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ΑbstΓact

Tl1e objective of tl1is t11esi is to estίωate t11e θχίθΙ loads of Ιπίdge 11angel' nsing eχρeΓί­

l11enta11:y identified 1110dal fl'eC[tlencies, Α Bayesian stnιctυιaΙ identification l11ethodo!og,)'
is nsed to estίωate the θχίθΙ !oad anc! its υηceιtaίηtΥ, T\vo dίffeΓeηt ωοdel c!asses aΓe

cοηsίcΙeιed to sil11tl!ate t11e νίΙπatίοηs of t11e 11aηgeΓS: θη analytical 1110del based οη t11e
ΕιιΙeΓ-Βeιηου11ί t11eοιγ and a 11igh ficlelit,)' finite e!el11ent l110clel of t11e 11aηgeΓ, T11e eff'ect
οΕ t11e ])otιndaΓY conclitions of t11e 11aηgeΓS οη t11 estil11ate of t11e θχίθΙ loads ancl tl1Cil'
ιιηceΓtaίηtίes is investigRted, It is cΙel110ηstΓated t11at t11e l)ουndaΓΥ conditions have . ig­
nificant ίl11ρa.ct οη t11e fΓeqυencίes οΙ 11aηgeΓS nsed ίη al'ch Ιπίdges, It is a!so s110\vn t11at a
fixecl-end l1ig11 fidelity finit eΙeωent ωοdel οΙ t11e 11angel' nnclel'estil11ates t11e θχίθΙ !oads
by l11oι'e t11an 20%, Tl1e sίl11ρΙίfied beaω l110del \vit11 flexil)le end conditions give Ιθίι'!)'

aCCl1l'ate [esnlt. ' close to t11e ones obtainecl f1'0111 t11e hig11 ficlelit}· finitc eΙeωeηt lnode!
\vit11 flexilJle 'υρροι't conclitions, Tl1e Ba}'esian fl'al11e\vol'l< ίΌι stnlctl1l'al iclentification
is efIective ίη stil11ating the θχίθΙ loads and bonndal'Y conditions ίη 11angeιs as \V 11 θ::>

selecting the 1110 t aΡΡ1'ΟΡΓίate 1110clel c!ass to be Llsed Ιοι' l'eΡl'eseηtίng t11e vibl'ationnl
c11al'actel'istics of actnal 11angeΓS,
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/~ Tl1c01'etical valnes of ntl1-01'clel' nat1.11'al fl'eql.lency of' a ·tl'ing

ΙΙ(Ζ. t) Deflection ίn of' ca1Jle ίn ~'-cΙίΓectίοn clne to vίΙπatίοn

Α ΑΓ<?3

ΕΙ Flexnlal' ΓίgίdίtΥ of t11e ca1Jle

f Tl1eol'etical natUΓaΙ fl'eqnency of ca1Jle

g GΓa,vίtatίοnal accelel'ation

Ι Second mOl11ent of aΓe3

Τ Cal)le fΌΓce

t Til11e

\v \,Veight of cable per nnit length
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Chapter 1

Introduction

1.1 Objectives

Tl1e o])jective of tl1iS thesis is to esti111ate tl1e axial10acls ίn 11angeΓS using 1110dal fΊ'equeη­

cies identified flΌ111 1110dal tests. Tl1e Ι1aηgCΓS aΓe used as decl< suρροιt ele111ents ίη aΓcΙ1

bIiclges. Τ\\'Ο gene1'al classes of 1110dels θΓ intlΌducecl to Iep1'esent the djΊ1a111ics of tl1e
hctngeIs. Tl1e fiιst 1110dcl class is θη analytical bea111 1110clel basecl οη Ευleι-ΒelΊ10u11ί tl1e­
Oly Tl1e second 1110del cla, s is a !ligl1 fidelity finite ele111ent 1110clel developecl ίη Abacllls.
Both 1110del classes can be used to ριecΙίct tl1e 11angel" nιoclal fΊ'equeηcίes given tl1e θχίθΙ

load ίη the 11aηgeΓ. The, e ΡΓedίctίοηs also cleIJend οη tl1e ])oundaIY conclitions at the
end οΙ tl1e Ιυ'lηgeΓS. Ρaιt οΙ tl1e ol)jective of tl1iS tl1esis is to in"estigate tl1e eHect οΙ tl1e
])ounclaIY conc1itions οη tl1e esti111ate οΙ tl1e 11ange1' fοιces. Ba:yesian ίηfeιeηce [1]. [2]. [3]
is usccl to iclentif":)' tl1e vallIes anc1 tlle ιιηceΓtaίηtίes ίη tlle νθΙιι s of tl1e θχίθl fΌ1'ce ancl
tlle bοuηcla1'.v condition . bεIsed οη tl1e 111easUl'ed 1110dal EIequencies fΌι a 11aηge1'. Finally.
Bayesian 1110del selection 111etl10c1 [4] is lIsec1 to select tl1e ])est 1110del class fOl" 1'eριeseηtίng

tl1e c1:γηa111ίcs of tl1e Ιlaηgeιs.

1.2 Description of Hanger and Experimental Data

Tl1e 11angel' undeI investigation is one οΙ tl1e l1angeIs lIsed to SllIJIJoIt the decl< of tl1e
aIcl1 bΓίdge S110Wn ίη FiguIe 1.1. The a1'cΙ1 bιίdge consists οΙ 20 hangeIs ίη total, ten οη

eacl1 side, sY111111etΓica11y10cated, to SUΡΡΟΓt the decl<. The l1a.ngel' ge0111et1Ύo along vvitl1
the ge0111etIY of tl1e connections οΙ tl1e Ι1aηge1'S to the deck and tlle aIch. is sho\vn ίη

FiglIIe 1.2. A11 hangeIs aIe cylinclIical and solid \Vitl1 c1ia111etel' D = 0.130111. Tl1ey aΓe

111ade out of stcel anc1 tl1ey aΓe connected to the deck and tl1e aIch ele111ent Witl1 edge
IJla,tes as S110\Vn ίη FiglIIe 1.3. The edge IJlates aIe vvelded to tl1e l1angeIs anc1 deck οι

tl1e a,Ich. Tl1e connections of the hang ι vvitl1 the deck οι tl1e aΓcΙ1 vvitl1 end plates aTe
aIJIJlΌxi111ately 1 111 10ng and 111ay aHect significantly tl1e bounda,IY conditions οΙ haηgeΓS.

FΓ0111 tl1e geOl11etIY οΙ tl1 plates, SI10',,-,n ίη FiguIes 1.2 and 1.3, it is cleal' tl1at the IJlate
tllat connects the hangeI" \vith tl1e cleck ha, its oIientation along tl1e 10ngitudinal di1'ection
οΙ tl1e bIidge deck, vvhile tl1e plate that connects the hangeI to tl1e aIcl1 118S its ΟΓίeηtatίοη

along tl1e tIansverse c1iIection of tl1e bΓίdge decl<.
It 110ulcl be noticed tl1at the l1angel' con iderecl ίη tl1iS \VΟΓk have 111any cliHerences

fΓ0111 the conventional cables. Α conventional cable l1as s111a,11 bending stiHness but the
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solid plate installed ίη theΓe 11aηgeΓs cοηtΓίbutes significantly to the bending stiffness.
Based οη the design plans, the geοmetΓΥ, the mateΓίaΙ ΡlΌΡeΓtίes and the connection

details of the two edge plates of the hanger aΓe identical. Tlle οηlΥ dίffeΓeηce is the
οΓίeηtatίοη of each edge plate. Giνen that the end conditions of the edge plates can be
considered to be fixed, then it is expected that the prediction of the modal frequencies
flΌm the analytical or the ηumeΓίcaΙmodels ίη the longitudinal and tΓaηsνersediIection of
νίbration of the 11anger would be identical. Table 1.1 shows tlle identified eίgeηfΓequeηcίes

of hanger 3 ίη the tΓaηsνeΓsaΙand longitudinal direction. These eigenfrequencies ΟΙ modal
fΓequeηcίes weΓe obtained by analysing the fΟΓce and acceΙeΓatίοη time hίstοΓίes obtained
flΌm impulse hammer tests ΡeΓfοιmed οη the haηgeΓ. It is οbselΎed that the modal
fIequencies differ ίη tlle two directions (longitudinal and transνerse). TlliS is a StlΌng

indication that the bοuηdaΓΥ conditions at the end of the haηgeΓs cannot be assumed to
be fixed. This study consideIs the effect of the bοuηdaΓΥ conditions οη the estimation of
tlle axial fΟΓce.

FiguIe 1.1: The geOlnetΓΥ of the bΓίdge

Table 1.1: The experimental frequencies (ΗΖ) of hanger 3 ίη the transνersal and longitu­
dinal dίΓectίοη

trans long
Mode 1 5.82 6.09
Mode 2 13.85 14.8
Mode 3 26.17 27.0
Mode 4 40.47 41.8
Mode 5 59.3 61.5
Mode 6 81.3 83.68
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1.3 Literature reVlew

Seνe1'a1111et110ds11ave been pIopos d fOl' the e ti111ation of t11e caω tension, One of t11e
fil'st ί111ΡΟ1'tant 1'esea1'c11es ίη the fielcl vv'as conduct cl])y Ζιιί et a1. [5] \vit11 the pIOposal of
pIactical fonllulas fΌΓ t11e esti111ation of the tension [ΙΌη1 t11e iclentifi d natul'al [1' quencies,
Ren et a1. [6] Ρ1'eseηtecΙ a ηρ\\τ veIsion of tl1e pI'actical fonl1ulas, af'tel' l1aving explained t11e
1'elative iIlfluence οί' t11e sag-extensil)ilit), and tl1e ])ending stiffness, ~ί et a1. [7] pIOposed
a 111et110d fOl' the anal,ysis of' a suspencled ])I'idge ancl a tay-cable bIiclge, Ceballos and
Pl'3to [8] intIOduced t,,'o IOtational springs at tl1e caωe encls to ι'eιπeseηt all tl1e possible
boundal'j' conditions ί:lnd tl1e stiffness οί' tlre spIing, ί extI'acted fΊΌm t11e fiIst mocle t11at
cannot ])e esti111ated l)y tl1e identification procedure, Successively, tJ1e axial fΌl'ce of t11e
cable can be calcnlatecl. Bellino et a1. [9] pΓOposed a 111etl10cl to esti111ate tl1e ca])le tension
b)' 111eans of "ibIation l'esponse and 1110ving mass tecl1nique, T11e 'a111e autl10Is developed
t11e 111etl10cl [10] b:y adding sιπίngs ίη Ol'deI to simulate tl1e diHeIent ])oundal'Y conditions
ancl tl1e}' intΓOducecl tlte equivalent Jengt11,

1.4 Thesis outline

T11iS t11csis stυdies t11e effect of tl1e 1110del aSSU111ptions ancl the bollncla1'}' conclitions οη

tlre esti111ation of tl1e axial fΌι'ce ' Ιη contl'ast to existing 111etJrocls. t11e ιπeseηt "'Ol'k uses
1110Γ tl1an one 1110dal fI' quencies to esti111ate t11e axiί:ll fΌΓce ancl t11c bonndaIY conditions,
Baye ian inf'eI'ence [1] is usecl fo1' tl1e fi1'st ti111e to esti111ate also t11c ιιnce1'taίnt)' ίn t11e
esti111ates οί' t11e axii:l1 fOIce ancl t11e botιndal')' conclitions as \\,ell as to select t11e l)est
1110clel out οί' a seI'ies οΕ incγeasingly cOlnplex 1110dels, inclucling anaΙ,γtίcaΙ ones as ,,'ell
as 11ig11 fidelit:y finite ele111ent 1110dels \vit11 vaIious bollnclaIY conditions intΓOclncecl to
Ι'e]πescηt tlle slrpport conclitions of t11e Ι1aηge1',

T11iS t11esis is Ο1'gaηίsed as follo,,'s, Chί:lpteI' 2 intΓOcluces t11e l)eaI11 1110clcls basecl
οη tlle ΕιιΙΡΓ-Bcn10lllli 1)ea111 t11eOlY. ίη o1'del' to pIeclict t11e I110dal fΊ-ecμιencίes οί' tlre
11anger \vith vaI'iolls ])oundaIY conclitions. given tl1e tension οη tl1e 11angel', Τ\\'Ο sets
of boundaIY conditions a1'e consideIccl. one \vith fixed encls ancl t11e ot11eI' \vith flexible
ends qnantified by IΌtational spIings attac11ecl at the ends. Analytical t1'ansceηdeηtaΙ

equations a1'e developed and a1'e nιιrl1eI'ically solved to obtain t11e 1110dal f1'eCjueηcίes, T11e
ite1'ative scllenle Εο1' solving [Ο1' t11e hig11eI' Ο1'de1' 1110dal f1'equencies is not tΓivial and t11is
pΓOcedllΓe is also outlined,

Ιη C11apte1' 3, 11ig11 fidelity th1' e-di111ensional finite ele111ent 1110clels of the 11ange1'
3 οί' the a1'c11 b1'idge with dίffeΓent bounda1'Y conditions aΓe developecl. T11e pUl'pose
is to ιπecΙίct the nlodal fl'equenci s οί' t11e hangeI' given t11e axial load and t11e bοιιηda1'Υ

conclitions, Fol' higll axialloads laIge deflections aΓe obtained vv11ich intΓOduce geΟ111etΓίcaΙ

nοnlίneaΓίtίes. T11ese nοnlieaΓίtίes incγease the stiHness of tlle stΓUctUΓe at the equίΙίbΓίU111

state and thus affect t11e n10dal f'1'equencίes, Ιη [act tJ1e modal f1'equencίes a1'e obtainecl
by olving tlle geOll1etI'ically nonlineaI' pΓOble111 [Ol' a 11ange1' subjectecl to laIge axial
loads and tJ1en using the tangent stiffness 111atΓίχ at t11e finaJ qlliJibIiUlll ρο, ition to
esti111ate tJle 1110dal t'l'equencies. T11e ta.ngent stiffn ss 111atΓίχ dep nds οη the axial fΌΓce.

ΟηΙΥ ΙaΓge enough axial [ΟΓces can give tangent stiHnes lllatΓix tllat is diffeIent [ω111 the
initial stίflΊιess 111at1'ίχ of tlle hangeΓ. T11e ΡΙΌcecΙΙΙ1'e to esti111ate t11e 1110dal [Iequencies is
ontlined.
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C11apteI' -l ΡΓesents t11e Βa"γesian unceΓtaintΥ quantification ancl calilJΓation met110d­
ology fo[' estimating the axial fΟΓC and ]JοuηdaΓ}' conclitions οε tll 11angel' ba ed οη t11e
t,νο diff'eΓeηt moclel lasses intΓOduced in Chapt [S 2 and 3. as ,vell as tlle t"'elve ex­
pel'imentally identifi d modal fΓeψιeηcics s110,vn in Table 1.1. Tl1e uncel'taintie. in tlle
e. timates aTe also olJtained f'ΓOm t11e Ba}'esian met110dology. Tlle ΤΓaηsitiοηal i\ΙaΓΙων

C11ain λ lonte CaΓΙο aΙgΟΓitllll1 [1] is u ecl to pΓOvide estill1a tes of' tll axial fΟΓces and tlle
bοιιnclaσ conclitions. along ,νit11 t11e associated uηceΓtaint}· in tlleil' valHes, Reslllts aΓe

pl'es nted fΌΓ five ll10del classes. t,,·o al'e lJased οη tlle ΕuΙeΓ-ΒelΊ101111i beam ll10clel ,vit11
fixecl and flexible lJoHnclalΎ conclitions and t11Γee aΓe based οη tlle llig11 ficlelity finite ele­
ment 11l0clel vvitll fixed ancl flexibl ]JoHnclaιy conclitions, Tlle l'es111t. al'e CΟ111ΡaΓecΙ and
ιιsefΊΛ conclHsions aΓe olJtainecl [elatecl to the estimate of' t11e 11angel' axial fΌΓCC along ,vitll
its UlιceΓtaiηt}'. t11e effect οΕ edge Sl1ΡΡΟΓts and ]JΟl1ndaΓ~' conclitions οη t11e ΡΓedictiΟll οε

tlle axial 10ac1. as "'ell as tlle adequaσ οΕ eac11 one οΕ tlle five 11l0del class to [epl'esent
tlle cl}l1amics οΕ the hangel.

Finally, chaptel' 5 lJl'eSents tlle concll1sions οΕ tllis tllesis.
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Chapter 2

Modal Frequency Predictions of
Hangers based οη Beam Theory

Tl1e metl10dolog)' of ιπeclicting tl1e modal fΊ'eqυeηcies of tlle beal1l scιb,jectecl to an axial
load is pIesented in tl1is chapteI,

Tl1e clevelopment of tl1e model is based in Enlel-BeΓHon11i beam tl1eOl:{ This tl1eOl)'
is a sil1lplification of the lineaT tl1eOl'J' of elasticit)' vvhicl1 plΌvides a l1leans of calcnlating
tl1e loacl-calT)'ing ancl deftection cl1alactelistics of beal1ls, It covels tl1e case fo1' s111a11
cleftections of a lJeam tlnt is snbjected to latelal loads οηΙ)'. Tl1e lJonndaι'}' conditions
of tl1e beam ale exarnined, Ιn tl1e filst model tl1e ends of tl1e beal1l ale consideled fixed,
wlleleas in tl1e second, tl1e encls ale collsidelecl ftexible and ale mode11ecl lJ}T Slπings,

2.1 Assumptions

PIiOl' to tl1e fonnnlcttion of the matl1ematical model. sevel'al asslll1lptions tl1at ale ιπe­

sentecl belo\v l1ave been l1lacle in Ol'del to simplif)' tl1C anal)'sis:

• Cable l1latelial is l10mogeneons, iSOtlΌpic and lineal'l}T elastic

• Stlains ale sma11, tl1llS sl1eat' defΌπιιatiοn and Poisson's latio ale neglected

• Beam ClΌSS section is infinetel)' ligid ίn its ΟΥνn plane

• T11e clΌss-section of t11e bea.m lemains plane aftet' defonllation

• T11e CΙΌss-sectiοn lemains nOIΊllal to t11e defolmed axis of tl1e beam

14



2.2 Equation of Motion

Τ

Τ

Fig\He 2.1: FIee body diagIan1 of a l)ean1 segl11ent

Consiclel' t,11e fIee ])οd.γ cΙίag1'al11 of an e1el11ent of a beal11 segl11ent [11] s110\\7n ίn Fig. 2.1
\\711e1'e λl(Ζ.t) is t11e bending l11οιηent. V(z.t) is t11e t1'ansve1'se s11ea1' fΟ1'ce. f(z.t) is t11e
eχteΓΠa1 fΟ1'ce IJe1' unit 1engt11 of t11e beal11 and Τ is the axia1 fΟ1'ce. G1'avίtatίοna1 fΟ1'ces

a1'e neg1ectecl. Tl1e ίne1'tίa1 fΌl'ce acting οη t11e e1el11ent of 1engt11 clz ί.

(2.1)
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Tlle equation of 111otion of tlle ]Jeal11 elel11 nt is

811 (82 u)-(11 + 8Ζ clz) + j(::. t)dz + 11 = pAdz 8t2

\Vllicll si111plifies to

8\1 (ΕΥιι)
- 8:: clz + j(::. t)cl:: = pAdz 8t2

ancl eventllally leads to

(2.2)

(2.3)

(2.4)

Tlle equation of 111otion fΌΓ l1101nents alJout tlle χ axis at tlle lef't encl of tlle lJeal11 elel11ent
ίn Fig. 2.1 is given as:

8υ d..,2
(-'1 + -8-dz) - '·clz + j(z. ι)~ - Ted:: = Ο

Ζ 2

Disl'egal'ding tenns tllat include seconcl ΟΓcΙeΓS of clz \ye can \\Tite eCJlIation (2.5) as

ον
----;:) - V(::. t) - Τθ = Ο
υΖ

01' eqllivalentl:y

11 = οΛI - Τθ = Ο
8Ζ

Substitllting (2.7) into (2.4) one [eadily clCΓίνes tlle eqllation :

Fol' s111all defiections.

8u
tα/1(e) = θ = 8Ζ

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

and flΌl11 th ΕιιlΙ l'-BelΏouli bea111 tΙιeΟΓΥ. tlle [elationsllip ]Jet\veen bencling 1110111ent
and clefiection can be eΧΡΓessed as [12]

( 8
2

1Ι)
ΛJ(z, t) = ΕΙ(Ζ. t) 8t2

(2.10)

\vΙιeΓe Ε is the I\IIodullls of Elasticity and Ι is is the 1110111ent of ίneΓtίa of a bea111 ClΌSS
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section abont t],e y-axis. ΕΥ insel·ting (2.9) and (2.10) into (2.8) \\'e obtain t],e eqnation
of l110tion of t],e ca ble:

(2.11)

2.3 Eigenproblem Solution

Tl,e l11et],0d of seIJaration οί' varia1JJes is aIJIJ]ied to t], eqllcltioll (2.11) asslll11ing tllat t11e
so]ιιtion 11as t],e folJo\ving [ΟΠ11 :

ll(Z. t) = ll*(z)q(t)

Tl,en (2.11) yields tl,e folJo\ving eqnation [οι· ΙΙ*(Ζ)

Tl,C general so]υ tion of (2.13) is:

(2.12)

(2.13)

1.Ι*(Ζ) = Asinl1.(bz) + Bcosl1(bz) + (' ίn(αΖ) + Dco.s(az) (2.14)

2.4 Boundary Conditions

T\ovo cliffel'ent sets of ])ουncΙaΓΥ conclitions \νίΒ 1)e aIJIJJied cγeating t\\o'O IJlΌblel11s: tl1e
fixed nds ancl t11e fiexible encls.

2.4.1 Problem A:Euler-Bernoulli beam with Fixed ends

Ιη IJlΌblel11 Α tl,e beal11 is cοnsίcleΓCCI to l,ave l)otl, ends fixecl. Th ])οιιnda.lΎ conclitions
are the folJo\ving:

u(O,t)=O

u(l,t)=O

u/(O. t) = Ο

u/(l. t) = Ο

ΕΥ applying (2.12) to t11e bonndary conditions [ΟΓ u*(z) 1)ecome

ιι*(Ο) = Ο

u*(l) = Ο

u*'(O) = Ο

u*' (Ι) = Ο
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Fl'Olll tlle geηeΓaΙ sollltion (2.14) and tlle ΙJοιιndarγ conditions. tlle fοllο\γίng 4χ4 lίneaΓ

alge]JΓaic eqllation is , atisfiecl:

Ο

(

01
b Ο

sinll(bl) cosll(bl)
bcos 11 (bl) bs ί nlι (bl)

1 ) ( Α )α Ο Β = Ο
szn(al) cos(al) C
acos(al) -as//J(al) D

(2.17)

(

Ο

- b
Α=

sI11/l(bl)
bcosh(bl)

1

Ο

cosll(bl)
bsίιι/ι(bl)

Ο

α

sίιι(al)

aco.s(al)

1 )Ο

cos(al)
-a.sZn(al)

(2.18)

Το οΜΕιίn ηοη ωνίΕιΙ solntions of (2.18) \\o"e set tllC deteπηίηant οΕ ι1 to Ο anc! the follo\ving
cllar'acteIistic eqllation (2.20) aΓίses :

Ο

(

Ο

b
det

s ί Π 11 (bl)
bcosΙι( bl)

\vl1iCll is also \Hitten as:

1
Ο

COSl7 (bl)
bsinll(bl)

1 )α Ο = Ο
8Iιι(αΖ) cos(al)

aco'3(al) -αsιn(αl)

(2.19)

detA = 2(al)(bl)[1 - cos(al)co.s(bl)] + [(bl)2 - (al)2]sZo(al). znll(bl) = Ο (2.20)

\Vller'e tlle ΡaΓal11ete1' aΙ and bl ar'e given \~Titll 1'e, pect to tlle ΡaΠΗηete1'S (. Ί as

αΙ = l JJς" + Ί'Ι - 2

?ΓΓ
ς- = VΕΙ

ιuω2

Ί~= --
gEI

(2.21)

(2.22)

(2.23)

(2.24)

Tlle llnkno\vn ω is contained οη Ί and tlle ΕιΧίΕιΙ fΟΓce Τ is contained ίη ς. Tlle pl'01Jlelll
of estilllating ω given tlle ΕιΧίΕι! fΟΓce Τ is tΙΙΠ1ed into the plΌblelll of estilllating Ί given
the vallle of ς. Tlle vallles of Ί can be obtainec! by the nllllleIical sollltion of (2.13). TlliS
eqllation give as ΙΙΙΕιηΥ lllodal f1'eqιιencίes Ί (eqllivalent of ω) as tlley a1'e c!esί1'ed by tlle
analysis.
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ΝΟΓmaΙίΖatίοn

The Eollo\ving cli111ensionless paIaιnetel' ξ is int1'Odllcecl:

ξ = {I;l (2.25 )

Tl1e "allle οΕ ξ accol'Cling to litel'atl1Ie [5] 11as a significant 1'Ole at t11e cl:ynaιnic l}ehaνίΟΙΙΓ

οΕ t11e calJle. ΡΟΓ lal'ge "allles οΕ ξ (> 20) t11e clynaιnic c11aΓacteιίstίcs οΕ t11e cable aΓe

siιnilal' to t110se οΕ a stΓίηg. \\11en ξ l}ecoιncs sιnall t11e SOllltiOn οΕ (2.20). incιeases νeη'

[apidl:y. and it l}ecol11es clifficll1t to obtain exact SOllltiOnS. Tl111S. t11ese eqllations aΓe not
sllita1Jle EOl' t11e l'egion οΕ s111all "allles οί' ξ. \\11('n ξ is slllall t11e cl1aιacteΓίstίcs 01' a cable
aΓe silllilai' to t11at οΕ a 1}eal11. tvvo dίΗeΓeηt nOlΊ11alization, aΓe next IJ1'OIJosed cleIJending
οη t11e [ange οΕ ξ "allles

LaΓge ξ

Fol' ΙaΓge "allles οί' ξ intlΌdllce t11e nonnalizecl ρaΓa111eteι ηn:

Ι
7]11 = j'5

11

(2.26 )

\\'heΓe I~ is t11e t11eΟΓetίcaΙ "allles οΕ t11e nt11 Ol'deI natllIal f'IeCjllency οί' a stΓίηg [13] gίνen

]}}':

Γ=~ ff9
11 21 V-;;

Β,γ sllbstitllting t11en1 to (2.21) and (222) \\'e οΜίΞΙίη:

(2.27)

cιl = ---.l
V2

bl = ---.l
V2

( 2ηπ rι11 )21+ --
ξ

( 2nπ
η11 )?1+ ---

ξ

(2.28)

(2.29)

ΒΥ slll}stitυting (2.28) and (2.29) ίη (2.20) \ve obtain t11e cl1aIacteIistic eqllation ίη t11e
f'oι'l11

2nηn(1 - cos(αΙ)cos!ι(bΙ)) + ξsίn(αΙ)sίn!ι(bl) = Ο (2.30)

Tl1e nOΓl11alized l110dal f'Ieqllencies ηη aΓe obtained by sοlνίηg t11e chaΓacteΙ'ίstίc eCjllation
(2.30) f'OI a gίνen "allle οί' ξ.

Small ξ

Fol' slllall ξ « 20)\ve int1'Odllce t11e dil11ensionless paTal11eteI Φη:

Ι
Φη = Ι! (2.31)

\v11eIe Ι!! is t11e t11eΟΓetίcaΙ "allles οί' t11e n-t11 oIclel' natllIal f'ΓeqιιenCjr οί' a beal11 fixed at
bot11 ends [13] and is gίνeη as f'ollovvs:
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jB = α; JΕΙg (2.32)
n 2πΙ2 w

Tl1e values of απ al'e t11e 'olutions of co.s(a)co.slo(a) = 1. The first ten solutions a1' t11e
follo\ving:

ΟΙ = 4.73
CΙ2 = 78532
α3 = 10.9956
O.j = 1.J.1372
CΙ5 = 17.27 8
06 = 20Α204

CΙϊ = 23.5619
α8 = 26.7035
α9 = 29.8451
CΙ10 = 32.9867

\Vhen tl1e beal11 force appΓOac11es to Ζeω (ξ = Ο) . 9n becol11es 1. ΒΥ su])stitnting (2.32)
a,nd (2.32) into (2.21) and (2.22) , cιι anc! bl are t1'ansfΌnned into

(2.33)

(2.34)

ΒΥ snl)stitnting (2.33) and (2.34) into (2.20) \ve ol)tain:

2cι;ιΦπ (1 - cos( cιι) co.slo(bl)) + ξ2 .sin( cιl).s inlo(bl) = Ο (2.35)

Tl1e nollnalized model frequencies Φπ aIe obtained by solving (2.35) fΌr a given value of
ξ.
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2.4.2 ΡΓοbΙeΠ1 Β:ΕuΙeΓ-ΒeΓποulΙibeam with flexible SUΡΡΟΓts

1η PΓOblel11 Β t11e a . lll11jJtion of t11e fixed encls of PlΌ1Jlel11 Α is [el110ved and the end
conditions of t11e ])ea111 aΓe ΓeρΙacecΙ b.)! ΓOtational ριίηgs SlljJjJOItS. Tl1e tοιsίοηal ριίηgs

k} and k3 aΓe aIJIJlied a s110"vn οη igιn'e 2.2 aΓe aIJIJlied to ΓestΓίct the bending aΓOund Υ

cΙίΓectίοη.

kl

;1Θ
Γ

,

Fίgιπe 2.2: Tl1e ΓOtational sριίngs at Υ dίιectίοη

Tl1e eigenjJlΌ])Jel11 ancl t11e geneΓaΙ sollltion 11aγe 1)een defined ΡΓeνίοιιslΥ. given bv

eqHations t11e (2.13) ancl (2.14).
T11 bοιιnclalΎ conditions aΓe ηο\ν giv n b:γ:

1Ι(0. t) = Ο

ΕΙι/'(Ο. t) - /,;}7/(0. t) = Ο

ιι(l. t) = Ο

EIll"(l. t) + /';3 1l '(l, ι) = Ο

Β)τ aIJIJlying (2.12) to (2.36) \ve obtain t11e ])οιιηcΙaΙΥ conditions fOI ιι* as fΌΙΙο\νs:

ιι*(Ο) = Ο

ΕΙ1Ι*//(0) - k}u*'(O) = Ο

u*(l) = Ο

EIu*// (l) + k3u*' (l) = Ο

Το i111jJlel11ent the eqllation \ve fiιst cliffeIentia te (2.14) :

(2.36)

(2.37)

u*' (Χ) = Abcosh(bx) + Bbsinh(bx) + Cacos(ax) - Dαsίn(a.τ;) (2.38)

// 2 ') 2 ')u* (Χ) = Ab sinll(bx) + Bb-cosh(bx) - Ca sin(ax) - Da-cos(aT) (2.39)
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ΒΥ substituting (238). (2.39). (2.40) to (2.37) t11e follo\\'ing fOl'lineaI algelJΓaic equa­
tions aΓe ol)seIvec!:

bB + clD = Ο

Ab.sIn(bl) + Bbco.s(bl) + Ca.siIΊ(cιl) + Daco.s(ol)) = Ο

(EIb2 .siIΊI1(bl) + k3bco.s 11 (bl))A + (EIb2co.sI/(bl) + k3bsInh(bl))B+

(-EIα2 .si11(al) + !,;3αco.s(αί))C + (-EIa2cos(al) - k3 a.siIΊ(al))D = Ο

1η l11at1'ix [OlΊ11 t11is Sj' tel11 is given as:

\v11eIe:
Clll = Ο

Cl12 = b
Cl13 = Ο

Cl14 = α

α21 = -k1
α22 = EIb2

α23 = -k t

α24 = ΕΙα2 )

α31 = b.sinh(bl)
α32 = bco.s/l(bl)
α33 = asin(αι)
α34 = acos( αΙ)
α41 = EIb2sinh(bl) + k3cosll(bl)
α42 = EIb2cosh(bl) + k3sinh(bl)
α43 = -EIa2sin(al) + k3cos(al)
α44 = -EIa2cos(al) - k3sin(al)

Note t11at αΙ and bl aΓe given as befOl'e in equations (2.21) and (2.22 )
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Νormalization

The nonnalization IJΓOC dnre of IJΓObl ω Β is ic!entical to ΡlΌbleω Α, witll additional
nOlωaΙίΖec! IJaral11eter ' c!ne to tlle diffel'ent bουndalΎ conditions. SIJccifical:y. tlle following
nοπηalίsec! ρaraωeteι's fol' tlle sIJ1'ing con, tants al'e intΓOdnced.

k = k21
α ΕΙ

(2.43)

(2.4--1)

Β,γ instel'ting kα , k'c anc! ξ as given ίn (2,25), (2Α2) tlle eΙeωents of' l1latl'ix ίn (2.42) get
tlle fΌΙIΟ'vvίng fonn

al1 = ο

CΙ12 = 1

CΙ13 = ο

CΙ21 = -(bl)

α23 = -(αl)

CΙ31 = sin/l(bl)

α32 = cosh,(bl)

a33 = in(al)

CΙ34 = cos(al)

a41 = (bl)2 S;:111(bl) + (bl)cos/l(bl)

a42 = (bl)2 C
::

I1{bI) + (bl)sin/l(bl)

- (αl)2 sin(al) + (ι) (ι)a43 - - k
c

cι cos α

a44 = - (αl)2~:s(αl) - (al)sin(al)
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The solution of (2.42) is obtained by setting the determinant of matrix Α to zeΓO, for t11e
normalized elements described above.

;
α12 α13 α14)
α22 α23 α24 = Ο

α22 α23 α24

α42 α43 α44

(2.45)

2.4.3 Numerical estimation of modal frequencies

T11e dimensionless fIequencies ηn and Φn of pΓOblem Α are calculated fΓOm the eqllations
(2.30) and (2.35) for large and small values of ξ respectively and from equation (2.45) fOI
prolJlem Β. All of t11em are transcendental equations and for their solution the "fzeΓO"

function was used, w11ic11 is built-in into Matlab. FzeΓO is a hybrid method that combines
bisection, secant and reveIse quadratic inteIpolation [14].
T11e method finds a root of an equation with one vaIiable, wit11in an inteIval of two points,
wheIe the function c11anges sign. If one starting point is given instead of an interval, the
function attempts to find an inteIval with a sign change close to that point. Ιη oIder fOI
t11is function to wOIk, a c11ange of sign is IeqHiIed. Ιη order to minimise the pΓObability

of losing possible solHtions, the solution staIts from laIge values of ξ, w11eIe the solution
appΓOaches t11e l<nown values. Subsequently, the solution advances to smaller ξ values,
using the pIevious step solution a,s an initial value for the curIent step. Using the method
descγibed above, equations (2.30) and (2.35) have been solved. FiguIes (2.3) and (2.4)
indicate the fiIst seven solutions ίη t11e case of small a.nd laIge ξ respectively.

60

50

40

" 30
~

20

10

Ο
100

--mode=1
--mode=2
---rnode=3

mode=4
--mode=5

mode=6
--mode=7

FiguIe 2.3: The dimensionless solutions ηn versus ξ fOI laIge values of ξ for pΓOblem Α
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FίgΙΙΓe 2.4: The dimensionles solutions Φ" veI' 'llS ξ foI' small valnes of ξ foI' pΓOblem Α

The b havioul' of the b am with flexible ends under large values of spring
constant

--mode=1
--mode=2
--mode=3

mode=4
--------- mode=5
.................... rnode=6

/ --mode=7

// /
/ ..,"'~

,/// //,...

/'
./ /""/ ,

/ ,,/ _/,//

- / ~

/// /,/// ~_/-_/

/ // -_.----/-'
./ ,./// / ..~ ' ....-.-...... ---

_~~~~~-;;Ξ~;:-::~~
1816141210

ξ

8642

3

1 2.8

2.6

f 2.4

2.2

f c: 2e-

1.8

J 1.6

1.4

1.2

1
Ο

Ιη the casc of pΓOblem Β, w11en ka , kb , kc , kd become veΓΥ laIge, the fiIst teΓm of the
elements α31 , α32 , α33 , α34 ,α41 , α42 , α43 , α,j4 ίη matΓίχ (2.42) does ηο 10ngeI cοntΓίbιιte

and (2.42) become' eqna.l to ( 2.18) fOI pΓOblem Α, thns the behaviollI leads to t11e model
with the fixed ends. FίgΙΙΓe 2.5 shows t11e solntions of plΌblem Β fOI small ξ when the
spIings obtain ΙaΓge va.lnes. FigllIe 2.6 s110w. the solntions of plΌblem Β when ξ becomes
laIge. ΒΥ obseIving FigllIe 2.6 we notice that the estimation οΙ the modes is not accllIate.
The plot is noisy and the modes aIe not con 'istent ίΌι the total Iange ok ξ. The pΓOblem

appeaIS to have high sensitivity to initial gnesses nsed fOI the application of "fzeΓO"

fnnction.
FOI the solntion of this issne it is Iecommended to split the Iange of ξ ίη smalleI

inteIvals and apply appΓOpIiate initial gnes 'es to eac11 set. FOI the investigated hangeI,
the valnes of ξ will not exceed 20 so the algoIithm will not enter into the case of large ξ

bnt fOI any other application, fΙΙΓtheι investigation I'egarding initial guesses is suggested.
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Figure 2.5: The dimensionless solutions οί' pΓOblem Β, Φn , versus ξ f'or large spring
stίffΏess and small values οί' ξ
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Figure 2.6: The dimensionless solutions οί' pΓOblem Β, Φn , versus ξ f'or large spring
stiffness and small values of· ξ
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2.4.4 Selected Model Classes

\Ye ηο\ν intlΌdllce th selected 1110del classe' based οη t11e ΕιιΙcι-Βeιηοιι11i l)ea111 t11eoιT

• Bea111 1: Fixed ends

• Bea111 2: FΙeΧiωe encls

~Iodel class beaι11 1 is t11e beaιn ιnoclel \\"it11 fixecl encls dcsc-il)ecl in section 2.-l.1. ~Ioclel

class beaιn 2 is a beal11 1110del \yit11 fieΧiωe encls siιnlllatecl by ίΌι ωtatiοnal sΡιiηgs. t\YO
at eac11 side of t11e beaιn.

Tl1ese l110clels aιe iηψΙel11entecΙ in t11e ΤλΙCλΙC algol"itlll11 ίΌι t11e qllalitication of t11e
Ιυ.1l1ge1'·S tension. As seen in Table 1.1 t11e fιeqιιeηcies of t11e 11ange1' along the t1'an­
sient and longitlldinal cΙi1'ectiοn diff"e1'. Tl1US t11e application of t\\'O ωtatiοnal SΡ1'ings.

as clescγibed in section 2.4.2. along t11e )' axis is not sllfficient in oι'deι to app1Ό3c11 t11e
eΧΡe1'iιιιental fΊ·eqιιencies. Bj' appl)'ing ωtatiοnal SΡΓiηgs. one f1'eqιιenCj' i obtained foι'

eac11 lllode ancl conesponds to tlle t1'aηsieηt and/of the longitlldinal diΓectiοη. Fol' t11is
[eason. t11e l110del clescγi])ed in section 2.-l.2 is ])eing iιnplel11ented t\yice. once [ΟΓ the

SΡΓings kl · k3 ancl once [οι t11e SΡ1'ings k2· 1':.1' The application of slπings 1':2.1,.1 is S110\yn
in FigΙΙ1'e 2.7 and t11e noΓInalised stiffnes. e. a1'e giycn bj' (2.46) ancl (2.47) as fo11o\\'s

χ

k _ 1.:21
b - ΕΙ

1.' _ k.1l
d - ΕΙ

(2Αβ)

(2.47)

FigΙΙΓe 2.7: Tl1e di111ensionless solLltions 9n . ve1' LlS ξ foι' s111a11 valLles of ξ [ΟΓ ΡωbΙe111 Α

Tl1e plΌble111 is solved t\yO consecιItive til11es. one [Ο1' kl ,k3 and one [Ο1' k2 .1.:4. Tl1LlS \\'e
a1'e able Ιο obtain cliffeI'ent fI'eqLlencies along t11e t1'ansνerse ancl 10ngitLldinal di1'ectiοη of
t11e beaι11 b,)' applying difl:'e1'eηt SΡ1'ing constant .
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Chapter 3

Modal Frequency Predictions of
Hangers based οη Finite Element
Models

Ιη t11is C11a,pteI' t11e c0111p1ete ge0111etl"}' of an existing bΓίdge 11angel' is ana1ysed. Hig11
ficlelity finite ele111ent 1110dels vvit11 νaΓίοus bοundaΓΥ conclition cases aΓe deve10ped ίn

ΟΓdeΓ find t11e 1110st aΡΡl'OΡΓίa,te 111ode1 to si111u1ate t11e 1)e11avioul' of an existing hangeΓ.

Fυr·t11en110l'e t\\TO si111ple 1)ea111 1110dels aΓe cleveloped as vvell ίη ΟΓdeι' to va1iclate tl1e
ana.lytica.l 1110clels cΙeSCΓίbed ίη C11aptel' 2. The finite ele111ent tnode1s aΓe t11e follovving:

• r-Iode1 class sl: Si111p1e 12111 bea111 VJit11 fixed ends as s110vvn ίη FigllΓe 3.1(a)

• r-Iocle1 class s2: Si111ple 9.817 111 bea111 vvit11 fixed encls as Sl1O\Vn ίn Figυr'e 3.1(1))

• r-Iocle1 c1ass Ο: Hangel' 3 vvit11 fixed ends as s110wn ίn FίgUΓe 3.1(c)
•

• r-Ioclel c1ass 1: Hangel' 3 \vith fixed centΓa1 nodes of t11e tvvo eclges ancl SΡΓίngs at
Χ,Υ,Ζ as shoV\Tn ίη FίgUΓe 3.1(c)

• Mocle1 class 2: Hangel' 3 vvit11 fixed centΓa.l nodes of t11e tνvο edges ίη Ζ cΙίΓectίοn,

fixed ΡeΓί111etΓίc nodes at Χ,Υ and slxings at Ζ dίΓectίοn as s110wn ίη FίgUΓe 3.1 (c)
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(a) λΙοdel class sl: Siιηρ]e 12111 bean1 (b) l\loclel cJass s2: Siιηp]e 9.817 Π1 beall1

(c) Hangel' 3 geοιηetΓΥ

FίgUΓe 3.1: T11e geΟ111etΓίc 1110dels

3.1 Finite element models with fixed ends

Tl1eΓe aTe t11Γee dίff"eΓent 1110clels \vit11 fixed ends. λΙοdel class sl is a si111ple solid 1)ea111
1110del \\Iit11 12111 lengt11, \v11ic11 is t11e total lengt11 of t11e [eaI11angCl" inclucling t11e plates.
i\1odel class s2 is a si111ple solid bea111 1110del \'vith 9.817 111 lengt11 \vhich is t11e lengl1t
bet\veen t11e plates οΕ t11e [eal 11aηgeΓ. l\lodel class Ο is t11e 1110del \vit11 tl1e cOlnplete
geΟ111etιγ οΕ 11angel' 3. ΡΓίΟΓ to t11e analysis, t11e anal)Tsis tec11nique and the selection οΕ

t11e ΡΓe pIOcessing ΡaΓa111eteΓS is descγibed ])e11o\v. T11e goal of ΡΓe-Ριοcessίngana,lysis is
to develop θη a'ΡΡΙΌιπίate finite ele111ent 111es11. assign suitable 111ateΓίaΙ ΡΙΟΡeΓtίes, and
appl)T ])οιιndaΓΥ conditions ίη the fΌπη of [est1'aints and loads.

3.1.1 The analysis technique of the models with fixed ends

lη this ΡaΓagΓa'Ρ11, t11e anal)Tsis technique of t11e 1110dels \vith fixed ends is descγibed. Α11

of t11e111 aΓe subjected to a tension load t11a,t is applied οη t11e left edge. The load is a
dist1'ibuted fΟΓce and the aΓea of a,pplication is t11e end face of each 1110del. COlnpaTing
the 1110del [esults fo1' the sa111e loacl, it is i111plied t11at t11e θχίθΙ fΟΓce is t11e sa111e but the
dίstΓίbuted load dίff"eΓ, since the loa,s is applied at dίfl'eΓeηt section of eac11 1110clel

Finite element type

lη ΟΓdeΓ to covel" the geo111etΓy of a11 1110dels efficiently, cletailed finite ele111ent 1110dels
using ten-node tetΓahedΓaΙ ele111ent (C3D10) ele111ent \veΓe cγea,ted. The C3DlO ele111ent ,
s110\vn ίη FίgUΓe 3.2, is a geηeΓaΙ ΡUΓΡοse solid tetΓa11edΓaΙ , stΓess/dίSΡΙace111eηt ele111ent
(4 integιation points). Tl1e a,cive degΓees of fΓeecΙΟ111 of' t11e ele111ent aΓe 1,2,3 as fo11ows:
DoF 1: χ di1'ection
DoF 2: Υ dίΓectίοn

DoF 3: Ζ dίΓectίοη
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C3DlO is a olid 10-node tctΓa11ecΙΓΟn elel11ent ancl it is cOlnl110nl:y used because of t11e
existence of fu11,)" autOlnatic tetΓa11ecΙΓa1 l11e hel's, Al110ng ot11el" existing 1el11ent t:γΡes,

heχaedιίcaΙ e1el11ent' can a1so be u ed a \ye11 bυt t11en t11e geΟl11etι~' cannot I)e l11eshed
as it is and need' to be Ρaιtίtίοned. Α a Ι' sult, C3DI0 e1el11ent 11a been used foι t11e
ana1}'sis of a11 t11e l110de1s \yit11 fixed encls.

2
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Ι
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Ι

ι

.10
ι

ι

1

1 ,

ι 3 6
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1

FiglIl'e 3.2: Tl1e 10-node tetιa11cdΓa1 e1el11ent

Modal analysis in Abaqns for fixed ends BC

Tl1e eva,luation οί' a l110dal analysis ίη Abaqus consists οί' a ceιtaίn sequence οί' actions,
Tl1e ail11 is to obtain t11e fιequencίes οί' t11e s:γstel11 aftel" an axial loacl 11as l)een applied.
Tl1e ana1:ysis is seΡaιated ίη t\VO steps,

Step 1: Step 1 is a static defΟΙl11atίοn step, Α 10ad is applied to t11e 1eft edge οί' the
l110del. The load is a dίstΓίbuted Ρι'eSSUΓe and t11e bοunclaΓΥ conditions aι'e app1ied on1y
at the [igl1t end οί' t11e 11angeι, ίη ΟΓcΙeΓ to allo\\i t11e clefonnation οί' t11e 11angel'.

Step 2: Step 2 is a eίgenfΓequenc:γ ca1cu1ation step, Aftet' t11e 11angel" 11as l)een e1on­
gated ίη Step 2, the l)οundaΓ)' conditions οί' t11e 1eft end aΓe activated again and t11e
11angel" is kept ίη it defol'l11ed state. At t11is step t11e l110clel outputs t11e eίgeηfιequencίes

οί' the 10adecl 11angeΓ.

1η the case that \\ie aΓe ίηteΓested ίη the natιιΓaΙ fΓeqυeηcίes οί' t11e l110de1 an adclitional
step befΟΓe step 1 is ηescessaιγTl1ίs step is a fl'equency step like step 1 but t11e eigen­
plΌb1em is solved Ι) fοιe t11e application οί' t11e 10ad,
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The load application

Tlle loa,d aIJIJlied ίη eacll Inodel is a distl'i!)uted fΟ1'ce. Tlle loacl is aIJIJlied οη the left
end of eacll Inodel as S110\Vll ίn FίgU1'e 3.3. Cοωρa1'ίηg dίffe1'eηt lnodels uncle1' tlle salne
load, tlle lna.gnitude tllat is constant is the axial fΟ1'ce. Tlle Ρ1'eSSU1'e load va1'ίes, since
as eacll Inodel llas cΙίffe1'eηt a1'ea of loacl aIJIJlication. Fo1' llOlninal 10ad \ve conside1' tlle
10ad calculatecl ννίΙΙι ηuωe1'ίcaΙ Inodels vvllen tlle ]πίcΙge ,vas IneastIΓed. Fo1' llange1' 3 tlle
tension \\'as estilnatecl to be 711 kN 835 l<N ίη the 10ngit1.ldinal and t1'aηsveΙ'se dί1'ectίοη

1'esIJectively. The ailn is to use an initial value fo1' tlle load tllat is close to tlle actυal

ίn Ο1'cΙe1' to sa.ve cOlnIJuta.tional tiIne. Tlle load of 711 kN 11as been selected as noIninal.
TlliS is t1'a.ηsΙa.ted to 167 e7 Pa fΌ1' tlle geοωet1'Υ of llange1' 3 ancl to 5.35 e7 Pa fo1' tlle
geοωet1'Υ of tlle silnIJle beaIn.

(a) Tlle loacl applicatiol1 sectiol1 il1 tlle sil11j)le
l)eLIIll 11l0dels

(b) 'lΊle loacl aΡΡΙica.tίοl1 sectiol1 in 11l0dels
\vitll tlJe geoιlletlOY 01' 11angel' 3

Fίg1.l1'e 3.3: Tlle load aIJIJlication section

Tlle definition of fixed Boundary Condition

ΒefΟ1'e IJlΌceeding \Vitll any fU1'tΙιe1' analysis . it ίΒ ίΙΙΙΡΟ1'taηt to define tlle fixecl !)oundar')'
condition (BC). Ιn AbaC[llS tΙιe1'e a1'e seve1'aΙ t.γρes of BC. RegCΙ1'dίηg the lllecllanical BC ,ve
ca.n eitlle1' 1.lse tlle eηcast1'e BC vVllicll is aIJIJlied to a geollletr')' set (veeltice/edge/f'a.ce )01'
tlle disIJla.celllent/lΌtationBC vVllicll is aIJIJlied Ιο a node set. Tlle eηcast1'a.teBC 1'est1'ίcts

a1l tlle deg1'ees οff1'eedοω of the l'egion of aIJIJlication (U1= U2=U3=UR1=UR2= UR3=O)
and ίη disIJlacelllent/lΌta.tionI3C the uIJIJe1' deg1'ees of f1'eedοιιι a,1'e 1'est1'ίcted indeIJen­
dently . Tlle question is if the ΓOtationcιl DoF affect tlle 1'esults. Fo1' tlliS ΡU1'ροse, tvvo
analyses ,vitll dίffe1'eηt BC llave been conclucted ίη tlle geοωet1'Υ of llange1' 3. Α tensile
load of 1.67e7 Pa has been aIJIJlied οη tlle left section of the lllodel at Ζ 1'ί1'ectίοn. Tlle
Inesh fo1' this test is fine enougll to give 1'eliable 1'esults.

It is evident fΓOln Ta.ble 3.1 tllat tlle ΓOtational DoFs do not affect tlle 1'esults fo1' tlle
sIJecific load dί1'ectίοη. Tal<ing unde1' cοηsίde1'atίοn the above 1'esults, vVitll l'esIJectto the
fixed BC is, it is ilnIJlied tllat U1=U2= U3=O.

3.1.2 Convergence test for the fixed ends models

Mesll cοnve1'gence tests vve1'e conclucted ίη Ο1'de1' to dete1'ωίne of tlle 1ll0St suital)le lllesh
size 1'a.gne fo1' saving colnIJutational tillle and silnultaneously 1'educing the eΠΌ1'. l\lodel
class sl, s2 and Ο llave been analysed ίn va1'ίοus Inesll densities ίη Ο1'cΙe1' to decide fo1' the
lnost aΡΡlΌΡ1'ίate Inesh size fo1' eacll one. Tlle aIJIJlied load is 1.67e7 Ρα fo1' Inodel class
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Table 3.1: The effect of tl1e lΌtational DoF οη fixed BC ίη tl1e 11aηgeΓ's 3 fΓeqυeηcίes

(ΗΖ) nndeI" tl1e tension of 1.67e7 Ρα

ΕηcastΓate BC U1=U2=U3=0
χ - JT Χ-Υ

λ1ο(l 1 5.97 5.97
λ1οde 2 Η.6 14.6
λ1οde 3 27.10 27.10
λ1οde 4 --13.27 --13.27
λ1οcle 5 62.94 62.94
1\1ode 6 85,85 85.85

Ο ancl 3.35e7 Ρα [οι· ιηο(lel class sl and s2. Tl1e ιηesΙ1 teCl1l1icμte nsecl [ΟΓ a11 the ιηοclels.

is tl1e En:e ιηesΙ1 tool tl1at Abaqns has. \\'itl1 tl1e nse of C3D10 tenal1edlΌn eΙeιηeηts. At
tl1iS jJoint \ve 11ave to ιηeηtίοη tl1at tl1e ιηesΙ1 aιηa}-lsίs coulcl 1)e extenclecl \Vitl1 tl1e nse
of ρaΓtίtίοηs and otl1el" 111esl1 tecl1niqnes. l)llt the extendecl stncly οΕ tl1e ιηesΙ1 density
exceccls tl1e scojJe of tlliS jJIΌj ct.

Model class sl

1\1oclel class sl is a sίιηρΙe ,olicl beaιη calJlc \\'itl1 the fΌ110\vίng chaΓacteι·ίstίcs.

• Lengl1t 12 πι

• DίaιηeteΓ 0.13 τη

• λ1οclulυs οΕ elasticitx Ε = 200Gpa

• 1\1ass density 7800 kg/nι3

• Poisson's [atio 0.3

• ΕΙeιηent t}rρe : C3D 10 thΓee dίιηeηsίοηal solid qυacΙΓatίc tetΓaΙ1edΙΌη eΙeιηet

• CΙaιηρed ends bουηdaΓΥ condition(U1=U2=U3=0)

Tl1e cΙίaιηeteΓ οΕ tl1iS model is tl1e saιηe \Vitl1 tl1e dίaιηet Γ of the existing 11angel" and
the lengtl1 reΡΓeseηts tl1e total lengtl1 of tl1e [eal hangeI" inclnding tl1e eclges
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FiguIe 3.4: :λΙοdel class sl: 12 111 sil11ple solid ])eal11 l110del \νit11 fixecl ends
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The nιode1 11as been ana.l:ysed ίη valious nιes11 densities unc1eI t11e 10ac1 οΕ 5.35e7 Ρα.

T11iS 10ad is equiva1ent to the nOlnina1 10ad t11at 11as been nιeasLIIed ίη hangel' 3. FigLIIe
3.5 pIesents t11e Iesults οΕ t11e nιoc1el. T11ese Iesults aIe l)ased οη the ta,b1e Α.Ι ίη appendix
ΑΙ. FOI a nιesh \Vit11 3500 e1enιents and nιoIe, t11e solution conveIges fΌΓ a11 t11e nιodes

οΕ inteIest t11eIefoIe this nιesI1 \νί11 l)e used fΌΓ fLiΓt11eI ana1ysis.
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l'vlodel class s2

I\loc!el class s2 is a simρΙe solid ])ean1 cable vvitl1 tl1e following chaτacteιistics.

• Lengl1t 9.817 m

• Diametel" 0.13 1n

• I\lodnlns of elasticity Ε = 200 Gpa

• I\Iass densit:)' 7800 kg/1Il3

• Poisson's [atio 0.3

• Element tΥρe : C3DlO tl1l"ee dimensional solid qιιadΓatic tetΓaΙ1edlΌη elemet

• CΙamρec! ends ])οuηdaΓΥ condition (Ul=U2=U3=0)

Tl1e diametel" of this model is tl1e same vvitll tl1e diametel" of tl1e [eal existing 11angel"
and tlle lengtl1 ΓeΡl"eseηts tl1e lengtll of the 11a.ngel" 3 vvitlloUt including the edges.

FigUΓe 3.6: Model class s2: 9.817 η1 simρΙe solid bealll model witl1 fixed ends
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Figure 3.7 shows the fΓequencίes of model class s2 undel' the tension of 5.35e7 Ρα ίn

vaΓίοus mesh densities. The results aΓe based ίn table Α.2 ίn Appendix Α2. It is noticed
that the solution converges fOI the model with 13000 elements fol' all the modes of ίnteΓest

and this model is selected fOI fUIthel' analysis.
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Moclel class Ο

J\Iodel class Ο consists of tl1e CΟl11ρΙete geΟ111etΙ:J' οΕ 11angel' 3 as sho\\rn in FigllΓe 3,8 Tl1e
ρaΓal11eteιs of the anal:JTsis aΓe the fΌΙΙο\\'ίng

• F[ecIuenC}" analysi

• Lanczos Eigensol\'el'

• ~onlineaj' anal~'sis

• Elel11ent tΥρe : C3DlO tl1Γee clil11ensional solicl qιιacΙιatίc tetιal1edlΌη elel11et

• ΒοιιndaΓ{ conditions: Right sicle: Ul= U2= U3=O, Lef't sicle Ul=U2=0 f'o[ all steρs,U3=0
af'tel' tl1e load 11as been aρρΙίed ancl tl1e 11a1)le 11as 1)een delΌf'l11ed

• λΙοdιιlus of elasticity Ε = 200Gpa

• l\Iass density 7800kg/rn 3

• POiSSOll'S l'atio 0,3

FigΙΙΓe 3, fIlodel 3:Hangel' 3 geΟΙ11etΓΥ \~itI1 fixed ends
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~Iode1 c1a Ο 11a b en ana1,γsed ίη t11e 111 ]1 c1en ities 1ί. ted lJe11o\y, Ca e λ \\'it11 3-Ι92

e1e111ent l'elJΓe ent t11e coal' el' 111e ]1 t11at A1JaqιI allo\\' fo1' this geΟΙl1etσ, Ca e G \\'ith
11 000 1e111ent l'ep1'e ent a \'e1'~' fine 111e 11 \\,]1el'e t]1e fΓeqιιencίe ίn χ and )' dίΓectίοn

111atc]1, This l'eslI1t is expected ba ec1 οη t11e t]1 ΟΙ')' fol' t]1iS 1110d 1. TJ1C ιnesh den ities
that ]1a\,e lJeen stlIc!ied aι'e tl1 follo\\'ing,

• Α:3500 c!e111cnts

• Β:6200 e!e111ents

• C: 11800 e1eιnents

• D: 16800 c!eιnents

• Ε:25000 e1e111ent

• F:-Ι-ΙΟΟΟ e!e111ents

• G: 11 000 e!e111ent

FiglI1'e 3,9 '110\\'s t11e fι'eec/uencics of tl1e ιnoc!e! ίn tl1 alJo\'e 111 sh den 'itics, These
I'e υlt aι'e ba c! οη Tab!es Α,3 anc! λ.3 ίn Appenc!ix λ3, The ana!)' ί of ca e, Α anc! Β
ended \\,it]1 di toι'ted e!eιnent. and tl1iS 111igl1t affcct t]1e 1'esults, as a I'e 'u!t t]1 e1ection
of one οΙ t11 e 1110de1 ί not 'afe, ~Iol'eo\'el' t]1 coιl1pιιtationa1 til11e fol' ~Iode1 G ί

eχtΓeιne1Υ 11ig]1, Since t]1e solιιtions con\'el'O'es foι' 111oι'e t11an 25000 eleιnent , as it is
S]1O\\11 ίn FigLIl'e 3,9, case Ε is se1ected fOI t11e l11eS]1,
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3.2 Geometric model with springs

Ιn this section the fixed ends of hanger 3 are replaced by springs. The following models
have been developed, with the geometry of hanger 3 and different boundary conditions.

• Model class 1

• Nlodel class 2

Model class 111as SΡΓings with stiffness at Χ,Υ,Ζ direction and model class 2 has SΡΓings

with stiffness at at Ζ diΓectiοn only. The springs are implemented in such a way t11a,t t11ey
simulate the behavior of a torsional spring.

3.2.1 Mesh selection

Event110ught the geometry of the models with springs is identical to the models wit11 the
fixed ends, the selection οί· the mesh density is more complicated in the case of flexible
ends simulated by springs. The initial appΓOach was to keep the mesh of model class Ο

whic11 11as been validated but in contrast to t11e fixed displacementjΓOtation BC of model
class Ο, which is a BC applied to the geometry of t11e model (surfaces,edges etc) spΓings

must be applied to a node ΟΓ a node set. The ΓOle of the mes11 in this ana.lysis is not
only to give a converged solution but also to give sufficient available nodes for the springs
application. The distribution of any boundaroy bondition sucl1 as springs ΟΓ fixed points
plays imρortant ΓOle. As we saw in model class Ο, 25000 elements aΓe enough to give a
cοnveΓged solution but as long as we need to add springs tl1e number of elements arise
to 44000 in order to CΓeate sufficient number of nodes for the springs aρplication and
to avoid warnings for distΓOrted elements that occured w11en springs were apρlied to the
model wit11 25000 elements. The issue of the distorted elements ha,s been quite serious
as it can lead to an inaccurate solution. Ιη genera a way to solve the issue of distorted
elements is the to adaptive mesh techniques but in Abaqus, nodes with springs are non­
adaptive, thus the incγease of mesh density 11as been a good solution. The model has
been analysed within t11e desirable range of spring stiffness and load for a mesh density
of 44000 elements . Figure 3.11 indicates the distribution of the elements. At this point
it is important to notice that there aΓe various available mesh techniques that can be
used for this pΓOblem. For instance we could CΓeate a cοaΓser mesh localy to apply the
sρrings and not just incγease the number of the elements but the extended study of the
mesh density exceeds the scope of t11is pΓOject.
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(3) λΙeSl1 οη tl1e lεΓt edge ο!' ιηοdel 4 (b) i\Iesl1 οη tl1e l"igl1t edge οΙ' Il10del 4

Fig\Hc 3.10: Tl1e 44000 eleιnent 111esl1 οΕ ιnodel class Ο

(3) 24 fixecl node (b) 45 fixed nocles (c) ϊ fixed nodes

Fig\He 3.11: Tl1e 10cation of tl1e fixecl noclc' ίn cliffel'ent (Ιί υίl)ιιtίon cases

Ta])le 3.2: Tl1e cff'ect 01' tl1e nl\ιnbel' 01' fixec.lnoclesn ίn tl1e fl'eql\enc·ie. (ΗΖ) of tl1e nlOclel
ίη COl11Ρa1'ίssοn to tl1e fixecl BC

24 nodes 45 nodes 87 nocles fixecl sl\l'f'ace
N10de 1 5,85 5.91 5.94 5 .. 95
l\1ocle 2 14,40 14.55 14,63 14,66
j\1ode 3 26,54 26,84 27,00 27,08
Λ1οde 4 42,20 42.76 43.01 43,22
l\1ocle 5 61.09 62.05 62.6 62. 6
Λ1οde 6 83.26 84.45 85.3 85.74

3.2.2 The analysis technique for flexible ends BC

The steps of modal analysis with springs

1η Ο1'de1' to evaluate tl1e aηaΙ:γsίs \ve neecl to deactivate tl1e SΡ1'ίηgs οη tl1e left sicle to
a11o\'/ tl1e hange1' to 10ngate ancl 1'eactivate tl1el11 at tl1e final step \vΙ1e1'e tl1e eigenpΓOb­

le111 is solved. Tl1i pΓOcedUl'e tl10ugl1 is not quite st1'a,ίg1Ίt f'Ο1'\va1'CΙ ίη Abaqus. SΡ1'ίηgs

a1'e desαίbed as ίnte1'actίοηs and tl1e \vay tl1ey a1'e added ίη tl1e 1110clel via tl1e Abaqus
G1'aΡhίc Use1' 1ηte1'f'ace, tl1ey a1'e kept active ίη tl1e 1110del fo1' a11 tl1e analysis steps. At
this point it vvas bette1' to handle tl1e 1110clel tl1ΓOugh its input file. SPl'ings fo1' Abaqι\s a1'e
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Slπίηgs elelllents, so \\"llat Sl10ιιld be clone is deactivating tl1e elelllent set of tl1e spIings \\"e

\vant and 1'eactivate tl1elll ίη tl1e last step. Tl1iS \VaS obtainecl llSing tl1e *~Iodel.cl1ange

COlllllland. Th analysis step sequence 11111 ,t cl1ange as \ve11 as *l\Iodel,cl1ange cannot be
a,dded ίη a, LineaI' peItlll'lJation step, sllcl1 a th {'Ieqllency step. lJllt οηlΥ ίη a static step.
ΡΟΓ tl1iS PllΓIJO, , ίη lllodel class 1 tl1e analysis 11as tl1e ΙΟΙΙΓ {'ollo\ving steps.

Step-l: Step 1 is a static step \\'lle1'e tl1e loacl is being appliecl'*~Iode1. cl1ange. 1'e1110ve
is llsecl at tl1iS step to cleactivate tl1e desiIa lJle deg1'ees οΙ Ι1'eed0111 οΙ tl1e lef't edge. ΡΟΓ tl1iS
step tl1e 1'igl1t encls at χ ,~' .Ζ and tl1e lef't encl at Χ. ~' aIe al\\'a~'s fixed. Tl1ese BC can
cl1ange ίn step 3 aCC01'cΙίηgΙ~' to tl1e test \\"e \\'ant to e"aluatc.

Step-2:Step 2 is a static step \νίth οηlΥ pl.1l'pOSe to l'eactivate tl1e cleactivatecl olJjects
οΙ step 2. *iIloclel,cl1ange.adcl is llsed 11eIe to activate tl1e clesiIalJlc cΙeg1'ees οΙ Ι1'eecΙΟ111S

of' the SΡ1'ίngs.

Step-3:Step 3 is t11e final Ι1'eqιιeηCΥ step \vΙιe1'e tl1e eίgeηΙl'eqι.ιeηcίes aIe calclllated.
Tl1e lllesh clensity is still a ΡaΓa111ete1' 11e1'e and ΙΟΓ eac11 change οΙ t11e 111es11 . t11e nocle
sets of' t11e spIings sllOιιlcl be l'eclefinecl.

The effect of ΓOtationa1 degΓees of fΓeedΟl11

ΒcfΌ1'e t11e 1110cl 1 goes to any {'llIt11el' anal:;;si . t l1e eHect οΙ t l1e Iota tional clegIees οΙ {'Iee­
clO111 οΙ tl1e spIings neecls to be investigated. 1η tl1e analysis of' tl1e 1110 lels \Vitl1 fixed encls
\ve sa\v tl1at tl1 lΌtational DoFs do not l1ave an)! eHect οη tl1e 1110(le1. bllt ίη that case
t11e BC aIe placecl ίη tl1e geollletl'J' {'ollo\ving and eqlla.l cΙίst1'ίΙJlιtίοη οη eacl1 {'ace.1n tl1e
1110dels \Vitl1 spl'ings tl1e sa111e test nee(ls to lJC eval11ated ίη Ο1'(le1' to ..ee ίΙ tl1e clistl'ilJlltion
οΕ tl1e SΡΓίηgs οη eac11 side is goocl enollg11 to gi"e as tl1C sallle l'esults ancl 110\\, \\'e ",'ill
sillllllate tl1e fixed BC \νί tl1 lal'ge stiHness SIJl'ings.

TalJle 3.2.2 SI10\VS tl1e {'l'eqι.lencies οΙ the finitc clelllent llloclel οΙ l1angc1' 3 \\'ith sPl'ings
at botl1 sides. Tl1e stiHness οΙ tl1e SΡ1'ίngs is aIJIJlied at Ζ diIection and ίδ lal'ge enollgh to
sillllllate the fixecl IJοιιηclaΓΥ condition, Tl1e load applied is 1.64e7Ρα along tl1e Ζ axis .

• Case Α: SΡΓίngs at Χ,Υ,Ζ,Ι'Χ.ΙΎ,ΓΖ at botl1 sides

• Case Β: SIJl'ings at Χ,Υ,Ζ at bot11 sides

PlΌ111 tl1e ΓΕ' llltS οΙ Table 3.2.2 \νe notice tl1at Case Α ancl Β give exactly the sa111e
ΙΓeqιιeηcίes, t11e1'eΙOl'e tl1e lΌtational DoF. do not play any lΌle a t tl1iS st llcly and ηο SΡΓίηgs

aΓe needed.

3.2.3 The effect of the springs stiffness

Model class 1

1η 1110clel class 1 , tl1e centΓaΙ node οΙ eacl1 sicle οΙ tl1e l1ange1' is fixed ίη Ζ clil'ection. T\vo
SΡ1'ίng sets aIe applied ίη eacl1 side οΙ tl1e 1110del. Οη tl1e IigI1t side kl is a set οΙ dίstΓίΙJιιted
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Table 3.3: Tl1e effect of' tl1e ΓOta,tional degIees of fIeedol11 of tl1e spIings

Case Α Case Β

Χ Υ χ
Υ

r-Iode 1 5.96 5.96 5.96 5,96
Ί\lοde 2 14.68 14.68 14,68 14.68
~locle 3 27.11 27.11 27.11 27,11
'λΙοcle 4 43,26 43.27 43,26 43,27
~lode 5 62,93 62.94 62,93 62,94
~lode 6 85,85 85,89 85,85 85,89

spIings ίn t11e laIge eclges and k2 ίη the sl11all as s110wn ίη 3.12 a, b. Equivalently k3 ancl
1(4 S])Γίηg sets aIe applied οη the left side as sl10\vn ίη FigllIe 3.12 c, cι. Eac11 spIing set
11as thIee DoFs at Χ, Υ, Ζ diIections. Totally t11e l110del 11as t11e following S])Γίng sets:

(a) Location 01' SΡΙ'ίng 1<1 (Γigl1t end)

(c) Location 01' sριing 3 (Jef"t end)

(b) Location 01' SΡΓing !,2 (l'igl1t end)

(d) Location 01' SΡΓίng k4 (leH end)

FiglIΓe 3.12: The location of spIings 1<1, k2, 1(3, k4 ίη l110clel class 1
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(a) Location 01' sρriηg ]en χ

(c) Location 01' ΡΓiηg l'igJ1t χ

(b) Location 01' slxjng lef"t J'

(d) Location οΙ' SΡΓing [igl1t J'

Fίgιιιe 3.13: Tl1e 10cation of sPl'ings 1,.'3 ancl /;;'" οη tl1e left sicl of' tl1e l1angel"

Fixed botιndaIY conclition at Ζ dίιectίοη is aIJIJliecl to the centIal nocle of eacl1 side as
s110\vn ίη Fίgιιιe 3.2.3.

(a) Tl1e ceηtΓaΙ fixed node οΓ tl1e leΓt side (b) Tl1e ceηtΓaΙ fixed node οη tl1e rigl1t side

Fίgιιιe 3,14: Tl1e application points of the fixed BC at Ζ cΙίιectίοη
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Model class 1 parameters

• FΓequenCΥ analysis

• Lanczos Eigensolvel

• Νonlineat' ana.lysis

• Elel11ent type : C3DlO tlHee dil11ensional solid qua.dtatic elel11ent

• lΊIodlllllS οΕ elasticit:y Ε = 200 Gpo

• lΊIass clensity 7800 kglrιl3

• Poisson's [atio 0.3

FίgΙΙΓe 3.15: lΊIodel class 1: Hangel' 3 l110del \νίι11 SΡΓίngs at bot11 sides

FίgΙΙΓe 3.16 s110\vs the El'eqllencies οΕ l110del class 1 llndet' t11e tension οΕ P=1.67e7 Pa
ίn vaΓίοιιs SΡΓίηg stiffnesses ίn COl11Ρa.Γίssοη to t11e eΧΡeΓίl11entaΙ [eslllts and t11e [esults
οΕ l110del class Ο. Tl1ese gΓaΡ11S a.Γe based οη the [esults of t11e tables Α.4 and Α.4

ίn Appendix Α4. Το obtain these l'eslllts all t11e SΡΓίngs of the l110del have t11e sal11e
stiffness. T11e ail11 is to find t11e SΡΓίng constant tha.t sil11ulates t11e fixed end condition
and also tl1e [ange οΕ 1<: that wi11 be tested \νίι11ίn t11e ΤΓaηsίtίοnal ΜaΓkοv Cl1ain j\ιΙοnte

Ca.ΓΙο ίn ΟΓdeΓ to [each t11e eΧΡeΓίl11entaΙ fΓeqιιencίes. Tl1e be11avioI' οΕ a11 l110des l11ust
be taken llndet' consίdeΓatίοn ίn ΟΓdeΓ to enSΙΙΓe t11at t11e Sollltion conveΓges. As t11e
SΡΓίng constant ίnαea.ses the solution cοnveΓges to a value \v11ic11 is close to t11is of the
fixed ends l110clel. Fol' SΡΓίng constants ΙaΓgeΓ that e12 Ν1m t11e Sollltion is consistant.
T11e eΧΡeΓίl11enta.l [eslllts appeal' to have a significa.nt unSΥl11111etΓΥ bet\veeen χ and Υ

dίΓectίοn.Ιn ΟΓdeΓ to [eac11 t11e eΧΡeΓίl11entaΙ ΕΓeqιιencίes , the lo\vest vallle of the SΡΓίng

constant is e7 Ν1m \vhile the fΓeqιιenCΥ ίn χ dίΓectίοn of l110del cla.ss 1 is sl11a11el' than
t11e eΧΡeΓίl11ental. Idea11y theΓe s110111cl be a spling stίffΏess vallle ΙaΓge enollgh to give
fΓequenCΥ ΙaΓgeΓ than tl1e eΧΡeΓίl11entaΙ ίn Υ dίΓectίοn. The ΙaΓgeΓ vallle οΕ 1<: ίn \v11ich t11e
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model runs without eHors is e26 Ν/m and the frequency occurs ίn this value is consistant
ίn the range k Ε [ell, e26] N/m.
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FίgUΓe 3.16: The frequencies of' model class 1 under various spring stiffnesses ίn compar­
isson to the frequencies of moclel class Ο (MCO) and to the experimental frequencies
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Model class 2

l\Iodel class 2 is a sul) l110clel of l110clel class 1, ,vllere tlle spl'ings at Χ,Υ directions are
substitutecll)y fixecl BC, Tlle sΡΓίηgs of tlle 1110clel cne k1 , k2 , /';3' k4 ,vitll stiffness οηl)' at
Ζ direction and tlle application points are tlle sal11e as ίη 1110clel class 1 '
FigUl'e 3,17 Sl10vVS tlle fΓecμιeηcίes of 1110del class 2 undel' cliff"el'ent values of tlle S]xings
stiffnesses ίη cOI11IJarison to tlle fixecl 1110clel and tlle eχρeΓίl11eηtaΙ ['esults, All tlle SΡΓίηgs

aΓe stljJposed to 11a,re tlle sal11e stiffne s, Tllese gΓaρΙιs aΓe l)ased οη tlle l'esults of tlle
tRbles Α,5 ancl ΑΑ ίη AIJpenclix ΑΙ It can be seen flΌl11 tlle [esults as 1< incιeases, tlle
fΊ'equencίes of tlle l110del COll1e closel' to tllose of tlle fixed l110dcl. Fol' 1< valnes ΙaΓgeΓ υΙθη

e13 Ν/771 2 tlle [esults ω'ρ consistent,
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Figure 3.17: The frequencies of model class 2 under various spring stiffnesses III compar­
isson to the frequencies of model class Ο and to the experimental frequencies

48



3.3 Model results

With ΓegaΓd to undel'stand which model deSCIibes bettel' hanget' 3, the [esults of a11
the models have been combined. Figul'e 3.18 ΡΓeseηts the fΓequeηcίes (ΗΖ) fol' a11 the
models at χ and Υ dίΓectίοη. Α11 the models have been tested undet' tlle nominal load
and fol' model class 1 and 2, that include SΡΓίηgs, the SΡΓίηg constants have veΓΥ ΙaΓge

values. FΓOm the [esults it is evident tha,t the behavioi' of the hanget' is between the two
simple beam models and closest to model class sl. This implies that if we vvant to use a
fixed model to simulate the haηgeΓ, tlle teΓm of the modal length needs to be ίηseΓted.

Modal lengtll is the length that gives tlle best fitting ίη a fixed model. ΒΥ noticing the
fiΓst modes, a11 tlle models give similai' [esults bnt as we step into 11ighet' modes, the
dίffeΓeηces become cΙeaΓ. ΒΥ focnsing οη mode 6 (11 and 12 valnes οη χ axis) we notice
tllat the longitudinal eΧΡeΓίmeηtaΙ fΓeqιιeηCΥ is desCIibed veΓΥ ΡΓecίse11Υ by model class
2 but theΓe is not a model to simulate the tΙιaηsveΓse fΓequeηCΥ yet. Fol' this l'eason
we need to staΓt changing tlle SΡΓίηg va.lues οΙ the 111odels. ThispΓOcedIIΓe wi11 be done
thΓOngh the TMCMC aΙgΟΓίthm, desCIibed ίη Chaptet' 4.
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FίgUΓe 3.18: The fΓequeηcίes (ΗΖ) οΙ a11 models undet' the act of the nomina.l load ίη

comΡaΓίsοη to the eΧΡeΓίmeηt,aΙ
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Νumerical models compared to Finite Element models

The simple FE models, model class s1 and s2, have been built ίη order to be compared
to the numerical models ίη Matlab. Figures 3.19 and 3.20 present the results of Matlab
nUlneIical models versus the FE models model class s1 and model class s2 under the
effect of the nominal load. The grap11s are based οη the Iesults of tables Α.β and Α.7

ίη appendix Α5. Ιη Figure 3.19 we notice that t11e frequencies have a good match. This
plΌves t11at t11e numerica.llllodel11as been evaluated conectly, the selected initial guesses
are t11e suitable and a11 the tnodes of the vibration have been ca.lculated. Ιη Figure 3.20
the frequencies are close but the fit is not as good as ίη the first case. The numeIical
models are not expected to give very precise results due to the assumptions of t11e theory.
FurthermOIe it is evident that the numerical models do not work efficiently for a wide
parameter range.
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Figure 3.19: T11e frequencies (ΗΖ) of Matla,b numeIical model vs. the fIequencies of
Model class s1 undeI the act of 5.35e7 Ρα
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Chapter 4

Bayesian Inference for Estimation of
Hanger Axial Load

4.1 The purpose of model updating

Τ11eΓe aΓe t\\"O 111αίη ΡΙΙΓΡοses οΕ 1110clel Llpdating ΟΓ s:J'ste111 iclentification. ΟηΕ' C0111­
1110η goal is to ίdeηtίfΎ physical Ρal·aωeteΓS. e.g. stifl'ness οΕ a stωctΙΙΙ'aΙ elclllent. Tl1e
iclentifiecl ρaΓaωeteΓS can I)e E1.nt11et' Llsecl as indicatot' fΌΓ the statLls οΕ t11e systelll ΟΓ

pheno111enon. Fot' exa111ple, t11e stiffness paIa111etel' οί" a stωctnΓaΙ ω ll1beI" can Ι) lllοη­

itoIecl EIΌ111 ti111e to ti111e and αη abnoΓlnal IeclLlction indicates ρο.. ible da111F1ge οΕ t11e
111ell1beI. Ηο\\'eveΓ. l"<xlLlction 111S:J' I)c si111pl:J' d\.Ie to statisticsl ι.ιηceι·tsίηt:J" Τ11eι·efΌι·e.

it ί nece. SalΎ to qLlantiE:J' t11e ι.ιηceι·taίηt:J· οΕ t11e esti111ation so t11at Olle can dίstίηgι.ιίs11

\v11et11eI" the par-a111cteI" c11ange is clne to deteIioIation οΕ t11e stωctυΓaΙ 111(1111)eI. Ιη t11is
case. ίΙ is clesiIable Ιο obtain a nallΌ\V cΙίstΓίΙ)ι.ιtίοη of' t11e paIa111ctcr so t11at s111a11 changes

can be detected \vit11 a 11ig11 level οΕ conficlence. Anot11er ρυΓΡοse οΕ 1110clel \.lpclating is to
obtain a 111at11elllatical 1110(lel to l'eΡΓeseηt tl1e \.111 ΙeΓΙΥίηg syste111 ΕΟΓ Eι.ιt\.IΓe pl·ediction.
Even tl10υg11 t11eΓe al'e ρaΓa111eteι'S to be iclentifiecl as ίη the ΡΓevίουs case. these ΡθΓθ111­

eteΓS 111ay not neces. θΓίΙΥ l)e ρΙη·sίcal. e.g.. coefficients οί" aυtΟ-ΓegΓessίve1110dels. Ιη t11is
sitnation, t11e identifiecl ΡaΓal11eteι's al'e ηοΙ necessMily as ίωΡΟΓΙαηΙ as t11e ΡΓevίουs case

pIΌvided that t11e identified 1110del pIΌvicles αη accι.ιΓs,te lxediction ΕΟΓ t11e syste111 οιιtρυt.

U 'ing t11e ql.lantified Llncertainty ol)tained {"ΙΌω Ba:Jresian 111ethods. t11eΓe are t\VO ί111ΡΟΓ­

tant types οΕ applications. Tl1e fit' t categor:J' is IΌbLlst ['elial)ility analysis. Anot11et' tYIJe
of ί111ΡΟΓtaηt applications is stωctι.ιΓaΙ vibration COntlΌl. Tl1iS aΓea 11as receivecl great

attention ίη t11e last eveΓaΙ decades. BecaLlse c0111plete infonnation abουt a dyna.111i­
cal . Υ. te111 ancl its enviIΌnlllent is never available, t11e syste111 and excitation can not be
1110deled exa,ctly. Classical contIΌl design 111et110ds based οη a single nolllinal 1110del οΕ

t11e systelll 111ay [αίΙ to aeate a contlΌ11ed syste111 t11at IJIΌvides satίsΕactΟΓΥ ancl lΌbLlst

perfoΓlnance [15],
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4.2 Bayesian Parameter Estimation and Uncertainty
Propagation U tilizing Modal Data

4.2.1 Bayesian formulation for the posterior PDF

Tl1e Ba}'esian Ει'al11e\\'οιΙ~ ΕΟΓ ΡaΓal11eteΓ estil11ation [1] is nsed to adcll' 5S the IJΓOblel11 οΕ

estil11ating tl1e nncel'taint)· in tl1e yalne of' tl1e ρaι'al11eteΓS οΕ stιuctιιιal cl:ynal11ics tnodels
based οη tl1e l11easlll'ecl 1110clal clata, Tlle 1110del class nsed to ιeΡιe ent tl1e stιuctlll'al

ΙJel1aνiOl' is cοηsideιed to IJe lineal', ΡΓecΙictiοη elΊΌΙ'S, 111easιιιiηg tlle fi t ]Jet\\'een tlle 111ea­

S1..ll'ccl ancl tl1e ll10del ριecΙictecl1110daΙ jJωρeιties. aιe 1110delecl by Ganssian clistl'ibntions,

Let D = {ω,(k)}, r = Ι, ",. τη, k = Ι, ",. ΝDbe tlle 111easlllecl 1110clal fΊ'eqι1.eηcies οΕ tl1e

11angeΓ. \vl1eΓe m is tl1e nllll1]Jel' οΕ eΧΡeΓi111eηtaΙ)' iclentifiecl tnoclal ΕΓeqιιeηcies ancl ΝD

is tl1e nllln]Jel" οΕ 1110dal data sets aνaiΙabΙe, CΌηsideι a IJal'aιnetel'iz cl class οΕ lineal'
stιuctlll'al1110delsnsecl to 1110del tl1e d}'na111ic bel1aYiol' οΕ tl1e stn..Ictul'e and let θ Ε Π\'θ IJe
tl1e set οΕ El'ee stιuctΙΙΓaΙιηοclel IJaι'al11etel's to be iclentified using tl1e l11eaSUΓed l110dal data,
Let also ωτ (θ), Οτ (θ) Ε Π\'d \\'11eιe .νd is tl1e nlll11]Jel' οΕ tnodel degΓees οΕ El'eedOl11 (DOF),

be tlle lπecΙictiοηs οΕ tlle 1110dal ΕΓeqιιeηcies ancl 1110desl1aIJe oMainecl Εοι a ρaΓticιιΙal'

yaluc οΕ tl1e IJaι'a111etel' . et lJ}' solying tl1e eigen\'allIe IJΓOblel11 conesIJonding to tl1e nlOdel
111ass and stiffΏe. s I11atl'ices ..υ(θ) ancl λ(θ), l'e IJcctiyel)', tl1at i,

[λ(θ) - ω~(θ).υ(θ)]ol'(θ) = Ο (-ι,l )

Tl1e objecti"e in a 1110clal-IJasecl Βa}'esiθη 'tnιctLIl'ί:11 identification l11etl10clology is to
e til1late tl1e ιιηceιtaiηtics in the yalHes οΕ tl1e pal'all1ctel' set θ tl1at tlle 1110clal clata

ω,. (θ), 9" (θ) ΡιecΙictecl IJ}T tlle lineaι' class οΕ 1110dels lJest 111atcl1e . in 0111e sense, the
exIJel'i111entall)r obtained nιodal data in D, Tl1e Ba}'esian appΓOac'l1 lIses IJlΌbabilit,)' dis­

tl'iIJutions to CjLIantiEy tl1e [Jlansibility οΕ cacl1 possible "alue οΕ tllC 1110del Ρaιal11eteΓS θ,

Using Bayes tl1eοιe111, tl1e lIjJclatecl (IJostel'iol') IJlΌ]JalJility distl'ibntion lJ(eID, σ, 1\1) οΕ

tl1e 1110del ρaΓa111eteι's θ based οη tl1e inclHsion οΕ tl1e 111eaSLIΓed cla ta D. tl1e 1110delling
asslInιptions 1\1 a.nd tlle "alne οΕ θ. jJaΓa111etel' set σ, is obtainecl as fΌΙΙο\vs:

lJ(BID, σ, Λ1) = cp(DIB, σ. Λ1)Ρ(θlσ, Λ1) (4,2)

\\,11eΓe lJ(Dle, σ, 1\1) is tl1e IJΓOIJabilit}, οΕ οbsel'νiηg tl1e data (likelil100d Eunction) ElΌ111 a
1110del Λ1 coITesIJonding to a ΡaΓticιιΙal' valHe οΕ tl1e IJal'anιetel' set θ and tl1e "alue οΕ σ.

ρ(θlσ. Λ1) is tl1e initial (IJl'iOl') plΌbaIJilit.)' distl'ibution οΕ a 1110del. and c is a n01'111alizing
constant selectecl sHcl1 tl1at tl1e PDF p(BID. σ,.IJ) iηtegΓates to one, Tl1e ιeciΡlΌcaΙ οΕ

this telΊ11 is called tl1e eνideηce οΕ tl1e 1110del Λ1 ancl Eol' ρaΓa111eteΓ esti111ation IJlIl'poses
it is jlIst a nonnalization constant (does not depend οη the Ρaιa111eteΓS), Fol' 1110clel
selection, hο\\reνeι, tllis teΓ111 ΡΙa.γs a clΊIcial ωΙ , Hel'ein, tl1e 1110cleling asslIl11ptions 1\1
l'eEel' to the stΓUctLιιal1110cΙeΙiηgasslIl11ptions a \\'ell as tl10se used to del'ive tl1e plΌbability

c!istιibutiοηs p(Dle, σ, 1\1) and tl1e ΡΓiοl' Ρ(θlσ, 1\1), Tl1e ΡaΓa111eteι' set σ contains all
ρaΓal11eteι's tl1at η ed to be defined in οιdeΓ to c0111pletel:)' sIJeciEy the ριedictiοη eITol'
1110del οΕ the 1110del ΛJ, l\ΙeaSUΓed data θΙ accountecl ΕΟΓ in the uIJdated estil11ates tlHoHgl1
tl1e likelil100d teI'111 p(DIB, σ, 1\1), \vllile θηΥ aνaiΙa]JΙe pl'iot' inEolΊ11ation is I'eflected in tl1e
teIΊl1 ρ(θlσ, 1\1), FlΌ111 tlle eχρeΓieηce it is HsHa.lly asslIl11ecl tl1at ρ(θlσ,1Ι1) = π(θ) =
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constαnt (a non-infoImative ΡΓίΟΓ distIibution). OtheI Ρ1'ίΟΓ distIibution can ]Je assumed
as "ve11. Ιη oIdeI' to simplify tlle notation, tlle dependence of tlle p1'ObalJility c!istIibHtions
οη ΛΙ is d1'Opped ίη tlle aηaΙ.γsίs tllat fo11o"/s.

Tlle fο1'm of p(DIe, σ, Λ!) Ξ p(DIe, σ) is c!eIived by llsing θ. p1'01JalJility model fOI'

tlle pIediction eIToI vecto1' e(k) = [ei
k
), .... e~)], k = 1.... ' ΝD , definec! as the diffeIence

]Jet"veen tlle measuIed moc!al qllantities involved ίη D foI' all τπ moc!es and tlle cone­
sponcling modal qllantities Ρ1'edίctecl f1'Om a model that coITesponc!s to a pa1'ticHlal' valne
of' tlle paIal11eteI' set θ. Specifica11y. tlle pIediction eIToI e~k) = [e~k}] is given foI' tlle
modal f'1'ecjueηcίes by tlle ]Jl'ec!iction θΠΌΓ eqιlations:

(k) - ~(I,) (θ)' - 1
eω l' - wl' - wl' . 7 - , ... ,711 (4.3)

(4.4)

,vlleIe e~:) iS tlle pIediction θΠΟΓ foI' tlle l110dal fIeqllency of the I-tll mode. Fo11owing tlle
Bayesian l11ethodology, tlle pIedictionS elToIs θΓθ modeled by Ζe1Ό-meaη Ganssian vectoI'
vaIiables. Specifica11y, tlle pIec!iction θΠΟΙ' e~} fOI the I-tll modal fIecjllenCj' iS assHmed

to be a Ze1'O mean Gallssian νθΓίθble er;:} rv Ν(Ο, σ~ΓCJ~k)2) , "νί tll stanc!aId deviation

σωrω,(k)ΤΙιe pIediction eITOI' Ρa1'ameteΓ σωΓ 1'eΡΓeseηts tlle fIactional diffeIence lJet"veen
tlle l11easllIed and tlle model pIeclictecl fIeqllency οΕ tlle 1'-tΙι mode. Tlle fonllulation foI'
ρ( D Ι θ. σ) is c!eveloped as fΌ11οws
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Ρ(Dlθ, σ) = p(CJ~k) .... ω,(η) =ΠΠ p(ω~"') Ιθ, σ)

"'=1,.=1

Since w, (θ) ίη 4.4 is is a deteΓIninistic qllanti ty ancl tlle ]Jl'ec!ictions elToIs e~} aΓe

modelecl lJ}! Ze1'O-l11ean Gaussia.n scalaI' va1'ia1Jles so tllat e~r rv Ν(Ο, σ~Γω~"')2), the nle(:\,­

sllIed l110dal fΊ'eqιιencίes w~k) al'e also il11pliec! to be Gaussia.n vaIiables, tllat is ω,\"')2 rv

Ν(ωι(θ). σ~rω,\k)2) , ,vitll l11ean ω,.(θ) a.nd vaIiance σ~rω~k)2 ΤΙΙθΓθΕΟΙ'θ, tlle p1'Oba.]Jility

density fllnction (PDF) οΕ CJ,\k) involvec! ίη 4.4 given the vallles οΕ θ and σ , is given by

(4.5)

ΒΥ sllbsitllting 4.5 into 4.4 "ve get

,v11ich Sil11plifies to

Ρ(DΙθ, σ) =

(4.7)
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Equation (4.7) can be Γe\VΓίtteη ίη t11e [οη11

1 ΝΝοp(Dle σ) = e:CΡ{---Jο(θ' σ)}
'b(V2Π)ΝΝυρ(σ) 2 '

m

Jo(e: σ) = Σ ;; Ji(e)
1=] !

(4.8)

(4.9)

\.vit11 Ji (θ) = JWi (θ) . ί = 1..... 1?L . ΓeΡΓeseηts the 'Neigl1tecl l11eaSΙΙΓe of fit bet\yeen t11e
l11easιπed fΓeqιιeηcίes and fΓeqιιeηcίes ΡΓedίcted l)y a ΡaΓtίcιι1al' l11ode1 \νίthίη t11e se1ected
1110clel c1ass. Jw, (θ) is defined by

[espectively.
IΊι

ρ(σ) = Π(σί)α,ΝΝο

1=]

(4.10)

(4.11 )

is a fllnction οΙ t11e ΡΓeclictίοιι enΌΓ ΡaΓal11etel'S σ, Ν = 711 χ Νο is t11e total nllml)el'
of l1ΙeaSUΓed clata asslll1ling eqHal ηlll11ΙθΓ of da ta ίη eac11 set. αι = 1/Ν. Γ = 1..., 111.

satίsf,γίηg Σ;~[ αί = 1. [elxeSent t11e ηΙΙI11Ιθl' οΙ clata. containecl ίη eac11 nlOua1 gl'OllP ίη

l'e1ation to t11e total nllll1bel' j\T οΙ data. anu

Νυ In

b = llll(CJ(k)rll~~) = COΓι.stαnt
k=[Γ=1

(4.12)

Optimal Value of StΓuctUΓaΙ Model ΡaΓameteΓS glven the ΡΓedictiοn ΕΠΟΓ

ΡaraιneteΓS

Given t11e valHes οΙ the ΡΓecΙίctίοη θΠΌΓ ΡaΓal11eteΓS σ, t11c optima.l valHe of t11e 1110del
ΡaΓameteΓ set θ coIτesponds to t11e most pl'Oba.ble 1110del l11axil11izing t11e Hpdated PDF
p(elD, σ, ΛΙ) given ίη 4.8. Ιη ΡaΓtίcιι1aΓ, nsing 4.8 and assllming a noninfonl1ative ΡΓίΟΓ

dίstΓίbιιtίοη ρ(elD, σ, ΛΙ) = π( θ) = con.s!ant V θ ίn Θ w11eΓe Θ is the domain of t11e

definition of θ , the ΟΡΓίma1 va1Hes of θ of t11e l11ode1 ΡaΓal11eteΓS θ a.Γe eqlliva1ent1y
obtained by l11inil11izing tl1e meaSΙΙΓe of fit Jο( θ; σ) ίη 4.9, ί.θ.

θ = α1'gemίnJο(θ; σ) (4.13)
---- ~

Tl1e notation θ(σ) is Hsed to s110\v t11a.t t11e optima.l νθΙΙΙθ θ depends οη t11e valHes of
the ΡΓedίctίοη θΠΟΓ paral11eter set σ. Hybrid a1goritlll11s l)ased οη evollltion strategies a.nd
gIadient met110cls are \vell-sllited optil11ization too1s for solving the resH1ting non-convex
optimization pl'Ob1em and identifying t11e globa1 optil11um flΌm mu1tiple 10ca1 ones.
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4.2.2 Parameter estimation

Tl1e c10sed fOl'm of the postel'iol' (4.2) is not a1\vays stl'aight fΌΓ\vaΓCΙ to ca1cυlate as ίη

many real cases t11el'e is not even ηη ana1ytica1 fOΓll1H1a ava,i1ab1e for the mode1 pre­
dictions. insteacl t11e postel'ior PDF is l'epl'esented by samp1es ίη t11e parameter space
θί , ί = 1, ... , Ν, vv11el'e Ν is t11e nnmbel' of samIJ1es. This met110d l'eqυil'es on1y point-vvise
eva1Hation of t11e ΡοsteΓίΟΓ, w11ic11 ll1Hst been 1<110\vn on1y ιφ to ΡΙΌροι'tίοηalit:γconstant.
The samp1es al'e genel'ated b:J' the T1'ansitiona1 :λΙa1'kον Chain l\lonte Cal'lo (Tr--IC:MC)
a1goι·itlll11. \v11ich is a, vaιiant of t11e r--ΙaΙ'lωv Chain λΙοηte CaI10 (λΙCl\ΙC) c1ass of a1­
g01'ithms [3]. Tl1ese sall1p1es aΓe LIsecl to estiIl1ate the Hncer·tainties ίη t11e par'aJl1etel'S θ

and possi]}le conelations bet\veen t11e pal'al1letel's. l\Ιal'lων C11ain iIlonte Cal'lo (r--IC'l\IC)
methods al'e a c1ass of a1goι'itlll11s fol' sall1pling fΊΌm plΌba.bility dίstΓίbιιtίοηs l)asecl οη

constnιcting a MaTkov c11ain t11at 11as t11e desil'ed distl'ibntion as its eqni1ibrinm clistribn­
tion [3]. T11e state of t11e c11ain af'te1' a 1aΓge nHmbel' of steps is t11en nsed as a sa.l\1p1e of t11e
desil'ed distIil)ntion. Tl1e qnality of t11e samp1e iIl1plΌves as a fnnction of the nlIIllber of
steps [16]. Tl1e Τl'aηsίtίοna1ΛΙaι1ωv C11ain l\Ionte CaI10 11as l)een plΌposed to addIess t11e
plΌb1ell1 of c1100sing t11e l'ig11t a.daptive plΌIJosa1 PDF ίη r--fCl\IC ll1ethocls fo1' a,cce1el'a,ting
conver'gence to t11e IJostel'ioI PDF. Tl1is can be a sel'ions IJlΌb1em \v11en the SlIρIJOIt of
t11e IJosteIiOl' PDF is veIY IJea.cked ancl iso1ated ίη a smalll'egion ίη t11e IJal'ametel' sIJace.
Dne to a 1aιge nnml)eI of indeIJendent IJaralle1 c11ains invo1ved. ΤΛΙCr--ΙC is effici nt ίη

teIΊllS of IJal'a.lle1 imp1ementation

4.2.3 Uncertainty propagation

Tl1e LιnceItainty ίη t11e 11l0del pal'al1leteIs θ is IJlΌpaga tecl t11lΌHgh t11e l11ode1 to estima te
t11e ιιnceΓtaίηtΥ ίη ontpnt qHantities of inte1'est. T11e samIJ1es θί , i = 1, .... Ν aIe a1so nsed
foι tl1at IJHl'IJose. exceIJt fol' pal'ameteI cstimation. SIJecifically, t11e exIJected va1ne of ηη

ontpnt cμrantity of inteIest QI (θ) is aIJIJιoxil1la.tecl nsing t11e Τr--ΙCλΙC samples by

(4.14)

Fol' each san1p1e, t11e qnantity of intel'est (moda1 fl'eqnencies ίη this stndy) is ca,lcn1ated
[ΓΟΙ11 t11e conesIJonding l1l0del. 1η this stncly, the fo1ovving mode1s, descγilJed ίη C11apte1's
2 and 3 a,l'e investigated.

• Mode1 c1ass beam 1

• Mode1 c1a.ss beam 2

• fvIode1 c1ass Ο

• λ Iode1 class 1

• l\!Iocle1 c1ass 2
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4.3 Bayesian Model selection

Tl1e Ba.yesian f1'a111e\Vo1'1< can be used to se1cct t11e best 1110de1 c1as, a1110ng a fal11i1y of'
aΙteωative 1110de1 c1asses. Specifically, 1et ;"11. 1\12. be c0111petitive 1110de1 c1asses, Let
Ρ(ΛΙ1). Ρ(ΛΙ2) be t11e p1'io1' pΓObal)i1ities of t11e 1110c1e1 c1asses. t11ese l'eιπeseηt initia1
tates of kno\v1edge fo1' eac11 l110de1 anc1 al'e usuall:y conside1'ed cClual. Using t11e Baye

t11eOl'e111, the postel'io1' pΓObal)i1itics Ρ(ΛΙ1ID) and Ρ(ΛΙ2ID) of t11e 1110c1e1 c1asses given
t11e data a1'e ol)tained fΊΌ111

Ρ( ~I Ι D) = J)( DIΛI1 )Ρ(ΛΙ1)
j 1 P(D)

Ρ( H 2ID) = P(DIIII2)P(ΛI2)
- P(D)

(4.15 )

(4.16)

P(.II1ID)
P(III2ID)

P(DI.\I1)
P(DIΛI2)

(4.17)

\V11e1'e Ρ(DIΛΙ1) is t11e evic1ence of ;"11 anc1 P(DIi\I2) is t11e evic1ence of 1\12.
AssUl11ing t1la t t11e 1110de1 c1asses al'e eqllall}T pΓOl)a.ble ιπiο1' to t11e llse of t11e da ta,

then t11e 1110St pΓO!)able 1110c1e1 c1ass based οη t11e data conesponc1s to t11e 1110c1e1 c1ass \vit11
the l1ig11est evic1ence [3]. One 11101'e 111el'it οΕ using t11e Tl\ICJ\IC a1gΟ1'itlll11 fΌ1' Ba}'esian
ΡΙΙ1'Ροses is t11e ca1cnlation οΕ t11e evidenc integ1'a1 given by

Ρ(D!ΛΙ) = ,l Ρ(DΙΛΙ. e)P(e)de
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Chapter 5

Results

5.1 Νumerical models

Model class beam 1

1'-1odel class beal11 1 is tlle analytical lJeal11 l1l0clel \\:itll fixed ends, Tlle stnιct\Hal Ρa1'al11­

ete1's aΓe tlle lengtll L and tlle axial loacl F οΕ tlle b al11, 1η ο1'cleι' to obtain a sιnootll

μaΓal11ete1' spac , tlle l110clel paι'aιnetel's \\'el'e definecl as tlle l11Hltiplying coefficients οΕ tlle
nOl11inal valnes οΕ tlle l'especti ve patal11etel' \vhic'll \V 1'e cletelΊllinecl indepenclently The
Ρl'ίοι distl'ilJυtions ΕΌΓ tllese ΡaΓaιneteι's \\"as cllosen to be ιιηίEΌlΊll ίη tlle fΌΙΙο\viηg l'anges:

• Load F (Nevvton): F = Ρποιn * θρ , FI101n = 711Ο00Ν, θρ Ε [0,5,5]

• Lengtll L (111): L = L noIn * θι , Lnon1 = 12171, θι Ε [0,5,1,5]

• Pl'ediction elTOl' σ : σ Ε [Ο, 1], assHl11ecl tlle sal11e ΕΌl' all 1110cles

Pal'al11atel' estil11ation l'esnlts \veΓe obtainecl by ιι ing tlle Τλ1CΛ1C algOl'itlll11 , FίgΙΙΓe

5,1 lJI'eSents tlle ιnaΓgίηaΙ distl'ibn tions οΕ tlle ΡaΓal11 teιs, Tlle l110st plΌ1Ja1Jle valne ΕΟΓ

eL is 0,97 and tlle l110st plΌbable valne Εοl' θΡ is 1,1 \Vllicll indica.tes that tlle valne οΕ

tlle ΡaΓaιneteΓS is close to tlle nOl11inal valnes, ΕΥ οbseΓvίηg the l11aΓgίηaΙ distl'ibntions
alone it is not possible to assess ΕΟΓ conelation betvveen the Ρa1'al11eteΓS, Fol' tlliS ΡΙΙ1'Ροse

the t\VO dilllensional plΌjection οΕ the sal11ples is lJI'eSentecl ίη FίgΙΙΓe 5,2, The coloH1'
indicates tlle valne οΕ tlle Ροstel'ίο1', 1η tlliS FίgΙΙ1'e \ve can note the conelation bet\veen
the lengtll ancl load of tlle beal11 \Vllich is expected as vvhile tlle length is incγeased, the
f1'eqιιeηcίes tend to decγease and tlle load lllHSt lJe incγeased ίη ο1'deΓ to l11aintain the fit
\\iitll the eχΡe1'ίl11eηtaΙ fΓeqιιeηcίes, FίgΙΙ1'e 5,3 pl'esents tlle ιιηce1'taίηtΥ plΌpagation of
tlle pal'aιnetel's to the ontpnt f1'eqιιeηcίes of tlle model ba ed οη eqnation (4,14), Tlle
fl'eclnencies a1'e ηΟΓl11a1iΖ cl \Vitll l' spect to the eχΡe1'ίl11eηtaΙ f1'eqιιeηcίes, \fI/e can see
tllat tlle expected valne of the l110del Ρ1'ecΙίcted fΓeqιιeηcίes is qnite close to tlle obsel'ved
eΧΡeΓίιιιeηtal fΓeqιιeηcίes (valnes close to 1),
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Model class beal11 2

:λΙοdel class beal11 2 11as fiexj1)Je slιppoIts 1110clelecl 1},)· fOlll' spIings, t,,'O ίn eacl1 cliIcction,
tIansvel'se and 10ngitHclinal. As a IesHlt it 11as Εοιιι aclditional paIalnetel's c0111paIecl to
1110del class l)ealn Ι, t11e fΌuι sJ)l'ing constants, 1η oIde!" to l<eep t11e pal'al11eteI space
. 1110 t11. tl1e ΡCΙΓal11eteΓS associated \\'it11 tl1e spIings \veIe defined as t11e exponents οΕ 10.
UηίΕΟl'l11 PIioIs \\,eIe assigned Εοι t11e 1110clel paIal11eteIs.

• Load F (Ne\vton): F = Fl10ιn * θρ , Γnοιn = 7l1000N, θρ Ε [0.5,5]

• Lengt11 L (111): L = L l1ol1> * θι · L l1orl1 = 12m, θι Ε [0.5.1,5]

• SΡΓίng stiffness k] (Ν/111): k] = 10θkΙ . ekl Ε [5,12]

• SΡΓίng stiffness k2 (Ν/111): k2 = 10θk2
, ek 2 Ε [5,12]

• SΡΓίng stiffness k3 (Ν/111): k3 = 10θ"3 . ek3 Ε [5.12]

• SpIing, tiffness k4 (Ν/111): k4 = lOθk4 , ek4 Ε [5,12]

• ΡΓedίctίοn eHol" σ : σ Ε [Ο. 1] a . 11111ed tl1e sa111e ΕΟΓ a11 l110des

FίgUΓes 5,4 and 5,5 pIe ent the 111aIginal dίstΓίbutίοns οΕ the 1110clel Ρaιa111eteΓS, Fig­
llIes 5.6-5.17 ,110\v selected 2D sa,111ple pIΌjections ΕΟΓ val'ious ΡaΓa111eteι colnbinations.
FίgΙΙΓe 5.18 pIesents the ιιnceΓtaίntΥ pIΌpagation to tl1e pl'edicted fl'eqιlencies οΕ l110del
class bea111 2. nOΓI11alized by tl1e eΧΡeΓί111entaΙ fΓeqιιencίes. The axial fOIce ίη this l110del
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aΡΡeaΓS to be closel' to t11e nOl11inal vallle CΟl11ΡaΓed to l110del beal11 Ι, Tl1e Slπing stiff­
nesses apIJeal' to covel' a l'ange f'ΓOl11 108 to 1012 \yhic11 il11IJli s that t11e l110del is in en itive
to t11ese ρaΓal11eteΓS, Ηο\veveΓ, theil' inclllsion in t11e l110del [e lllts in a bettel' fit \vit11

t11e exIJel'il11ental f'l'eqllencies as \ve can s e in Figlll'e 5.1 . Tl1e eff'ect οί' the IJl'ings is
il11IJol'tant as t11eil' stiffnes constants al'e not ΙaΓge CΟl11ρa.Γed to t11e :-Iodllllls οί' Elasticity
of t11e 1)eal11 "v11ic11 is asslll11ec! to be Ε = 2000Ρα.
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FigΙΙΓe 5.1 UηceΓtaiηt~" pΓOpagation to tl1e output ft·eqLlencie. οΕ l110clel class beal11 2

5.2 FEA models

Model class Ο

ΛΙοclel class Ο is a I1igll fidelit~" finite elel11ent l110clel οΕ tlte llanget· de" l0pecl in AbacμIs.

The l110delllas fixed encls i'\ncl tl1e οηl:)' ΡaΓal11eteΓ is tl1e axialloacl. The pt·iOl· distΓiΙ)ιιtiοη

ΕΟΓ tlle l0acl ,,"as cOl1siclel·ecl LIniEOIl11 .

• Load Ρ (Ρα,): Ρ = Ρηοιπ * θρ . P l10m = 1.37e7Pcι. θρ Ε [0.2.2]

• ΡΓecΙictiοn enol" σ : σ Ε [Ο, 1] assLll11ecl tl1e sal11e Εο1' all l110cles

Fig\He 5.19 ΡΓesents tl1e l11aΓginal dist1'ibιιtiοns of l110del class Ο Ρa1'al11ete1'S. FigΙΙ1'e

5.20 Ρ1'eseηts tl1e t\VO dil11ensional pΓOjection οΕ tl1e sal11ples. FigΙΙ1'e 5.21 SI10\VS the
ιιnce1'taiηtΥ pΓOpagation to tl1e oLltPLlt freqLlencies of tl1e l11odel. \V can see that tl1is
l110del ,,"itI1 fixecl ends Llnderestil11ates the axial load b:J' all110st 20%. and pΓOvicles a
\VΟ1'se fit \vith tl1e eΧΡe1'il11entaΙ f1'equencie COl11ΡaΓecΙ to tl1e l110del class beaι11 2 \Vl1ich
11as ftexible SUΡΡΟ1'ts.
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FigΙΙΓe 5.21: UnceΓtaint~' pΓOpagation to t11e olItpιιt fl·equencie.' of l110clel class Ο

Model class 1

Tl1is l110clel is a 11ig11 fidelit}' finite elel11ent ll10clel \\"ith ficxible sιφΡOl·ts. l110clel Ι))"

SΡΓings [eslIlting in a total ntll11bel' of 10 ΡaΓal11ctel'S. Tlle Pl'iOl' c!isωl)ιιtiοns [ΟΓ tllese
ΡaΓ31l1eteι'S \veΓe cοnsideΓecl ιιnifΌnn in tlle fo11o\ving l·anges.

• Load Ρ (Pa): Ρ = Ρ"οιn * θρ , Ρι!Ο!ιι = 5.35e7Ρα, θρ ε [0.5,5]

• Spl'ing stiffness k1 (N/1Ί~): k1 = 100'1. ek1 ε [5,12]

• SΡΓing stiffness k2 (N/1Ί~): k2 = 100k2
. ek2 ε [5,12]

• SΡΓing stiffness k3 (N/m): k3 = 100'3. ek3 ε [5.12]

• SΡΓing stiffness k.J (N/π~): k,J = 100"4. θh-4 ε [5.12]

• SΡΓing stiffness kLx (N/m): kLx = 100,ιχ. θh·ιχ ε [5.12]

• SΡΓing stiffness kty (N/m): kIy = 100k
/Y. ekly ε [5.12]

• SΡΓing stiffness krx (N/m): k!-x = 100krr
. θkΓχ ε [5,12]

• SΡΓing stiffness k ry (i"V/ln): k l ,y = 100kr
y. ekJy ε [5.12]

• ΡΓedictiοn elTOl' σ : σ ε [Ο, 1] asslll11ed the sal11e [ΟΓ a11 l110cles
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FigllΓes 5.22. 5.23 and 5.24 lπesent the 111al"ginal distl"iblltions of 1110del class 1 IJa­
Γa111eteΓS. FigUΓes 5.20 - 5.2 lπesent tl1e t,,'o di111ensional jJlΌjection of tl1e a111jJles. The
Slπing stiffnesses appeal" to covel" a [ange flΌ111 108 to 10]2 \yl1ich i111jJli s tl1at tl1e ιηοclel is
insensitive to tl1ese ρaΓaιηetel"S. FigUl·e 5.29 lπesents tl1e unceΓtaint)· plΌjJagation to the
1110del class 1 oιιtjJut fl"equencies. \vl1ich aΓe cl0 et· to tl1e eΧΡeι·iιηentaΙ fΓequencies than
1110del class ο. \Ye can cΙeaΓΙ)' see the i111jJact of tl1e ftexil)le follndations in lπedicting the
ΕΓeqιιencies coιnjJat·ed to 1110cle1 c1ass Ο \y11icl1 is fixecl. Tl1is 111eans tl1at even iE t118 ιηοde1

is insensitive to t118 sIJl·ing constants. tl1e~0 affect the jJledictions.
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Nlodel class 2

λΙοdel class 2 11as fou!' Ριίngs ancl tl1e SΡΓίng ίη χ and }' dίιectίοn \\'eιe l'eplaced b~'

fixed boundal'}' conclitions ιesuΙtίng ίn [ο\π less ρaιal11eteι CΟl11ΡaιecΙ to l110del class
Ι, 1η o1'clel' to l~eep t11e ρa1'al11ete1' space sl1100th, t11e ρaΓal11eteΓS associated \\'it11 the

SI)Γίngs \\'eιe defined as the eχροnents of 10, nifolΊ11 ΡΓίΟΓS \\'et'e assigned fo1' the l110del
ΡaΓal11eteΓS,

• Load Ρ (Pa): Ρ = Ρ11ΟΠΙ * θρ , Pnol71 = 1,67e7Ρο, θρ Ε [0,5,5]

• Sp1'ing stiffness 1.:1 (N/HL): k1 = 100" cll,' Ε [5,12]

• SΡΓίng stiffness k2 (Ν/πι): 1ι'2 = 100", θι.. Ε [5,12]

• SΡΓίng stiffness k3 (Ν/7η): 1.:3 = 100" θι., Ε [5,12]

• SΡΓίng stiffne s k.j (-Υ/ιη): Iι·.j = 1Ο0',θι., Ε [5,12]

• P1'ediction elTOl' σ : σ Ε [Ο, 1] assllI11ed t11e sal11e fOl' all l110cles

Figu1'es 5,30 and 5,31 ριesent t11e l11a1'ginal distl'il)Ll.tions of l110clel clas. 2 ρa1'al11eteΓS,

FlΌl11 the l11a1'ginal ρο. t 1'ίΟΓ dίstΓίbutίοns of 1ι'2 and k3 \\'e can see tl1at tl1e l110clel is "el'y
insensiti"e ίn tl1eil' values, Tl1is coυId be 1'elat d to t11e sl11all aΓea \\'11e1'e t11e k2 ancl
1ι'3 sp1'ings aΓe dist1'i bιιtecl CΟI11ΡaΓed to t11e al'ea cο"eιed ])}; t11e ΡΓίng IιΊ and k.j' \Ye
note t11at t11e l11a1'ginal ροste1'ίΟΓ dist1'il)ution ' of 1.:1 ancl k.1 aΓe l11ultil11oclal indicating t\\·o
1110st Ρ1'ΟbabΙe valu s fo1' eacl1 ρaΓal11ete1', Tl1is can be also yel'ified [1'O111 tl1e 2D sal11ples

Ρ1'Οjectίοn of θι.·1 vs, ek.j ίη Figlll'e 5,32, Tl1iS figlll'e suggests t11at t11e ρa1'aΙ11ete1'S ek1 and
ek.! al'e conelatecl ancl cnn tal~e t11e values θι.·1 = 7,5, θι.·2 = 9 ΟΓ θι.·1 = 9, ek2 = 7,5, Tl1iS
l11eans t11e1e is a diff 1'ent stiffness ίη eac11 sicle of the l)cal11 but becallse οΙ t11e S}ϊ11lnetι}'

οΙ t11e finite elel11ent l110clel the l11et110dology cannot distinguis11 t11e t\\'O sides {'1'Ol1l eac11
οt11eΓ, T11e diffeι'ent stift'ness could be eχρΙaίned ίη the ρl1Υsίca.l stnJctlll'e because οΙ t11e
cιiffeΓent fΌuncΙatίοn ίn eac11 side as can ])e se n ίη Figll.Γe 1,1, Figlll'e 5,37 ΡΓesents t11e
ιιnceΓtaίnt}τ Ρ1'Ορa,gatίοn οΙ the ρaΓal11eteΓS to t11e OlltPUt ΙΓequencίes of the l110del. \Ve
notice t11at t11e l)Γedίcted fΓequencίes οΙ tl1is l110clel aΓe νeΓΥ close to t110se of l110del class
1, t11us t11e SΡΓίngs of l110clel class 1 ίη χ and Υ dίΓectίοn do not 11ave significant il11pact
ίη t11e ρeΓfΟΓl11ance of t11e l1l0del.
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5.3 Bayesian model selection results

Tl1e evidence P(DIIι1) fol' eac11 ll1ode1 \vas ca1cH1ated by the TJ\ICJ\IC a1gΟΓίthll1 ancl t11e

Γ sll1ts aΓe ΡΓesented ίn t11e follo"ving tab1e.

Tab1e 5.1: Tl1e evidence of' the ll1ocle1s

λΙοcΙe1 cla. s

Beall1 1
Beal11 2

Ο

1
2

Evidence

-13-1.--19
-197.11
385.04
512.58
515Α2

Accol'cling to equation 4.17 t11e ll10st l110del \v110se l'eslllts aι'e plΌIJabl:y" t11e lnost
aCCUΓate, f01' t11e given data D. is t11e one \Vit1l the 1algest evidence. Tl1lls. \\;e conclllde
t11at t11e ll10st sHita.ble ll1ocle1 is ll10clel class 2 \vl1ic11 is t11e finite e1el11ent l11ode1 \\'it11 t11e
fOlll' Sl)l'ings. It is ί111ΡΟΓtant to note t1tat e"en t1lollg11 l1lode1 class 1 gίνes ssentia1y t11e
aιne [esHlts \vit11 1110del c1ass 2. it 11as a sl11allel' evidence associated \"it11 it, That is

]Jeca llse t11e evidence Ρ(D Ι Λ1) clefined ίn eqlla tion 4.18 takes into accollnt tl1e nll111bel' οΕ

ΡaΓal11eteι'S of t11e l11ode1, ancl Ι enalizes t1le l11ocle1 ""itll t1le 1110Γe Ρaιal1leteΓS tl1at yie1cls
sil11i1aI' ΓesιιΙts. Tl1C ana1ytical ll10clels a1so SC'ΟΓe 10\\ιeΓ evic1ences b ci'Illse t11e:)' 11av ΈΙΗ

additional ΡaΓa111eteΓ (tl1e lengtl1 οΕ t11e 1) ea 111 ) and pl'Ovicle a slight1~' \\'o1'sc fi t.
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Chapter 6

Conclusions

TlliS t11esis exal11inecl l11et110cls of estil11ate t11e tension ίη ]Jl"idge 1ιangeIs Yia l1leas1.Hecl
l110da1 fΊ'ecμ1.encίes, Bot11 ana1.γtίca1 and finite e1el11ent l110cle1s \γeιe deνeΙορecl and ex­
al11inecl seIJaι'ately, 1\1οι ονeι'. a t110lΌLιg11 ana1ysis of bΟLlηcΙaΙj' conditions \\'as l'ealizecl.
by cοηsicleΓίηg lJotl1 fixed ancl fiexib1e hangel' encls, Tl1e l110dcls \veIe CΟl1lρaιecΙ \\'it11
eac11 ot11 Γ ancl \νίΙ11 eXjJeIil1lenta1 data, SLιbseφιeηt1Υ' t11e l110cle1s \νeΓe ίntegιated into a
Τλ1C?\1C a1gOlitlll11 to estilnate t11e L1.l1ceItainty of' tl1eil ρaιal1leteΓs. t11us acl1i "ing tl1e
οbjectίνes of t11is jJlΌject.

6.1 Findings

It is eνίcΙ ηΙ ElΌl1l t11e l'e, ults that t11e boundaι'}' conclitions aHect significant1y not οη1Υ

t11e outjJιιt οί' t11e l1l0cle1s lJLI t a1so its Ι1.l1ceΓtaίηtj" Tlle l'esLllts ίn tl1e ίηνestίga tccl l110clels
aIe sLιιηιηaιiΖed ίn Table 6,1,

Ta ble 6,1: SLll11l1laι'j' of all t11e lnode1s exal1lined

l\1ode1 class l\1oclel eνίcΙeηce Deνίatίοn ElΌιη nolnina11oad Ενa1Lla Ιίοη til1le

l\1ode1 c1ass lJealn 1 ...ι34,49 5% 5 ιηίη

l\1odel c1ass lJealn 2 ...ι97,l1 -4% 5 l1lίn

"'1odel C1ass Ο 385,Ο...ι -20% 24 110Lll's
:l\1odel c1ass 1 512,58 4% 36 110LlΙS

l\1ode1 c1ass 2 515.42 1% 48 110LlΙS

1\1ode1 \vheIe colnjJaIed lJased οη theil' eνίcΙeηce SCOl'e ίn t11e Bayesian analjTsis, \v11ic11
is an indicatoI' οί' t11eil' aCCLll'ac)'. T11e lnost accLlιate lnocle1 [ΟΓ tension estilnation ίη t11e
exalnined 11cιngel' is t11el'efoIe 1\1ode1 class 2. \vl1icl1 is the t11e finite e1elnent lnoclel \vith
t'ouI' rotationa1 SΡΓίηgs ,as s110\vn ίη Table 6,1,

It is eνίdeηt t11at t11 fixed BC lnode1s aι sLlbstantialljT 1css accuΓate t11a.n t11 ones t11at
take fiexi]Jilit)T ίηΙο accoLlnt, The Llse of slJIing elelnents ί, t11eΓefΌΓe cleelnecl ίιηΡΟΓtaηt

ίη the lnode1 deνe1ορίηg, Ηο\νeνeι, "'1ode1 class 1, \v11ich 11as additiona1 sjJring ίn χ and
Υ direction ίη colnjJaIison to :l\1ode1 class 2, did not score as 11ig11 as exjJectecl. desjJite tl1e
f'act that it Llses t11e lnost deSCΓίρtίνe bOLlndar')' conclitions, Tl1iS ί a resLllt of t1le jJenalty
lnet110d ΕΟΓ the extI'a jJal'alnetel's ίη t11e Τλ1Cl\1C a1gοιίtllll1, Theret'ore, fixed bΟLlηdaΙΥ
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conclitions ίη χ ancl Υ dίιectίοηs See111 to be a ιeasοηable appIΌXi111ation [01' thc si111Lllation
Ο[ t11e investigatecl 11angel"s end SΙ1ΡΡΟ1'ts,

It needs to be notecl at this point t11at even t110Ug11 1110cle1 nLll11e1'ίcaΙ 1110dc1s aιc

not as effective ίη si111111a.ting a hange1' as tl1ei1' FEA COl1ηtel'ρa1'ts, t11ei1' c0111IJLlta.tiona1
ti111e is ιιρ to 1000 till1es 10\\'e1', Tl1e ti111e 1'eqιιί1'ed [01' t11e θηθΙΥ is ί ve1'}; ί111ΡΟ1'tant, as
tl1e 1110cle1 11as to nιn l11an}' ti111e ίη the ΤλIC:-ΙC' a1gοιίtlll11, t1lus t11e se1ection ο[ tl1C
n10st apIJl"OIJl'iate 1110clel sllou1cl ta1<e into account t1lis pRl'al11etel' as \\'ell, EsIJec'iall}' tl1e
analytica11110cle1 \\'ith flexible BC, \\'11ic11 SCΟ1'ed "el'}' c10s Ιο :-lode1 c1ass 2, is still Llse[ιιl

[01' 1il11ited ti111e stυclies, \V11el'e a 1'0Ug11 l)Llt CjLlicl-.: estil11ation is 1'ecμιί1'ecl. FLll"t11en11oι'e,

nl111lel'ica11110de1s can l)e 1. ecl to get CjLlic1< esti111atiolls [οι' tl1C plΌ])le111 ρa1'anιete1'S, \V11icl1
can t1len l'ecluce t11C l'Rllge ο[ t110se ρa1'al11eteιs ίn t1Ie FEA 1ll0cle1s, 11ence bLlilding a "eι}'

effective 11Υb1'ίd 1110clel.

6.2 Future work

Altl10Llg11 tl1e stυdy 1'eac11es ί ts Ril11S, R fe\v 1'ecol11111enclation,' [01' futυ1'e \\'Ο1'ks al'e 111ade
1ιeιe, based οη t11e findings ο[ t11i' IJIΌject:

• Excessive stLIcl)' ο[ t11e 1)eal11 nΙΙl11eιίcal1110de1 \\,ίιΙ1 fl xil)le encls ίη tl1e Rl'ea ο[ Ιaιge

ξ ίη oι'del' to οΜθίn l'eliab1e 1'esLIlts foι' a \\'idel' lallge οΕ 11angeι,

• OIJtiιnize tl1e 111es11 οΕ tllc finite c1el11ent l110clc1s ίn οιcleι to ol)tain aclvantageOl1 '
ιesιιlts ίη less COl11IJLItational til11e

• Exal11ine tlle IJossil)i1ity οΕ θ 1ι,γbιίc[ l110clel.. \\Titl1 a nLllllelical IΌLlg11 estiιnation ancl
θΩ FEA 1110de1 foι' aCCΙΙ1'ate ιcsιιlts,
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Appendix Α

Detailed Results

Α.Ι Convergence test of model class sl

Ta])Je λ.Ι: F[eφιencίes (ΗΖ) of l110del cla sl Hncle[ ..35e7 Pa tension ίn ΗΙΓίοιιs l11e.11
clen ities

E1el1l nts 600 1000 3500 6200 9500 11200
DίΙ'eι:tίοn Χ -~. x-~' Χ -~. Χ-)' X-~'

.\1oclc 1 5.02 -.5 5.57 5.57 5.57 .57

.\1 cl 2 11.6 13.--16 13.--1--1 13.--1--1 13.--1--1 13.--1--1
λ1οdc 3 20.79 2--1.3 2--1.35 24.'-1 2--1.51 2--1.51
?\1ocle 4 35.5 39.0--1 3 .9 3 .97 38.9 3 .9
l\Iocle 5 --17.13 57.00 56.89 56. 9 56.9 56.9
.\1ocle 6 6--1.--17 7 .--12 78.3 78.28 78.28 7 .28

elapse til11e (sec) --1 7 31 51 7 125
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Α.2 Convergence test of model class s2

Tab1e Α.2: n'eC[llencie' (ΗΖ) of l11ode1 c1a. s2 llnclel" 5.35 7 Pa tension in ΥaΓiοιιs l11e.11
clensities

E1eιnents 700 1500 3200 --1500 9100 13000 1--1500
Dil'ection χ -}. X-j· Χ-Υ Χ -}. Χ-Υ Χ -}. Χ -.>.
λΙοde 1 6.76 6.99 7.23 7.39 7...18 (.51 (.51
λΙοcle 2 16.26 16.65 17.71 1 .21 1 ...19 1 .56 18.56
l\Iocle 3 29.65 30.7 32.63 33.67 34.23 3--1.39 34.39
λΙοcle --1 --17.03 49.53 52.19 53.96 5--1.91 55.17 55.17
:\Iocle 5 68.62 71.25 76...1--1 79.11 0.55 0.95 80.95
λΙοde 6 9--1.36 97.5 105.37 109.11 111.13 111.69 111.69

E1apse ti111e 6 11 2--1 36 78 90 98
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Α.3 Convergence test of model class Ο

Table Α.3: Fl"equencies (ΗΖ) of' l110del class nndet' 1.67e7 Ρα tension ίn val"ions l11esl1
densities

Elel11ents Α Β (' D

ρ

DiIection χ
Υ χ Υ

χ Υ χ
Υ

l110cle 1 5.98 5.99 5.99 5.60 5.97 5.97 5.97 5.97
l110cle 2 l--!.72 14.72 1-1.74 1-1.74 l--!,68 14:68 14,68 1-1.68
l110cle 3 27.17 27.18 27.20 27.21 27.10 27.10 27.10 27.10
l110cle 4 -13.38 -13.40 -13.-13 43.46 43.26 43.27 -13.25 43.26
l110cle 5 63.13 63.16 63.21 63.25 62.93 62.95 62.91 62.93
l110cle 6 86.17 86.22 86.32 86.40 85.86 85.89 85.83 85.87

Ela sc til11e sec 14.5 18.2 28.2 38

Elel11 nts Ε F G
Dil'ection χ :γ χ J" χ Υ"

λΙοc!e 1 5.96 5.96 5.96 5.96 5,96 5,96
λΙοclc 2 1-1.67 1-1.67 14.66 14.66 14.66 14.66
λΙοcle 3 27.10 27.10 27,08 27,08 27,0 27.08
λΙοcle 4 -13.2-1 43.2-1 43.23 43.23 -13.22 43.22
λΙοc!e 5 62.90 62.90 62,87 62.87 62,86 62.86
λΙοcle 6 85.80 85.80 85.76 85.76 85.75 85.75

E!apse tll11e (s c) 67.7 122 295
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Α.4 The effect of the spring stiffness to the finite
element moels with flexible boundaries

Model class 1

Table ΑΑ: T11e fIecluencies of l110del cla s 1 (ΗΖ) lIndeI νaιίοιιs sριίng stiffnesses (ΝΙ/η)

ίn COll1ρaι'ίssοn to tJ1e eχρeιίl11entaΙ ancl t11e l110del class Ο ιesιιlts

Ε+07 Ε+08 Ε+09 Ε+lΟ Ε+ΙΙ

Χ )Τ Χ )' Χ )' Χ )' Χ J'
.λΙοcle 1 5.23 5.23 5.71 5.71 5.91 5.91 5.94 5.94 5.94 5.94
λΙοcle 2 12.91 12.91 1J.OJ 1J.OJ 1J.53 1J.5J 14.61 14.61 Η.62 14.62
.λΙοcle 3 23.62 23.63 25. 1 25 . 1 26.80 26,81 26.96 26.96 27.00 26.98
.λΙοde 4 37,05 37.06 40.86 40.86 42,69 42,70 42.99 43,00 43.02 43.03
λΙοde 5 52.87 52.89 58.89 58.90 61.92 61.93 62.45 62Α6 62.51 62.52
λΙοde 6 71.03 71.07 79.90 79.91 J.23 8J.27 85.09 85.10 85.18 85.20

Ε+26 λΙC Ο Εχρeιίl11entaΙ

χ )' χ- Υ χ
Υ

λΙοde 1 5.9J 5.94 5.95 5.82 6.09
:\Ioclc 2 1J.62 1J.62 Η.66 13. 5 14. 6
λΙοcle 3 26.98 26.98 27.0 26.17 27.07
J\ Iocle 4 43.03 43.03 43.22 40.47 υ.8

J\ Iocle 5 62.51 62.52 62.86 59.3 61.5
λΙοde 6 85.19 85.21 85.74 81.63 85.68
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Model class 2

Table λ.5: Tl1e fΓccμlcncίes οΕ ιηοc!el class 2 lIndeI" \'aΓίοιιs spl'ing . tiffne. ses (ΛΤjn1)

Ε+26 to Ε+13 Ε+12 E+ll Ε+10 Ε+09

χ )' Χ \' Χ }' Χ )' Χ )'

~Iode 1 5.9--1 5.94 5.9--1 5.9--1 5.9'-1 5.9-1 5.9-1 5.9-1 5.91 5.91
:Ί10c1e 2 14.62 1'-1.62 1-1.62 14.62 1-1.62 1-1.62 14.61 1'-1.61 1'-1.54 14.54
l'-Iode 3 26.98 26.98 26.98 26.98 26.9 26.98 26.96 26.96 26.81 26.81
i\Iode '-1 43.03 "13.03 43.03 -13.03 -13.02 -13.03 42.99 43.00 42,70 42,71
λΙοde 5 62.51 62.52 62 .. 51 62.52 62.51 62.52 62,45 62.46 61.94 61,95
λΙοde 6 85.19 85.19 85.19 85.21 5.18 85.20 85.09 85.10 84.28 84.30

Ε+Ο Ε+07 Ε+06 Ε+05 λ1C Ο Εχρel'iιnenta1

χ \' Χ }' Χ J' Χ Υ Χ - :γ χ J'
λ1οde 1 .5.71 .5.23 5.23 -1.61 -1.63 6.09
iI10de 2 1-1.05 12.92 12.93 11.20 11.2-1 1-1. 6
λ1ο(1e 3 25. 2 23.67 23.6 20.2 20.3-1 27.07

:\1ode -1 -10. 9 37.1 37.19 31.99 32.50 -11.

:\1ode 5 5 .97 53.16 53.20 -16.63 46.6
:\1o(1e 6 0.03 71.62 71.67 6-1.69 6-1.71

9



Α.5 Numerical models vs. Finite element models

Table Α.6: Fl'eqιlencie (ΗΖ) of :-loclel cla sl \'s. :λΙοclel blass l)eal11 1 [ω' 5.35e7 Ρα

tension

:λΙοcle 1
:λΙοcle 2
:-locle 3
:λΙοcle .J
l\lode 5
:λΙοcle 6

:-IC 1
- .57

13A.J
2.J.51
3 '.9
56.90
Γ.2

:-IC ΒΙ

5.64
13.56
2.J.6
39.23
57.31
7 .93

Table Α.7: n'ecillencies (ΗΖ) of :-lodel clas. s2 \'s. :-Ioclel class l)eal11 1 fo[ 5.35e7 Ρα

ten ίοη

:-Iode 1
:-Iode 2
:-Iocle 3
:- Iocle .J
:-Iocle 5
:-locle 6

:-lC' 81
7Α8

1 ..J9
3.J.23
5.J.91

2.55
111.13

90

:-IC ΒΙ

7.70
19.11
35.2

57.15
".J.09

116.35



Appendix Β

The modeshapes of hanger 3

FίgΙΙΓe Β.Ι: Λ1οde 1 ίn χ cΙίΓe tion of l\1odel c! undel' 1.67e7 Pa tension

Ι
·":·'ΙΙΙΙ : -: :

•.. ι..

FίgUΓe Β.2: :\10(1 1 ίn .γ dίΓectίοn οΕ Λ1οd Ι 4 undel' 1.67e7 Ρα tension

9l



Figιπe Β.3: λΙοde 2 in χ dil·ection of λΙοde! 4 uncleI' 1.67e7 Ρα tension

Figul"e Β.4: i\lode 2 in Υ diΓectiοn of lΊlode! 4 unclel· 1.67e7 Ρα tension

FiglHe Β.5: lΊlode 3 in χ diΓectiοn of lΊlode! 4 undeI' 1.67e7 Ρα tension
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Fίgιπe Β.6: λ1οdc 3 ίη ~- dίΓectίοn of λ1οdel .J undet' 1.67e7 Ρα tension

FίgUΓe Β.7: 1\1o(le 4 ίn χ dir-ection of 1\1odel 4 llndet' 1.67e7 Ρα tension

Figur-e Β.8: λ1οde 4 ίη Υ direction of l\1odel 4 undet' 1.67e7 Ρα ten ίοη

93



FigLll'e Β.9: λΙοcle 5 ίn χ dίΓectίοn of λΙοdel 4c undet' 1.67e7 Ρα tension

Figul'e Β.1Ο: ~Iode 5 ίn Υ dίΓectίοn of I\Iodel 4 tιndel' 1.67e7 Ρα tension

FίgUΓe Β.11: l\Iode 6 ίn χ dίΓectίοn of I\Iodel 4 undet' 1.67e7 Ρα tension
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Fig\He Β.12: :'-Iode 6 ίn .\" clil'ection of :'-Iodel -± lInclel' 1.67e7 Ρα tension

FίgΙΙΓe Β.13: l'Iode 7 ίn χ clil'ection of l\Ioclel 4 lInclel' 1.67e7 Ρα tension

FίgΙΙΓe Β.14: r-Iode 7 ίn )Τ dίΓectίοn of T\Iodel 4 ιIncl ι· 1.67e7 Ρα tension
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