6: Optimal design for volume fraction volfrac=O.4, by using the prompt lίne topl(20, 40, 0.4 , 4 , 2.5)
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Fig. 2.7: Optimal design for volume fraction volfrac=O.4, by using the prompt lίne topl(30, 60, 0.4, 4, 2.5)
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Fig. 2.8: Optimal design for volume fraction volfrac=O.4, by using the prompt lίπe top1(50, 100, 0.4 , 4 , 2.5)

Through Figures 2.6-2.8, for the same volume fraction, there are apparent differences.

For a finer mesh, the gray regions are dramatically limited, thus leaving a smoother and

more practical and applicable result. Moreover, as the number of elements increases, so

does tl1e design precision. In Figure 2.6 the holes are not clearly displayed, [or a finer

mesl1 however the design becomes optima! and the holes are much more apparent.
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Fig. 2.9: Optimal design for volume fraction volfrac=0.7, by using the prompt line top1(20, 40, 0.7 ,4,2.5)
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Fig. 2.10: Optimal design for voIume fraction volfrac=0.7, by using the prompt line top1(30, 60,0.7,4,2.5)
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Fig. 2.11: Optimal design for νolume fraction νolfrac=0.7, by using the prompt lίne top1(50, 100,0.7,4,2.5)
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Fig. 2.12: Optimal design for νolume fraction νolfrac=O.7,by using the prompt lίne top1(100, 200, 0.7, 4,2.5)
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The same observation that was made for Figures 2.1 and 2.5 for volfrac=O.1 applies ίη

general for all structures tllat have the same dimensions ratio. For a larger nUlnber of

elements, the design becomes more elaborate and witll minimum gray areas.

For large volume ratio volfrac equal to 0.7, from tlle Figures 2.9 to 2.12 tlle

theoreticaBy known fact that ίη the FEM method, for a finer mesh the results are better

and more understandable is once more proved. For more elements the design variable

has values Ο to 1 and avoids values around 0.5 whicll consume much more material tllan

needed. This is also noticeable when comparing Figure 2.13 to 2.14 and 2.15 to 2.16 for

more elements.

• _ nely/ -1/For h / L - nelx- 2'
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Fig. 2.13: Optimal design for volume fraction volfrac=0.2, by using the prompt line topl(50, 25, 0.2, 4,2.5)

31



-0.2

-0.4

-0.6

Fig. 2.14: Optimal design for volume fraction volfrac=0.2, bγ using the prompt line top1(100, 50, 0.2, 4 , 2.5)
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Fig. 2.15: Optimal design for volume fraction volfrac=O.5, bγ using the prompt line top1(50, 25, 0.5, 4 , 2.5)
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Fig. 2.16: Optimal design for volume fraction volfrac=0.5, by using the prompt line top1(100, 50, 0.5, 4 , 2.5)

-0.2

-0.4

. -0.6

-0.8

-1

Fig.2. 17: Optimal design for volume fraction volfrac=0.7, by using the prompt lίne topl(50, 25, 0.7, 4,2.5)
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Fig. Ζ.18: Optimal design for volume fraction volfrac=0.7, by using the prompt line top1(100, 50, 0.7, 4, Ζ.5)

ΒΥ comparing Figures 2.17 and 2.18, the area around the main structιυe ίπ Figure
2.17 is obνiously much more blurry and incoherent than Figure 2.18. Although Figure
2.17 proνides a general idea about the topology of the structure, the result is neither
economical nor applicable, wllile Figure 2.18 proνides much more necessary information
οπ the topology.

• _ nely/ -1/For h / L - nelx- 3'
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Fig.2. 19: Optimal design for volume fractIon volfrac=0.2, by using the prompt lίne top1(60, 20, 0.2, 4 , 2.5)
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Fig. 2.20: Optimal design for volume fraction volfrac=0.2, by using the prompt lίne top1(120, 40, 0.2, 4 , 2.5)
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Fig. 2.21: Optimal design for volume fraction volfrac=0.2, by using the prompt line top1(300, 100, 0.2,4, 2.5)
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Fig. 2.22: Optimal design for volume fraction volfrac=0.5, by using the prompt lίne top1(60, 20, 0.5, 4,2.5)
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Fig.2. 23: Optimal design for volume fraction volfrac=0.5, by using the prompt line top1(120, 40, 0.5, 4,2.5)
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Fig.2. 24: Optimal design for volume fraction volfrac=0.5, by using the prompt lίne top1(300, 100, 0.5, 4,2.5)
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Fig. 2.25: OptimaI design for voIume fraction voIfrac=0.7, by using the prompt line topl(60, 20, 0.7, 4,2.5)
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Fig. 2.26: Optimal design for voIume fraction volfrac=0.7, by using the prompt line topl(120, 40, 0.7, 4,2.5)
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Fig.2. 27: Optimal design for volume fraction volfrac=0.7, by using the prompt line top1(300, 100, 0.7, 4,2.5)

Figures 2.22 to 2.24 and 2.25 to 2.27 are a characteristic example of detailed
topology optimization design. A1though Figures 2.23 and 2.26 seem in their respectiνe

examples to be optimal designs, it is proνed that as the total number of elements
increases and the mes11 becomes more detailed, eνen more holes appear to produce a
finer and more sophisticated result.
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•

2. Fixed left eod with load applied ίο the upper right coroer of the beam:

hj _ nely/ _For L - nelx-2,
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-0.4
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-0.6

Fig. 2..2.8: Optimal design for volume fraction volfrac:=O.2., by using the prompt line topl(30, 60, 0.2., 4, 2..5).
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Fig. 2.29: Optimal design for volume fraction volfrac=0.2, by using the prompt lίne top1(75, 150, 0.2, 4, 2.5).

The evolution of the design ίn Figure 2.28 is obvious. At the upper side of the
structure, there are gray areas whicll for more e!ements evolve into a clear beam witll

100% materia! element density.
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Fig. 2.30: Optimal design for volume fraction volfrac=0.5, by using the prompt Iίne top1(30, 60, 0.5, 4, 2.5).
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Fig. 2.31: Optimal design for volume fraction volfrac=0.5, by using the prompt line top1(75, 150, 0.5, 4, 2.5).

42



-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

-0.7

-0.8

-0.9

-1

Fig.2. 32: Optimal design for volume fraction volfrac=0.7, by using the prompt lίne top1(30, 60, 0.7, 4, 2.5).
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Fig. 2.33: Optimal design for volume fraction volfrac=0.7, by using the prompt line top1(75, 150, 0.7, 4, 2.5).
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ΒΥ cOl11paring Figures 2.30 to 2.31 and 2.32 to 2.33 the gray areas for this boundary

conditions haνe eνolνed to 1101es which l11ake the design l110re detailed and restrain the

use of l11aterial.

• _ nely/ _
For h/ L - nelx-S,
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Fig. 2.34: Optimal design for volume fraction voIfrac=0.2, by using the prompt line top1(30, 150,0.2,4,2.5).
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Fig. 2.35: Optimal design for volume fraction volfrac=0.2, by using the prompt lίne top1(40, 200, 0.2, 4, 2.5).
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Fig. 2.36: Optimal design for volume fraction volfrac=0.4, by using the prompt lίne top1(30, 150,0.4,4, 2.5).
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Fig. Ζ.37: Optimal design for νolume fraction νolfrac=O.4, by using the prompt lίne top1(40, 200, 0.4, 4, Ζ.5).
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Fig. Ζ.38: Optimal design for νolume fraction νolfrac=0.7, by using the prompt line top1(30, 150, 0.7, 4, Ζ.5).
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Fig. 2.39: Optimal design for volume fraction volfrac=0.7, by using the prompt line topl(40, 200, 0.7,4,2.5).

• _ nely/ _1/
For h / L - nelx- 2 '
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Fig. 2.40: Optimal design for volume fraction volfrac=0.4, by using the prompt line top1(50, 25, 0.4, 4, 2.5).

-0.2

-0.4

-0.6

Fig. 2.41: Optimal design for volume fraction volfrac=0.4, by using the prompt lίne topl(150, 75, 0.4, 4, 2.5).
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Fig. 2.42: OptimaI design for volume fraction voIfrac=0.5, by using the prompt line topl(50, 25, 0.5, 4, 2.5)
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Fig.2. 43: Optimal design for volume fraction volfrac=O.5, by using the prompt line topl(150, 75, 0.5, 4, 2.5)
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Figure 2.40 is rnore incoherent than Figure 2.41 and through the iterations oft11e

prograrn it validates the observation that gray areas of material ill1prove to either Ο or 1

and provide a realizable construction.

3. Fixed left eod with load applίed uoiformlv 00 the upper side of the beam:

• _ nely/ _
For h/ L - nelx-2,
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-0.2

-0.3

-0.4

-0.5

-0.6

Fig. 2.44: Optimal design for volume fraction volfrac=0.4, by using the prompt line topl(20, 40, 0.4, 4, 2.5)

In Figure 2.44 t11e appearance ofholes is seen οη pixellevel, which is not practical
from an engineering side, since it demands more material and thus increases t11e cost. 1η

Figures 2.45 and 2.46 the material element density has better distribution.
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Fig. 2.45: Optimal design for volume fraction volfrac=O.4, by using the prompt line topl(30, 60, 0.4, 4, 2.5)
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Fig. 2.46: Optimal design for volume fraction volfrac=0.4, by using the prompt line topl(40, 80, 0.4, 4, 2.5)
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Fig. 2.47: Optimal design for νolume fraction νolfrac=0.5, by using the prompt lίne topl(20, 40, 0.5, 4, 2.5)
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Fig. 2.48: Optimal design for νolume fraction νolfrac=0.5, by using the prompt lίne topl(30, 60, 0.5, 4, 2.5)
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Fig.2. 49: OptimaI design for volume fraction voIfrac=0.5, by using the prompt line topl(40, 80, 0.5, 4, 2.5)
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Fig. 2.50: Optimal design for voIume fraction volfrac=0.7, by using the prompt line topl(20, 40, 0.7, 4,2.5)
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Fig. 2.51: Optimal design for νolume fraction νolfrac=0.7, by using the prompt lίπe top1(30, 60, 0.7, 4, 2.5)
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Fig.2. 52: Optimal design for νolume fraction νolfrac=0.7, by using the prompt line top1(40, 80, 0.7, 4,2.5)
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•

4. Scrolling οη the l0wer left side and joint οη the l0wer right side of the

beam:

_ nely/ _
For h / L - nelx- 5,
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Fig. 2.53: Optimal design for volume fraction volfrac=0.5, by using the prompt line top1(20, 100,0.5,4, 2.5}

For this boundary condition, as also for the previous, the Matlab code topl distributes
the material according to the direction oft11e load. In Figures 2.53 to 2.67, the structurels
symmetrical to the load applied ίη the middle and the structure is mostly laid out in the

opposite direction of the load, οη the node where the load is applied. It makes perfect

sense for structures with such boundary conditions to have this fOffi1, because for less
material the resistance of the structure to t11e strength rel11ains t11e same.
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Fig. Ζ.54: Optimal design for volume fraction volfrac=0.5, by using the prompt lίne top1(30, 150, 0.5, 4, Ζ.5)
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Fig. Ζ.55: Optimal design for volume fraction volfrac=0.7, by using the prompt line top1(20, 100,0.7,4,2.5)
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Fig. 2.56: Optimal design for volume fraction volfrac=0.7, by using the prompt line top1(30, 150, 0.7, 4, 2.5)

• _ nely/ _
For h / L - nelx- 2 ,
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Fig. 2.57: Optimal design for volume fraction volfrac=O.4, by using the prompt lίπe topl(40, 20,0.4,4,2.5)
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Fig. 2.58: Optimal design for volume fraction volfrac=O.4, by using the prompt line topl(100, 50, 0.4, 4, 2.5)
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Fig. 2.59: Optimal design for volume fraction volfrac=0.5, by using the prompt line topl(40, 20, 0.5, 4, 2.5)
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Fig. 2.60: OptimaI design for volume fraction volfrac=O.5, by using the prompt lίne topl(100, 50, 0.5, 4, 2.5)
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Fig. 2.61: Optimal design for volume fraction volfrac=0.7, by using the prompt lίne top1(40, 20, 0.7, 4, 2.5)
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Fig. 2.62: Optimal design for volume fraction volfrac=0.7, by using the prompt line top1(100, 50, 0.7, 4, 2.5)
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• _ nelYj -1/For h / L - nelx- 2'
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Fig. 2.63: Optimal design for volume fraction volfrac=0.3, by using the prompt line top1(50, 100, 0.3, 4, 2.5)
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Fig. 2.64: Optimal design for volume fraction volfrac=0.3, by using the prompt lίne top1(100, 200, 0.3, 4, 2.5)
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Fig. 2.65: Optimal design for volume fraction volfrac=0.5, by using the prompt line top1(50, 100,0.5,4,2.5)
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Fig. 2.66: Optimal design for volume fraction volfrac=0.5, by using the prompt line top1(100, 200, 0.5, 4, 2.5)
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Fig. 2.67: Optimal design fOΓ volume fraction volfrac=0.7, by using the prompt line top1(50, 100,0.7,4,2.5)
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Fig. 2.68: Optimal design for volume fraction volfrac=0.7, by using the prompt line topl(100, 200, 0.7,4,2.5)

ΒΥ studying the Figures shown above, the following observations can be made:

./ As the number of elements increases, so does the quality of the shape, ίn terms

of grey areas. FeweI gIey aIeas mean less mateIial to be used, and theIefore,

less expensive structure.

./ Apart froιn the numbeI of elements, it is s110wn tllat more complex designs

(with holes, foI instance) appeaI foI a laIger number ofvolume ratio.

./ AnotheI" observation that needs to be made concems the influence of the

vaΓίabΙes penal and rmin to the quality of tlle design. lη the Figures s110wn

above, tlle values of these two variables Γemaίned constant, because t11e

parameters under study weΓe the dimensions and volume ratio. Some

examples out of many tl1at shows the dίffeΓence fo1' an increase ίn penal and

rmin are the following:
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From Figures 2.69 and 2.70, it can be seen that by increasing penal and rmin, the

design seems more 'bluay' and less accurate, due to the appearance of more grey

regions. The hole that appeared ίη Figure 2.69 does not exist ίη Figure 2.70 that has a

larger number of rmiD. In Figures 2.75 and 2.76, it can also be noticed that there are

more elements wit11 density lowel" than 0.8 around the main optimal structure fol" a highel"

value of rmin. Those cause the 'bluπy' effect. Tl1is effect is found to be mainly

attributed to the increase of the value of rmin to 3.5. Fron1 the realization of more

examples, the ideal value of rmin was found to be around 2.5, but ηο mol"e than 3. As

Sigmund mentioned ίη his work (1999), 'by selecting rmin less tl1at one, the filtered

sensitivities will be equal to the original sensitivities, making the filter inactive' (citation

from Sigmund, 1999).

Moreover, by observing Figures 2.71 and 2.72, where only the penal value was

altered, there is an apparent difference. For penal equal to 4.5, the structure shows more

holes at the lower part of the structure, thus making it more complex. The clarity of the

structure that concems the grey areas with less density has, howbeit, remained intact.

The ideal value for penal was found between 3.5 to 4. Tl1e increase ίη penal υρ to 4

improves the quality of the design conceming the grey areas. However, for a value larger

than 4, the results do not show any further improvement. Instead, as it can be observed

from Figures 2.73 and 2.74, there are ηο problems with grey areas and with the exterior

shape of the structure. However, for a large value at penal, like 7, the global stiffness

matrix is close to becoming singular or badly scaled and inside the structure there are

many differences. Therefore, the results may prove inaccurate.
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Fig. 2.69: Optimal design (fixed at both ends) for volume fraction volfrac=0.7, by using the prompt line topl(60,
20,0.7,4,2.5)
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Fig. 2.70: Optimal design (fixed at both ends) for volume fraction volfrac=0.7, by using the prompt line topl(60,
20,0.7,4.5,3.5)
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Fig. 2.71: Optimal design (scrolling and joint) for volume fraction volfrac=0.7, by using the prompt line
top1(100, 50, 0.7, 4, 2.5)
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Fig. 2.72: Optimal design (scrollίng and joint) for volume fraction volfrac=O.7, by using the prompt line
topl(100, 50, 0.7, 4.5, 2.5}
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Fig. 2.73: Optimal design (fixed left end) for volume fraction volfrac=0.5, by using the prompt line topl(150, 75,
0.5,4,2.5)
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Fig. 2.74: OptimaI design (fixed left end) for volume fraction voIfrac=0.5, by using the prompt line topl(150, 75,
0.5,7, 2.5).
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Fig.2. 75: Optimal design (scrolling and joint) for volume fraction volfrac=O.4, by using the prompt lίne topl(40,
20,0.4,4, 2.5)
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Fig. 2.76: Optimal design (scrolling and joint) for volume fraction volfrac=O.4, by using the prompt lίne topl(40,
20,0.4,4.5, 3.5)
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Chapter 3

The robust load case

3.1 Theoretical background for robust topology
optimization

1η Cl1apter 2, the topo10gy optin1ization problelll for the detenηinistic 10ad case was

studied f01" diffe1"ent bounda1"Y conditions. In addition, the 1"esults for diffe1"ent values of

the va1"iab1es used to call the program were examined. 1η this Chapte1", the topology

prob1em is examined afte1" uncertainty ίη 10ad has been inserted, according to the

theo1"etical background by the paper of Papadimitriou and Papadimitriou (2015). This

comes as a necessary evolution of the deterministic 10ad case, since structures are, ίη

rea1ity, sensitive to 10ading uncertainties. Loading uncertainties a1"ise from the 1ack of

know1edge ίη the magnitude and direction of concentrated 10ads and a1so ίη tl1e spatia1

variability of10ads applied οη the structul"e (ΡaΡadίmίtήοu and Papadimitriou, 2015).

The topology optimization f01" the robust approach is now formu1ated f01" objective

functions re1ated to Ul1certainty meaSU1"es of the comp1iance of the structure. These

uncertainty measures include mean value of the 10ad (fo1" this case of robust 10ad),

standard deviation and 1evel exceedance (Papadimitriou and Papadimitriou, 2015). This

approximation reguires the calcu1ation of mu1ti-din1ensional integrals over tl1e uncertain

parameter space, which are eva1uated using the following methods:

• Sparse grid guadratu1"e technigues for the mean and standard deviation,

• T11e approximate first-orde1" reliability method (FORM) [ΟΓ the fai1uIe

probability.

A1ten1ative1y, the mu1ti-dimensional integrals a1"e estimated by using Tay101" series

expansion techniques and Monte CaIl0 met110ds. Howeve1", by using Taylol" senes

expansion, the accu1"acy might be 10st for bigger uncertainties. Monte Carl0 (MC)

methods, a1though they increase the cOlllputational cost, secure tl1e independence of t11e
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number of uncertain parameters. So the MC methods solve the problen1 for large number

of uncertain parameters, without increasing the computational cost like Taylor expansion

and Gauss quadrature techniques do. Grid methods have a1so been applied to robust

design, since they are quite accurate, model non-intrusive and easily paralle1ized. The

integrals are, as mentioned above, estimated using Gauss quadrature methods, W11ich

transform the robust top010gy optimization problem into a weighted sum of deterministic

prob1ems at the Gauss quadrature points (Sm01yak, 1963; Zenger, 1997; Gerstner et al.,

1998; Griebe1 et al., 2004). This brings υρ the need for the estimation of the sensitivities

of the objective function using the adjoint method at these Gauss quadrature points.

Neverthe1ess, however accurate the grid methodologies may be, t11ey increase greatly the

computational cost ίn case of a great number of uncertain parameters. This is why the

sparse-grid approach is used, which keeps the number of functions eva1uations 10w,

without harming the accuracy ofthe obtained results.

In robust top010gy optimization, t11e objective functions to be minimized are

formulated as the weighted sum of the expected performance and the standard deviation

of the performance. The constraints refer to the v01ume of the structure (like the

deterministic model) and the state equations. Since the topology optimization problem

requires a very large number of design variab1es, the use of adjoint methods is required

to compute the sensitivities with respect to the uncertain parameters (Jameson, 1988).

As mentioned above, the robust topology optimization problem is formulated as the

minimization ofthe comp1iance with constraint οη the maximum allowed material, and it

is presented below (Papadimitriou and Papadimitriou, 2015).

11.11Η

Ρ

,,;.i.

UIId

F(!, ν) = Γ) .Λ( "Ι'ΙΙί(μ. ν )cΙΩ + j' .9ί \r)u,i(fJ, ν) (Ι..Jr, ' 1

C' = (' ριΙΩ ~ \:r
,ι~!

C)σi.ί(μ. ν) _;. \ _ . ...= ()
. ι lj(θι-Ο .. '_--
Ί:ι)

ai.(IJ· ν)π,ί = Ιι(θ) .χ -Ξ :Ί
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where ρ= Ρ(Χ) are the 10cal densities and also the design variables, fi(v) and 9ί(ν)

are general functions of the uncertainty function v Ξ Vk, k=l,o ο .,m (m is the number of

Gaussian quadrature points) defined οη the domain Ω. S = Sl υ S2 represents the surface

ofthe body, as known from Mechanics ofmaterials theory, ui(v,p) and σij(V'Ρ) are the

displacement and stress components, respectively. Finally, V f is a part of the total

volume.

The problem expressed above ίη (3 01) includes the uncertainty for more than one

cases and also takes ίn consideration the stresses. Ιη this work, οηlΥ the 10ading

uncertainty is taken into consideration, so οηlΥ parts of (3.1) will be neededo First, the

mean and standard deviation of tl1e problem have to be expressed containing the design

variable Ρ and the 10ad uncertainty V Ξ Vk, k=I, ... ,mo The mean value is given ίη terms

of the first two statistical moments of the multidimensional performance function F ο

(3.2)

μF = μ·.Ρ

(3.3)

/ "
\. μ·2.Τ - μρ

πι = 1.2.

(3.4)

Following the metl10dology from the work of Papadimitriou and Papadimitriou,

(2015), a good approximation for the integrals shown above is given by the Gauss­

Hermite quadrature οη sparse gridso ΒΥ assuming that tl1e uncertain parameters follow a.

Gaussian distribution, tl1e (3.2) integral becomes:

η

Ι· F(p. Υ)μ!Υ)(!Υ 2:. Υ-: ιι'ι..Γ(ρ. \'λο )
ο \. "---J

ί..=] (3.5)

where Vk is the uncertainty at the k sparse grid point and Wk are tl1e weighting

coefficients. The robust objective function is:
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).6)

Following the logic of the deteπninistic problem, the first order sensi6vities to the

design parameters Ρ(Χ) is:

(3.7)

where

(3.8)

are the coefficients and Fk are the values of the perfoπnance function F at the grid points

(Papadimitriou and Papadimitriou, 2015) .. Another way that provides the same result is

to find the deήvatίve of the standard deviation of the problem

aσ

ap

as well as

σμΖ,F 2 σ μΙ,F
---a;J- μι,F---a;J

2JCμΖ,F-μΙ,F2)
(3.9)

aμΖ,F = Σn 2w F aFk
ap k=l k k ap

aμΙ,F _ Σn w F 2
ap - k=l k k

and finally

oFRob _ σμΙ.F + (1 ) σσ---w-- -w-
σρ ορ σρ
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3.2 Implementation ίη Matlab
The methodology explained above is implemented in a topology optimization code

and will be explained briefly in this Chapter. This code is built ίη Matlab according again

to the one for topology optimization by Sigmund (1999) and is called by the prompt line:

top2(nelx, nely, volfrac, penal, rmin, w, vmean, νsigma)

for the case that one load is applied to the structure and:

run_top2n(nelx, nely, νolfrac, penal, rmin, w, vmeanl, νmean2, νsigmal, vsigma2)

for the two-load case. As far as the variables are concemed, νmean is the mean value of

the 10ad, vsigma is the standard deviation of tl1e 10ad and w is a weighting factor

determined by the user, according to the desired influence of the standard deviation. The

reason that different programs are needed for the estimation of the uncertainty οη the

structure is that there are different mean load values and for the same standard deviation

different νsigmal and νsigma2.

The robust topology optimization program begins by loading from text fi1es the

number of sparse grid points m, the weighting factors for each sparse grid point wd and

the sparse grid point locations xd. The sparse grid point information are obtained by

programs that can be found online for sparse grid Hermite. Matlab loads the file set by

the user, according to the accuracy required in calculations (for example w4.dat) and

saves the data into colurnn matrices wd and xd, respectively (wd and xdl, xd2 for the

two load case). Then, the topology optimization procedure is followed with the same

logic as in the static case problem, with the difference that an additional for loop is

added within while loop. This must be done so that the program can estimate οη each

optimization iteration the loading uncertainties for eacll sparse grid point. The

uncertainty is implemented into the code througll the [FE] subroutine, where the

boundary conditions are determined.

1. FOI the one-load case, tlle load boundary condition for l0ad at tlle uppeJ" rigllt

comer IS:

F(2*(nely+l)*(nelx+l)-2*nely,1)=νmean+sqrt(2)*νsigma*xd(n);

2. For the two-load case, the load boundary condition for load at the upper right

comer and for anotheI load in the l0weΓ side of tlle structuJ"e and in tl1e middle is:
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F(2*(nely+l)*(nelx+1)-2*nel)I,1)=vmeanl+sqrt(2)*vsigmal*xdl(n);

and

F«nely+l)*(nelx+2),1)=vmean2+sqrt(2)*ysigma2*xd2(n);

respectively. The subroutine [FE] is called m mOl"e titnes οη each iteration, which

increases the computationa! cost and makes the computational time much bigger. Οη

each iteration, the mean values that will be needed ίη order to calculate the mean value

and the standard deviation of the problem are calculated for each grid ροίηΙ The mean

values are also multiplied by a constant l/π11ΙΙ2 , where m ίη this equation depends οη the

number of loads applied. So for the one-load case, m=l and 1I-VΠ and for the two-load

case, m=2 and lΙπ. After that, the standard deviation and the derivatives dsigma and

dmeanl are estimated by the equations (3.9), (3.10) and (3.11). From equations (3.6)

and (3.12) the robust objective function Frob and its first order derivative dFrob aΓe,

respectively, calculated. The program continues by calling the function check for t11e

filtering of sensitivities of dFrob. Finally, the function OC is called to update the design

via the optimality criteria method and t11e results are printed, like the deterministic

problem.
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3.3 Results and discussion
Ιη Chapter 3.1, the methodology for estimating the optimal topology for the insertion

of uncertainty ίη load was presented. In Chapter 3.2, this methodology was implemented

into the existing topology Matlab code by Sigmund (1999) and two programs were

studied; one for the case of the application of a single load and aηotl1er for the

application of two loads. These two programs were ran for various boundary conditions

and values ofthe variable w and the followiηg results were retrieved:

1. Fixed left end with load applίed ίη the upper right corner of the beam:

• Deterministic case:

-0.4

-0.3

-0.1

-0.2

-1

-0.8

-0.9

-0.7

. -0.5

-0.6

Fig. 3.1: Optima\ design for the static casc prob\em, by using thc prompt line topl(30, 60,0.4,4,2.5).

• Uncertain case: FOl" m=7 sparse gΓίd points (x2.dat)
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-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

-0.7

Fig. 3.2:0ptima\ design for the uncertain case prob\em, by using the prompt line top2(30, 60, 0.4, 4, 2.5, 0.5,-1,0.3)

-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

-0.7

Fig.3.3: Optima\ design for the uncertain case prob\em, by using the prompt line top2(30, 60, 0.4, 4, 2.5, 0.6,-\.0.2)
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From Figures 3.1 and 3.2 and 3.3, it can be observed that, although the problems are
those of a static case and robust, thus different, the topology of t11e structure does not
change ίη general. This observation, although at first can be startling, has a very simple
explanation; despite the change ίη load, there is only one load applied and the topology
does not change for the given structure. In this eχanψΙe, there is ηο symmetry as far as
tl1e boundary conditions are concerned. This can be verified from more examp1es with
different boundary conditions.
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-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

-0.7

Fig.3.4: Optima\ design for the static case prob\em, by using the prompt Iίne topl(30, 60, 0.7, 4, 2.5).

-0.1

-0.2

-0.3

-0.4

-0.5

- -0.6

-0.7

Fig.3.5: OJJtimal design f·or the uncertainty problem, by using tlIe prompt Iίne top2(30, 60, 0.7, 4,2.5,0.8,-1,0.2)
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Ιη Figures 3.4 and 3.5 a slight difference caη be observed οη pixel!evel ϊη the holes of

the structure. As mentioned before, this type of problem is asymmetrical, however not

strongly enough to present a big diffeIence so the structure does not present any topology

a!terations. Since [ΟΓ a sligl1tly asymmetIica! example tlle uncertainty code does not

provide any topo!ogical difference, it is understood tllat [ΟΓ a symmetrical case !ike the

fixed eηds at both sides and load ϊη the middle probletn theIe will be ηο appaIent

difference.

2. Fi:xed left end with load applied ίη the upper right corner of the beam:

-0.2

-0.4

-0.6

Fig.3.6: Optimal design for the static case problem, by usillg the prompt line topl(100, 50, 0.5, 4,2.5)
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-0.2

-0.4

-0.6

Fig. 3.7:0ptimal design for the uncertainty problem, by using the prompt line top2(100,50,0.5,4, 2.5, 0.3,-1,0.35)

As expected, for this symmetrlcal problem the topology remalns exactly the same.

This comparlson between symmetrical and asymmetrical problems as well as the fact
that, although the uncertalnty was lnserted ίη the problem ηο apparent differences were

produced, brought out the need for a problem wlth more than loads to be studied.

However, ίη the case of two loads, each load has different sparse grid polnt locatlons.

Moreover, [οτ different values of each load, the standard devlatlon for each load changes.

The top2 code was modified for that cause and so the run_top2n code was created for

two loads. Figure 3.8 demonstrates the determlnlstlc example wlth two loads, one at the

upper rlght comer and the other at t11e lower side Ίη tl1e middle. Figures 3.9 and 3.10

demonstrate the uncertalnty examples wlth different standard devlatlon each.
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-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

-0.7

-0.8

-0.9

-1

Fig. 3.8:0ptimal design for the static case problem, by using the prompt Iίne top1(30, 60, 0.7, 4,2.5)

-0.1

-0.2

-0.3

-0.4

-0.5

- -0.6

-0.7

-0.8

-0.9

-1

Fig.3.9: Optimal design fol' tlIe uncertaiIIty problem, by using thc prompt linc run_top2n(30,60,0.7,4,2.5, 0.3,-1,3,0.3,0.9)
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-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

-0.7

Fig. 3.1 Ο: Optima\ design for the uncertainty prob\em, b)' using the prompt line Γυη_ top2n(30,60,0.7,4,2.5, 0.3,­
1,3,0.35,1.05)

From Figures 3.8, 3.9 and 3.10, the difference is apparent when the uncertainty is

inserted. As the standard deviation of each load is increasing, we can observe parts of the

structure getting slimmer. However, since the volume fraction (volfrac) has a steady

value, there is ηο loss of material. The material that has left the slimmer areas appears to

have moved to the bulkier bottom side of the structure. This can be attributed ίη this

example, to the values of the loads, since the bottom load value is three times larger, so

more material is needed there.
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-0.1

-0.2
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-0.5
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-0.7

-0.8

-0.9

-1

Fig. 3.11: Optima\ design for the static case prob\em, by using the prompt line top1(25, 50, 0.4, 4,2.5)
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-0.2

-0.3

-0.4

-0.5

-0.6

-0.7

Fig.3.12: Optima\ design t·or the uncertainty prob\em, by using the prompt line run_top2n(25,50,0.4,4,2.5, 0.3,-1,3,0.35,1.05)
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Between the Figures 3.11 and 3.12 there are also differences at the interior of tlle

structure and more specifically at its 10wer ροίnι For the static load case, there appeal"s

to be more material at the direction of the force. At tl1e uncertain case, the material is not

concentrated ίn the middle where the load is applied, like the static case. Dlle to the load

llncertainty, the material seems more even and less concentrated to one direction.

From the results produced above, the case with fixed end at the left side and load at

the uppel" right corner was stlldied further. For a 30χ60 mesh and val"ioL1s values for the

weighting factor of the objective function w, the convergence history of the compliance

objective function is shown at the graph below. It is observed that ίn the beginning, the

objective function has a very high value because the design variable is equal to the

volume fraction. As the iterations continue, the value of the objective fllnction decreases

significantly and finally converges to a much smallel" vallle.

Frob-Iterations
6.000

5.000

4.000

3.000

2.000

1.000

'-Ο
............................................................ ........ ........

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29

.....Frob-Iterations
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Mean value- Standard deviation
19,4205

19,42

19,4195

19,419

19,4185

19,418

19,4175

19,417

19,4165

19,416

19,4155

19,415

........
~
~

"-
~

--........
~

.....Mean value- Standard
deviation

For different values of the weighting factor w, a Pareto front was drawn for the

optimal mean value and the standard deviation. From the Pareto it can be noticed that as

the mean value decreases, the standard deviation increases. This is attributed to the

equation (3.4). When the mean value becomes smaller, the standard deviation ίn (3.4)

becomes larger and vice-versa. However, the range of variation ίn the values of the mean

and standard deviation is small.
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Chapter 4

Concluding remarks

This thesis examined the topology optimization of structures under deterministic and

uncertain 10ad. For its realization, a code was used that was developed ίη Matlab by

Sigmund (1999). Alterations were made ίη the code ίη order to compare the original

structure with t11e optimal given by the code. Tlllee versions of the 99 line code by

Sigmund were developed. The first one, topl was tested for different 10ad and boundary

conditions, as well as for finer mesh. Different values for the variable penal and rmin

were also examined. Finally, using the theory by Mechanics of materials, a stress and

strain calculation aΙg0ήthm was implemented into the original code.

From the examples performed, the following observations were made:

• For a finer mesh, the optimal structure becomes more complex and

with less gray areas, meaning a better distribution of material.

• ΒΥ increasing the penal variable above the value 4.5 the gray areas are

not affected. However, if increased too much, the topology may

change and prove inaccurate. The ideal value for penal is around 4.

• The ideal value for rmin is 2.5. FoI' a larger value, there appear more

grayareas.

It is worth noticing that the observations made for the detem1inistic model also apply

to the robust model, since the role oftl1e variables penal and rmin does not change.

Regarding the uncertainty, two codes were built for the topology optimization. Code

top2 is built for the case of one-load uncertainty and code run_top2n is built for

uncertainty ίη two loads. FoI' the uncertainty ίη one load only, tl1e topology does not

change ίη comparison to the static case problem, especially for the symmetrical problem

for fixed ends at both sides and load ίn the middle. FoI' more apparent aΙteΓatίοns, a mΟΓe

asymmetrical model was requίΓed and so tl1e two load problem was inserted. Tlle Γesιι!ts
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were jndeed more obvjous and the alteratjons between the determjnjstic and tbe robust

problem were majnly observed at the pojnt where the forces were applied.

Although thjs thesjs reaches jts ajms, a few recommendations for future work can be

made, based οη the findings ofthjs project:

• Topology op6mjzatjon for more than two loads and for very asymmetrical

cases.

• Implementatjon of materjal uncertajnty ιη t11e topology op6mjzatjon

framework.
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APPENDIX

Program for the static load case

function topl(nelx,nely,volfrac,penal,rmin)
~6 INITI.A:LIZ:C
x(l:nely,l:nelx) = volfrac;
loop = Ο;

change = 1.;
% START ITERATION
while change > 0.01

loop = loop + 1;
xold = Χ;

% FE-A.NALYSIS
[U]=FE(nelx,nely,x,penal) ;

% OBJECTIVE FUNCTION ANL SENS:T:V:Tl ~J~ALYS:S

[ΚΕ] = lk;
c = ο.;

for ely = l:nely
for elx = l:nelx

η1 (nely+1)*(elx-1)+ely;
η2 = (nely+1)* elx +ely;
Ue = U( [2*n1-1;2*n1; 2*n2-1;2*n2; 2*n2+1;2*n2+2;

2*n1+1;2*n1+2], 1);
c = c + x(ely,elx) Apenal*Ue'*KE*Ue;
dc(ely,elx) = -penal*x(ely,elx) Λ (penal-1) *Ue'*KE*Ue;

end
end

% FILTERING ΟΡ SENSITIVITIES
[dc] = check(nelx,nely,rmin,x,dc);

% DESIGN υΡΩΑΤΕ ΕΥ ΤΗΕ OPTIMALITY CRITERIA ΜΕΤΗΟΩ

[χ] = OC(nelx,nely,x,volfrac,dc);
.~~ PR.INT R.ΕΕ3ΙJίJΤS

change = max(max(abs(x-xold)));
disp ( [' It.: ' sprintf ( '%Lli' ,loop) , Obj.: ' sprintf ( '~ό10. 4f' ,c)

, Vol.:
, ch.:

, sprintf('%6.3f' ,sum(sum(x) )/(nelx*nely))
, sprintf('%6.3f',change )])

% PLOT DENSITIES
colormap(gray); imagesc(-x); axis equal; axis tight; axis

off;pause(le-6) ;
end
%%%STRESS ΑΝΟ STRAIN CALCULATION%%%%%
Sy=l.O;
nu=0.3;
Ε = 1;
Sxx=O; Sxy=O; Syy=O;

exx=O; exy=O; eyy=O;
for ely=l:nely

for elx=l:nelx

if x(ely,elx»=0.500
n1=(nely+1)*(elx-1)+ely;
n2= (nely+1) *elx+ely;
?,;?oDispJ.acement f01" H01"izonl:al c'ieST,I"ees of f1"eedorn
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%Ut=(1/4)*(1-q)*(I+n)*U(2*n1-
1,;) _. (1/4) * (1+qi * (1+ηι *U(2*n2-1,;) + (1/4) * (1+q)' (1­
n)*U(2*n2+1, ;)+(1/4)*(I-q)*(I-n)*U(2*nl,I,;);

%%Disp1acement for Vertica1 degrees of freedom
%Vt=(1/4)*(I-

q) * (l+n) *U(2*nl, :) + (1/4) * (l+q) * (l+n) *U(2*n2,:) - (1/4' * (l+q' * (1­
π)*υ(2*η2,2, ;),(1J4)*(1-q)*(1 η)*υ(2*ηΙI:.,:);

%exx=- (1/4 \ * (1+n) *υ(2*rι1-1,:)τ (1/4 \ * (1+n) *υ(2*η:':­

1, ; ) + (1/4 ) * (1 - η) *υ ( 2 *η2 +1, ; ) - (1/4 ) * (1- η) *υ ( 2 *η1 +1, : \ .
%eyy=(1/4)+ (l-q)*U(2*nl, ;)-'-(1/4)" (1+q)*U(2*n2, ;)­

(1/4) * (1+qJ *υ(2*η2+2, :) - (1/4) * (1-q) *U(2*n1+2, ;) ;
%exy= (1/]) * ( (1/4) * (l-q) *Ο (2 *nl-1, ; ) •. (l /4) * (1 +q) *U (2 *n2­

1, : ) - (1/4) * (1 +q' *U (2 xn2 +1, : ) - (1/4) * (l-q) *U (2 *πΙ+1, : \ ­
(1/4)*(I+π)*υ(2*η1, :).,.(1/4)*ο+π)*υ(2 χ π2, :)+(1/4)*(I-η)*υ(2*η2.,.2, ;)­
(1/4) * (Ι-η) *υ(2 χ η1+2,:));

exx=- (1/4) * (2) *U(2*nl-1,:) + (1/4) * (2) *U(2*n2­
1,:) + (1/4) * (2) *U(2*n2+1,:) - (1/4) * (2) *U(2*nl+l,;);

eyy= (1/4) * (2) *U(2*n1,;) + (1/4) * (2) *U(2*n2,;)­
(1/4) * (2) *U(2*n2+2,;) - (1/4) * (2) *υ(2*η1+2,;);

exy= (1/2) * ((1/4) * (2) *υ(2*ηΙ-1, ;) + (1/4) * (2) *U(2*n2-1, ;)­
(1/4) * (2) *U(2*n2+1,;) - (1/4) * (2) *υ(2*η1+1,;)-
(1/4) * (2) *U(2*n1,:) + (1/4) * (2) *υ(2*η2,:)+ (1/4) * (2) *U(2*n2+2,:)­
(1/4) * (2) *U(2*n1+2, :));

Sxx=(E/(I-(nu)A 2 ))*(exx+nu*eyy) ;
Syy=(E/(1-(nu)A 2 ))*(eyy+nu*exx) ;
Sxy=(E/(l+nu))*exy;
Se=sqrt(SxxA2-Sxx*Syy+SyyA2+3*SxyA2) ;
%%%%%Von Mises CYiteria
if Se>Sy

display('Fai1ure for e1ement' )
disp1ay ( 'ΕΙΥ=' )
disp1ay(e1y)
disp1ay ( ι E1x= ' )
disp1ay(e1x)
disp1ay('3tress 3e=')
disp1ay(Se)

e1se
disp1ay('3tress under yield for element' )
disp1ay ( 'Ely= ' )
disp1ay(e1y)
disp1ay ( , E1x= ' )
disp1ay(e1x)
disp1ay('Stress Se=')
disp1ay(Se)

end
end

end
end
%%?6% %?6?6 %?6?6 ΟΡΤΗ1Α:::":;:ΤΥ CRITERIl'. UPDATE
function [xnew]=OC(ne1x,ne1y,x,vo1frac,dc)
11 = Ο; 12 = 100000; move = 0.2;
whi1e (12-11 > 1e-4)

1mid = 0.5*(12+11);
xnew = max(O.OOl,max(x-move,min(l.,min(x+move,x.*sqrt(­

. dc./1mid)))));
if sum(sum(xnew)) - vo1frac*ne1x*ne1y > Ο;

11 1mid;
e1se

12 1mid;
end

end
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%%%%%%%%%% MESH-INDEPENDENCY FILTER
function [dcn]=check(nelx,nely,rmin,x,dc)
dcn=zeros(nely,nelx) ;
for ί = l:nelx

for j = l:nely
sum=O.O;
for k = max(i-floor(rmin) ,1) :min(i+floor(rmin) ,nelx)

for 1 max(j-floor(rmin) ,1) :min(j+floor(rmin) ,nely)
fac = rmin-sqrt((i-k)A 2+(j-l)A 2 );
sum = sum+max(O,fac);
dcn(j,i) = dcn(j,i) + max(O,fac)*x(l,k)*dc(l,k);

end
end
dcn(j,i) dcn(j,i)/(x(j,i)*sum);

end
end
%%%%%%%%%% FE-ANALYSIS
function [U]=FE(nelx,nely,x,penal)
[ΚΕ] = lk;
Κ = sparse(2* (nelx+l)* (nely+l) , 2*(nelx+l)*(nely+l));
F = sparse(2* (nely+l) * (nelx+l) ,1); U = zeros(2*(nely+l)*(nelx+l) ,1);
for elx = l:nelx

for ely = l:nely
ηΙ = (nely+l)*(elx-l)+ely;
η2 = (nely+l)* elx +ely;
edof = [2*nl-l; 2*nl; 2*n2-1; 2*n2; 2*n2+1; 2*n2+2; 2*nl+l;

2*nl+2] ;
K(edof,edof) = K(edof,edof) + x(ely,elx) Apenal*KE;

end
end
~ό DEFINE I,OADS AND SUPPORTS (HΆI~P ΜΒΒ-ΒΕΆΙΙ1)

%F(2*Inely+ll y (nelx+l)-2*nely,1)=-1;
%Force at the upper right corner of the beam
%F((nely+1J*nelx+2,1) = -1; %for θνεη nelx
%Force at the center of the beam
F( [2*(nely+1)+2:2*(nely+1) :2* (nely+1)*(nelx+1)-2*nely] ,1)=-1/nelx;
% for uniformly distributed load
%fixeddofs = union ( [1: 2* (nely+1)] , [2* (neJ.y+1) *nelx­
1:2*(nelx+l)*(nely+1)]) ;
%for fixed ends at Doth sides
%fixeddofs=union ( [2* (nely+1)] , [2* (nelx+l) * (nely+1) -1,
;2* (neJ.x+l) * (nely+l)]);
%scroJ.J.ing at the left side and jOlnt at the right side
fixeddofs = [1:2*(nely+1)];
%from fixed εηό at the J.eft side of the beam
aJ.ldofs [1:2*(nely+l)*(nelx+1)];
freedofs setdiff(alldofs,fixeddofs);
% SOLVING
U(freedofs,:) = K(freedofs,freedofs) \ F(freedofs,:);
U(fixeddofs, :)= Ο;

%%%%%%%%%% ΕLΕΜΕΝΊ STIFFNESS MATRI}'
function [KE]=lk
Ε = 1.;
ηυ = 0.3;
k=[ 1/2-nu/6 1/8+nu/8 -1/4-nu/12 -1/8+3*nu/8 ...

-1/4+nu/12 -1/8-nu/8 ηυ/6 1/8-3*nu/8] ;
ΚΕ = E/(1-nuA2)*[ k(1) k(2) k(3) k(4) k(5) k(6) k(7) k(8)

k(2) k(1) k(8) k(7) k(6) k(5) k(4) k(3)
k(3) k(8) k(1) k(6) k(7) k(4) k(5) k(2)
k(4) k(7) k(6) k(1) k(8) k(3) k(2) k(5)
k(5) k(6) k(7) k(8) k(l) k(2) k(3) k(4)
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k(6) k(5) k(4) k(3) k(2) k(l) k(8) k(7)

k(7) k(4) k(5) k(2) k(3) k(8) k(l) k(6)

k(8) k(3) k(2) k(5) k(4) k(7) k(6) k(l)];
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Program for the uncertain load case- 1 load

function top2(nelx,nely,volfrac,penal,rmin,w,vmean,vsigma)
~6 ΙΝΙΤΙΑΙΔΖΕ

x(l:nely,l:nelx) = volfrac;
loop = Ο;

change = 1.;
load w4.dat %% the name of the file can be changed according to the
type of problem
load X L1. da t
m=w4(1) ;
xd=x4(2:m+l) ;
wd=w4 (2 :m+l) ;
% START ITERATION
while change > 0.01

meanl=O;
mean2=0;
dmeanl=O;
dmean2=0;
loop = loop + 1;
xold = Χ;

% FE-ANALYSIS
c=zeros (m, 1) ;

for n=l:m
[U]=FE(nelx,nely,x,penal,xd,n,vmean,vsigma) ;

%%OBJECTIVE FUNCTION ΑΝΟ SENSITIVITY ANALYSIS
[ΚΕ] = lk;
for ely = l:nely

for elx = l:nelx
ηΙ (nely+l)*(elx-l)+ely;
η2 = (nely+l)* elx +ely;
Ue = υ( [2*nl-l;2*nl; 2*n2-1;2*n2; 2*n2+1;2*n2+2;

2*nl+l;2*nl+2] ,1);
c(n) = c(n) + x(ely,elx) Apenal*Ue'*KE*Ue;
dc(ely,elx) -penal*x(ely,elx)A(penal-l)*Ue'*KE*Ue;

end
end
meanl=meanl+wd(n)*c(n) ;
mean2=mean2+wd(n)*power(c(n) ,2);
dmeanl=dmeanl+wd(n)*dc;
dmean2=dmean2+(2*wd(n)*c(n)*dc) ;

end
meanl=meanl*(l/sqrt(pi)) ;
mean2=mean2*(1/sqrt(pi)) ;
dmeanl=dmeanl*(l/sqrt(pi)) ;
dmean2=dmean2*(1/sqrt(pi)) ;
sigma=sqrt(mean2-power(meanl,2)) ;
dsigma=(dmean2-2*meanl*dmeanl)/(2*sigma) ;
Frob=w*meanl+(l-w)*sigma;
dFrob=w*dmeanl+ (l-w) *dsigma;
% F:LTERING ΟΡ SENSITIVITIES

[dFrob] = check(nelx,nely,rmin,x,dFrob);
., ;)ESIGN UFDΛΤΕ Β\ ΤΗΕ O?'!:'IMFcLITY CP.Ι ΤΕΡ.Π. [vjETHOI

[χ] = OC(nelx,nely,X,volfraC,dFrob);
~. PRINT RESULTS

change = max(max(abs(x-xold)));
disp ( [Ι It.: ' sprintf ( '96 4l' ,loop) , Ob:j.: ' sprintf ( '%10. 4f' ,Frob)

, \'O~.: ' sprintf ( '>,,( . 3! ,sum (sum (Χ) ) / (nelx*nely) )
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, Ch.; , sprintf('%6.3f',change )])
'6 Ρ:::"ΟΤ DΕΝSΙ~ΊΕS

co1ormap(gray); imagesc(-x); axis equal; axis tight; axis
off;pause(le-6) ;
end
disp(['It.: ' sprintf(,g,,4i',loop) , Obj.: ' sprintf('HO.4f',Frob) ...

, nleanl: ' sprintf("o·J.(I . .,f',meanl) , si.gnlB:'
sprintf('%10.4f',sigma)])
%%%%%%%%%% OPTIMALITY CRITERIA υΡΟΑΤΕ

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function [xnew]=OC(ne1x,ne1y,x,vo1frac,dFrob)
11 = Ο; 12 = 100000; move = 0.2;
whi1e (12-11 > le-4)

1mid = 0.5*(12+11);
xnew = max(O.OOI,max(x-move,min(I.,min(x+move,x.*sqrt(­

dFrob./1mid))))) ;
if sum(sum(xnew)) - vo1frac*nelx*ne1y > Ο;

11 1mid;
e1se

12 1mid;
end

end

%%%%%%%%%% MESH-INDEPENDENCY FILTER
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function [dcn]=check(nelx,ne1y,rmin,x,dFrob)
dcn=zeros(ne1y,ne1x) ;
for i = l:ne1x

for j = l:ne1y
sum=O.O;
for k = max(i-f1oor(rmin) ,1) :min(i+floor(rmin),ne1x)

for 1 max(j-f1oor(rmin) ,1) :min(j+f1oor(rmin),ne1y)
fac = rmin-sqrt((i-k)A 2 +(j-1)A 2 );
sum = sum+max(O,fac);
dcn(j,i) = dcn(j,i) + max(O,fac)*x(l,k)*dFrob(l,k);

end
end
dcn(j,i) dcn(j,i)/(x(j,i)*sum);

end
end
%%%%%%%%%% FE-~~ALYSIS

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function [U]=FE(ne1x,ne1y,x,pena1,xd,n,vmean,vsigma)
[ΚΕ] = 1k;
Κ = sparse(2*(nelx+l)*(nely+l), 2* (ne1x+l) * (ne1y+l)) ;
F = sparse(2* (ne1y+l) * (ne1x+l) ,1); U = zeros(2* (ne1y+l) * (ne1x+l) ,1);
for e1x = l:nelx

for e1y = l:nely
ηΙ = (nely+l)*(e1x-l)+e1y;
η2 = (ne1y+l)* e1x +e1y;
edof = [2*nl-l; 2*nl; 2*n2-1; 2*n2; 2*n2+1; 2*n2+2; 2*nl+l;

2*nl+2] ;
K(edof,edof) = K(edof,edof) + x(e1y,e1x) Apena1*KE;

end
end
% DEFINE LOADS ΑΝΏ S~PPORTS

F(2*(nely+l)*(ne1x+l)-2*ne1y,I)=vmean+sqrt(2)*vsigma*xd(n);
fixeddofs [1:2*(nely+l)];
a11dofs [1:2* (nely+l) * (nelx+l)] ;
freedofs = setdiff(a1ldofs,fixeddofs);
Ά SJLVING
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U(freedofs,:) = K(freedofs,freedofs) \ F(freedofs,:);
U(fixeddofs, :)= Ο;

%%%%%%%%%% ELEMENT STIFFNESS MATRIX
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function [KE]=lk
Ε = 1.;

nu = 0.3;
k=[ 1/2-nu/6 1/8+nu/8 -1/4-nu/12 -1/8+3*nu/8 ...

-1/4+nu/12 -1/8-nu/8 nu/6 1/8-3*nu/8] ;
ΚΕ = E/(1-nu

A
2)*[ k(l) k(2) k(3) k(4) k(5) k(6) k(7) k(8)

k(2) k(l) k(8) k(7) k(6) k(5) k(4) k(3)
k(3) k(8) k(l) k(6) k(7) k(4) k(5) k(2)
k(4) k(7) k(6) k(l) k(8) k(3) k(2) k(5)
k(5) k(6) k(7) k(8) k(l) k(2) k(3) k(4)
k(6) k(5) k(4) k(3) k(2) k(l) k(8) k(7)
k(7) k(4) k(5) k(2) k(3) k(8) k(l) k(6)
k(8) k(3) k(2) k(5) k(4) k(7) k(6) k(l)];
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Program for the uncertain load case-2 loads

function
run_top2n(nelx,nely,volfrac,penal,rmin,w,vmeanl,vmean2,vsigmal,vsigma2
)

% INITIAL:;:ZE
x(l:nely,l:nelx) volfrac;
loop = Ο;

change = 1.;
load w2.txt %% the name of the file can be changed accordlng to the
type of ΡΙΌbΙetn

load x2.txt
m=w2(1) ;
xdl=x2(2:m+l) ;
xd2=x2(m+2:2*m+l) ;
wd=w2(2:m+l) ;
% START ITERATION
while change > 0.01

meanl=O;
mean2=0;
dmeanl=O;
dmean2=0;
loop = loop + 1;
xold = Χ;

% FE-ANALYSIS
c=zeros (m, 1) ;

for n=l:m

[U)=FE(nelx,nely,x,penal,xdl,xd2,n,vmeanl,vmean2,vsigmal,vsigma2);
%%OBJECTIVE FUNCTION ΑΝΩ SENSITIVITY ANALYSIS

[ΚΕ) = lk;
for ely = l:nely

for elx = l:nelx
ηΙ (nely+l)*(elx-l)+ely;
η2 = (nely+l)* elx +ely;
Ue = U([2*nl-l;2*nl; 2*n2-1;2*n2; 2*n2+1;2*n2+2;

2*nl+1;2*nl+2) ,1);
c(n) = c(n) + x(ely,elx) Apenal*Ue'*KE*Ue;
dc(ely,elx) -penal*x(ely,elx) Α (penal-l) *Ue'*KE*Ue;

end
end
meanl=meanl+wd(n)*c(n) ;
mean2=mean2+wd(n)*power(c(n) ,2);
dmeanl=dmeanl+wd(n)*dc;
dmean2=dmean2+(2*wd(n)*c(n)*dc) ;

end
meanl=meanl*(I/pi) ;
mean2=mean2*(I/pi) ;
dmeanl=dmeanl*(I/pi) ;
dmean2 =dmean2 * (l/pi) ;
sigma=sqrt(mean2-power(meanl,2)) ;
dsigma=(dmean2-2*meanl*dmeanl)/(2*sigma) ;
Frob=w*meanl+(I-w)*sigma;
dFrob=w*dmeanl+ (l-w) *dsigma;
% FILTERING ΟΡ SENSITIVITIES

[dFrob) = check(nelx,nely,rmin,x,dFrob);
% DESIGN υΡΩΑΤΕ ΒΥ ΤΗΕ OPTIMALITY CR:TERIA METHor

[Χ) = OC(nelX,nely,X,volfraC,dFrob);
.'(. ΡΡ.ΙΝ'::" RESULT~:

change = max(max(abs(x-xold)));

102



1mid;

disp ( [' It.: ' sprintf ( '%4i' ,1oop) , Obj.: ' sprintf ( , %10. 4Γ' ,Frob)

, Vol.: ' sprintf('%6.3f' ,sum(sum(x))/(ne1x*ne1y))
, C.tJ.: ' sprintf('%6.3f',change )])

% PLOT DENSITIES
co1ormap(gray); imagesc(-x); axis equa1; axis tight; axis

ofr;pause(1e-6) ;

Ρicturename=SΡrintf('%cΊ_.96 d Zof._'od __ 901 __ 96 9cd. 96 d 96 95 f_ 96Cl.ΡnΞ' ,ne1x,ne1y,
vo1frac,pena1,rmin,w,vmean1,vmean2,vsigma1,vsigma2,m) ;

print('-dpng', '-r300' ,picturename)
end
disp(['It.. : 'sprintf('%4i',loop) 'Ob:i.: 'sprintf('HO.4f',Frob)

, nlean1: ' sprintf('~610.4f"mean1) , sigIna:'
sprintf('%10.4f' ,sigma)])
5!c%!~·:~·%,%·~~5k!6% OPTIM..Z\I,JITY CRITERIA lJPDA.TE

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function [xnew]=OC(ne1x,ne1y,x,vo1frac,dFrob)
11 = Ο; 12 = 100000; move = 0.2;
whi1e (12-11 > 1e-4)

1mid = 0.5*(12+11);
xnew = max(0.001,max(x-move,min(1.,min(x+move,x.*sqrt(­

dFrob./1mid))))) ;
if sum(sum(xnew)) - volfrac*ne1x*ne1y > Ο;

11 1mid;
e1se

12
end

end

%%%%%%%%%% ΜΕΒΗ INDEPENDENCY FILTER
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%~%%%%%

function [dcn]=check(ne1x,ne1y,rmin,x,dFrob)
dcn=zeros(ne1y,ne1x) ;
for i = 1:ne1x

for j = 1:ne1y
sum=O.O;
for k = max(i-floor(rmin) ,1) :min(i+f1oor(rmin) ,ne1x)

for 1 max(j-f1oor(rmin) ,1) :min(j+f1oor(rmin) ,ne1y)
fac = rmin-sqrt((i-k)A 2 +(j-1)A 2 );
sum = sum+max(O,fac);
dcn(j,i) = dcn(j,i) + max(O,fac)*x(l,k)*dFrob(l,k);

end
end
dcn(j,i) dcn(j,i)/(x(j,i)*sum);

end
end
%%%%%%%%%% FE-ANALYSIS
%%%%%%~%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%~

function
[U]=FE(ne1x,ne1y,x,pena1,xd1,xd2,n,vmean1,vmean2,vsigma1,vsigma2)
[ΚΕ] = 1k;
Κ = sparse(2*(ne1x+1)*(ne1y+1), 2*(ne1x+1)*(ne1y+1));
F = sparse(2*(ne1y+1)*(ne1x+1) ,1); U = zeros(2* (ne1y+1) * (ne1x+1) ,1);
for e1x = 1:ne1x

for e1y = 1:ne1y
η1 = (ne1y+l) * (e1x-l)+e1y;
n2 = (ne1y+1)* e1x +e1y;
edof = [2*n1-1; 2*n1; 2*n2-1; 2*n2; 2*n2+1; 2*n2+2; 2*n1+1;

2*n1+2] ;
K(edof,edof) = K(edof,edof) + x(e1y,e1x) Apena1*KE;
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end
end
% DEFINE LOADS AND SUPPORTS
F(2*(nely+1)*(nelx+1)-2*nely,1)=vmean1+sqrt(2)*vsigma1*xd1(n);
%Fol-ce at the uppel- left cornel- of tlle bea1n
F((nely+1)*(nelx+2) ,1)=vmean2+sqrt(2) *vsigma2*xd2 (η) ;
%Force at the lower cente: of tne beam
fixeddofs
alldofs
freedofs
?6 SOLVING

[1:2* (nely+1)];
[1:2* (nely+1) * (nelx+1)] ;
setdiff(alldofs,fixeddofs) ;

U(freedofs,:) = K(freedofs,freedofs) \ F(freedofs,:);
U(fixeddofs, :)= Ο;

%%%%%%%%%% ELEMENT STIFFNESS MATRIX
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function [KE]=lk
Ε = 1.;
nu = 0.3;
k=[ 1/2-nu/6 1/8+nu/8 -1/4-nu/12 -1/8+3*nu/8 ...

-1/4+nu/12 -1/8-nu/8 nu/6 1/8-3*nu/8] ;
ΚΕ = E/(1-nu A 2)*[ k(l) k(2) k(3) k(4) k(5) k(6) k(7) k(8)

k(2) k(l) k(8) k(7) k(6) k(5) k(4) k(3)
k(3) k(8) k(l) k(6) k(7) k(4) k(5) k(2)
k(4) k(7) k(6) k(l) k(8) k(3) k(2) k(5)
k(5) k(6) k(7) k(8) k(l) k(2) k(3) k(4)
k(6) k(5) k(4) k(3) k(2) k(l) k(8) k(7)
k(7) k(4) k(5) k(2) k(3) k(8) k(l) k(6)
k(8) k(3) k(2) k(5) k(4) k(7) k(6) k(l)];
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