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Chapter 1

Introduction

The main objective of homogenization is to predict the macroscopic behaviour of composite
materials in terms of the behaviour of their constituents and prescribed statistical informa-
tion about their microstructure. Homogenization methods are powerful tools for the simula-
tion of the mechanical behavior composites, at a reasonable computational cost. Linking the
mechanical response of composites to the underlying microstructure is relevant in a variety
of technological applications. One example is the design and the optimization of the forming
operations of multiphase metallic alloys.

Historically, emphasis was originally placed on the determination of the elastic constants of
a polycrystal from those of a single crystal with first theoretical considerations by Voigt and
Reuss. Later, the focus was on the estimation of the effective or overall behavior of linear
elastic composite materials. The homogenization methods which were developed include the
variational principles of Hashin and Shtrikman (1962), which are particularly well suited
to estimate the effective behavior of composites with particulate random microstructures.
There is also the self-consistent approximation, developed in several different physical con-
texts by various authors (e.g., Hershey 1954, Kronér 1958, Willis 1977), which is known to
be fairly accurate for polycrystals and other materials with granular microstructures. For
nonlinear (e.g., plastic, viscoplastic, etc.) composites, rigorous methods have not been avail-
able until fairly recently, even though efforts along these lines have been going on for some
time, particularly in the context of ductile polycrystals (e.g., Hill 1965, Hutchinson 1976).
Making use of a nonlinear extension of the Hashin-Shtrikman (HS) variational principles,
due to Willis (1983), the first bounds of the HS type for nonlinear composites were derived
by Talbot and Willis (1985).

Ponte Castaneda (1991) proposed a more general variational approach making use of opti-
mally chosen “linear comparison composites”. This approach is not only capable of delivering
bounds of the HS type for nonlinear composites, but, in addition, can be used to generate
bounds and estimates of other types, such as self-consistent estimates and three-point bounds
(Ponte Castaneda 1992). A different, but equivalent method for the special class of power-
law materials has been proposed by Suquet (1993). Talbot and Willis (1992) provided a
simultaneous generalization of the variational principles of Talbot and Willis (1985) and the
linear comparison composite method of Ponte Castaneda (1991), which has the potential to
give improved estimates for certain special, non-standard situations.
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Introduction 7

More recently, Ponte Castaneda (1996, 2002) proposed a second approach that makes use of
an “anisotropic composite linear comparison material”. While this method does not yield
bounds, it appears to give more accurate results.

In the present study we focus on homogenization techniques for non-linear composites that
have been developed recently by Ponte Castaneda, Suquet, and co-workers (Ponte-Castaneda
1996, Suquet 1996a, Ponte-Castaneda and Suquet 1998) and their application to two-phase
TRIP steels. The implementation of the constitutive model in a general-purpose finite ele-
ment program and the procedure of solving the problem with finite elements in the context
of finite strains are presented. The ABAQUS finite element code provides a general interface
so that a particular constitutive model can be introduced via a “user subroutine” named
UMAT (User MATerial). The constitutive model developed for the two-phase elastoplastic
composite is implemented in ABAQUS through the subroutine UMAT and is used for the
analysis of the problem of uniaxial tension.

The Thesis proceeds with Chapter 2, where we develop a methodology for the determination
of the plastic part of the deformation rate in elastoplastic materials. We present a description
of the homogenization techniques for non-linear materials that has been developed recently
by Ponte Castaneda, Suquet, and co-workers. The homogenization techniques are then ap-
plied to a two-phase composite.

In Chapter 3, a methodology for the numerical integration of the resulting non-linear con-
stitutive equations for the composite material in the context of the finite element method is
presented. The implementation of the constitutive model in a finite element program and
the procedure of solving the problem with finite elements in the context of finite strains are
presented.

In Chapter 4, the results of the homogenization theory for the two-phase composite are com-
pared to corresponding results of unit cell calculations and finally, in Chapter 5 we compare
the above theoretical results of homogenization theory with three-dimensional (3D) calcu-
lations of a unit cell with random isotropic distribution of the second phase in the matrix
material.

Standard notation is used throughout. Boldface symbols denote tensors the orders of which
are indicated by the context. All tensor components are written with respect to a fixed
Cartesian coordinate system with base vectors e; (i = 1,2,3), and the summation conven-
tion is used for repeated Latin indices, unless otherwise indicated. The prefice det indicates
the determinant, a superscript T' the transpose, a superposed dot the material time deriva-
tive, and the subscripts s and a the symmetric and anti-symmetric parts of a second order
tensor. Let a, b be vectors, A, B second-order tensors, and C a fourth-order tensor; the
following products are used in the text (ab);; = a; b;, A : B = A;; B;;, (A - B);; = Aix Byj,
(A B)ijk:l = Aij By, (C : A)” = Uikl Ak:l) and (C : D)ijk:l = Ciqu qukl- The inverse C~!
of a fourth-order tensor C that has the “minor” symmetries Cjji; = Cjiry = Ciju is defined
so that C: C™! = C7!: C =1, where I is the symmetric fourth-order identity tensor with
Cartesian components I;x = (0 951 + 611 6jx) /2, 6;; being the Kronecker delta.
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Chapter 2

Theory

2.1 Introduction

The goal of this chapter is to present a methodology for the determination of the plastic
behavior of an elastoplastic cpmposite. The total deformation rate D is written as the sum
of an elastic, and a plastic part

D = D¢ + D”.

The overall plastic behavior of the composite is determined by using a homogenization
techniques for non-linear materials that have been developed by Ponte-Castanieda (1996),
Suquet (1996a) and Ponte-Castanieda and Suquet (1998).

In this chapter, we present briefly a description of the homogenization technique, which
we then apply to a two-phase steel. The homogenization technique is used in order to
determine the plastic part of the deformation rate, an equation of the form D? = DP? (a).
The results of the homogenization for the two-phase composite are compared to those of unit
cell calculations in Chapter 4 and to those of 3-D finite-element simulations in Chapter 5.

2.2 Constitutive model of viscoplasticity

Standard isotropic linear hypoelasticity is assumed and the constitutive equation for D¢ is
written as

v Y%
Df=M°:0 or o=L":D" (2.1)

where & is the Jaumann derivative of the stress tensor o, M° is the elastic compliance
tensor defined as

1 1 1

Mi=—K+—J, LO=MTT=2uK+3rT, J =-488, K=T-J,
2 3K 3

(2.2)

w and x denote the elastic shear and bulk moduli, § and Z the second- and symmetric fourth-
order identity tensors, with Cartesian components ¢;; (the Kronecker delta) and Z;; =

(0ik 641 + i k) /2.
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Theory 9

The rate of the plastic strain using tensor DP? is given by the form:

) ) e " 3
D? =&’N with ép:éo{ Teq ] and N:§U, (2.3)

Uy (573) Ueq

where € is a reference value for strain rate, m is the strain-rate-sensitivity exponent of the
3
2
and o, (€P) is the yield stress of the material at the reference strain rate 9. The yield stress

material, oo = s : s is the von Mises equivalent stress, s is the deviatoric stress tensor,

of the material exhibits hardening during straining and it is considered as a function of
equivalent plastic strain &P through:
P 1/n
o, (EP) =00 1+ — , (2.4)
€0
where o0y, €¢ are reference values for yield stress and strain respectively with g = E¢y (£ is
t

the Young modulus), n is the hardening exponent, and &# = [ &P dt is the equivalent plastic

0
strain. It can be shown easily that the following equations hold

2 .
N:N:g, oc:N=o, L :N=N:L°=2GN, and \/gDP:Dpzép. (2.5)

2.3 Homogenization method for non-linear viscous solids

We consider a composite material comprised of N isotropic, viscoplastic and incompressible
phases distributed statistically uniformly and isotropically, with dissipation functions of the
“power-law” type:

n(M41
(r) 2(r) 3
U("') (0’) = 0g € Oeq ; where Ocq = —0o:0, Ss=—0o — %6’
n® 4+ 1\ 50 2

n(M—1
(r) (r)
1o o
(r) _ -Y0 0
H (o) = 3l ( > '

0 Teq

There are two interesting limiting cases of the model described above. The first is the linear
case, in which n(" = 1:

(r) 2(r) 2 g2 (r)
o =0 (T ) = e where ) = o
2 oy 6 pul" 3&,
and - - ]
= .(r) Peq eq s o
E=2¢€y UéT)—?)M(T), D—eN—2M(r)s
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Theory 10

The second limiting case is perfect plasticity, in which n(") — co. Taking into account that

1m

At [0 when A<,
oo when A >1,

we conclude that

n(M 41 o
0 wh <1
U(T) — I 1 (r) -(r) [ Oeq _ wihen U(()r) =1
m G 1(70 €o G e
n—oo | N+ o oo when 2% >1.
%0

In this case U(()T) is the classical yield stress of the perfectly plastic material.

Our goal is to draw an expression for the dissipation function in order to be able to derive
the equivalent plastic strain for the composite material.

The dissipation function of the composite is defined by (Ponte: i) JMPS 1991, eqns (3.6) &
(3.2), ii) Advances 1998, eq (4.52), iii) Udine 1997, equs (5.18) & (5.19))

N
U(a) = sup {UL (Feas i (1)) = sup S U (0, u) = U <a§g>)}}, (2.6)
pt=0 ol >0 r=1
where
_ 2
T ng (r) _ Uf(zq)

Up=—— U’ = . 2.7
UGA(M)y T 60 27

In the above expressions Uy, is the dissipation function of a “linear comparison” material

with effective modulus fi.
The corresponding constitutive equation for the composite is

oU

D=
FES

Optimization of (2.6) with respect to oy :

U ol oUum
= (s) (s) (8) (~(5) — o) e 7 )
80§;) {Z c [U eq ,,u ) U (Ueq )] } =¢c (3 M(r) aa_(r) ) -

eq
n(r) n() )
(r) (r) (r) nl
— o | e a0 [ e _ (n — | % — 5
=c — € — =0 = o= |—77F =o,. (2.8)
Jum " <a§f>> R EVCES ’
Substituting oy = &) in (2.6), we find
M\ 27
R 5,2 1 N (r) -1 O_(T)n -1 C(r)
0(6)= swp |23 "o L — (2.9)
uso |6a () 24=m0 + 1| 2l (3#(r))2<r)i
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Theory 11

The effective modulus f for particulate composites is estimated in terms of a reference mod-

ulus pg as
() ()
~ ( (r) Z 3po+2pls
i (p) =
Z 3u0+2 M(r)
or
(1) ()
M) AT () ,
nl_ s (B o), 2.10)
H > c(s) T (y")
e VIO

whee Y0 =80 (=1 ad ==y (40),

Note that

N gy N N 3y () 49 )

()
%T1+2T2=Zy°—+220——2 %o =

= LN FTCE
N <3y”_|_2) (r)

y(r> =
r=1 34— + 2
y ol 1 (& 3

3— +2Ty = C(T T, =2 A2y, Ty== =27 (2.11)
At this point we treat the ¢ ’s as independent variables, so that
oIy _ Oy 1 (r) LW 0T oTy T Oyo | o T
— " 1-2—) = — = ———+=(1-2—=].
act) 8¢ 3 Z ¢ 3 et D)~ yodc |3 e

v /3
The constraint Y ¢ = 1 is taken care of by the constitutive equations.
r=1
The reference modulus can be chosen in various ways as follows:
i) po = ) (Hashin-Shtrikman)
Yo
Yo=1 9y 0, (2.12)
N
i) po = > ™ u (Voigt model)
r=1
N N ; 2
L o AL ") 1 dyy Ao . ( Yo
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Theory 12

(Reuss model)

ey 1 N ()
iii) o > Q)

r=1
N (1) N a
_ A _ (r) /(1) Yo _ 0
= N — = "y = — =y, (2.14)
iv) Self-consistent scheme
N N
c(9) /L(S) (™
Szl 3 po+2 pls) 1 7;1 3 po+2 p(m)
Ho=—"—"——" = M_ =~ =
(r) 0 c(S) H(s)
; 3/1012 plr) ; 3 po+2p(%)
N
c(r) N (r)
[, — C
W0 e 515
" = ~ P (s) = Yo = ~ . (215)
0 cls

M=
\w
+ 5]

w
Il
—
<
o
S
w
2

T)_L (5)
Z ot 2w

The last equation is solve numerically for yj.

In this thesis for the calculations we use Reuss model, and we compare the results with
the ones for yy = pY (Hashin-Shtrikman), the unit cell calculations and the 3-D finite-
element simulations.

Continuing with the calculations, we substitute from (2.10) into (2.9) and we find

~ 0_2
U= sup sup [ F(y™) =1 (uW, y) ] 016
y(M>0 pM>0 6#(1) ( ) ( ) (2.16)
yW=1
where
al (r) ( )nW ﬁ r) (M) 41
1 n\") —1 o r ) , nl1
1) )y — = (r) 0
I (:u Y ) ) ZC n) +1 éér) (B/L(l)) . (2.17)

Optimization of (2.16) with respect to p(:

oU 1 Geg \~ . OI
50 = 5 [F (u(l’) +65 55| =0 (2.18)
where
, = ()
ol 3% ) aé”n() Gk
o 2 L ¢ 6.(()r) N
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Theory 13

so that (2.18) becomes

2
n('f) (r)_ n(T>+1
= 2 N () -l (r) ) 1
F (y) (U(f)) _9 Z 0 [ % - Y —
H r=1 €o (3 M(l))nm_l
or
) o
N (r™ = n(7) 41
F (r) 5_2 _ E C(r) 0o ) M1 _ O,
(y ) eq ot 3M(1) 6(7") Yy
which yields
n(f‘)71
2
n() o 2
N () mt (r)
1 1 o n’ 41
- |- (r) 0 (1) W 1
p = — c y'n > 0. 2.19)
3| F(y")eg, < el (

The last equation defines y(*) in terms of &., and the ™. Note that the definition of ;1) is
consistent with the constraint ™ > 0.
For those y") > 0, i.e., y™ # 0, optimization of (2.16) with respect to ") yields:

ou OF &2 ol

Oy (™) - oy 6;((]1) Gy =0, r=23-,N (2.20)
Since 2
of 1 Y@ @™\ "
0y 2 3 M(l))Zﬁgfi ey ’
the optimality condition (2.20) becomes
A\ E
% 52, (31T — 0 % —0, =23\ (2.21)

Equations (2.19) and (2.21) define the optimal values p®) = ) (56,1,0(5),0(()8)) and y") =

5 <5eq, ) Ugﬁ) '
The composite dissipation function is defined from (2.16):

7 (= LE (3" (0eq)) _y

U(Gy) = ——+—"F — I (aW O ;) O 2.22
(U q) 6 la(l) (a_eq) geq (iu (U q) 7y (U q)) ) ( )
and the flow rule is
_ QU  IU 05 . . oU 5 3
D=—= “9 =N s = N=_—""29_— S.
do 00, 0s = c 00y’ Jdoe 2 5eqs
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Theory 14

Using (2.22), we find that

. WA A SF- s S}
D eq 5(;/3;%1) ouM 9z, £ 99\ 06y 3]
T 0 0
where the partial derivatives % and %z) vanish due to the optimization conditions (2.18)
and (2.20).
The flow rule now takes the form
_ _ A (1) (7 (s) (s))
_ . e N Ueqa 7, UO
D=:N= ‘;; N = % i=q(p"), and A = (2.23)

gt (5‘3(17 cls), J(()S)>

In the following we examine first the form of the dissipation function and the flow rule when
all creep exponents are equal to n, and then consider the limit of perfect plasticity n — oo.

2.4 The case where all creep exponents are equal

We consider the special case where all creep exponents are equal (n(l) =n® =... =) = n)
The dissipation function of the composite given by equation (2.9) of the previous section takes
the form

which can be written also as

2
] n—1 H (y(”)
U= sup sup |l (y7) - 21, 2.24
s3>0 >0 | 640 ™) 2(n+1) (3 )i (2.24)
yM=1
where now
N i)y
(1) Z:&y(ﬂ 2 T, N (M"Y noT -
T H r=1 +2 U . [l L na
F) =" =5 =g and H(") =3 S ) ()
: Z e 2 r=1 50
s=1 3y§;)+2

The optimality conditions (2.19) and (2.21) of the previous section take now the form

n—1

a0 =1 H") 1] " = 4D (47

3| F(y") a2, B ’

2
. (1) n@_1

oF —2 , y(z)a(z)
52 (3uM) O O | 20 =0, i=23,---,N. (2.25)
ay(z) q ( ) E(()z)
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Theory 15

Substituting the optimal value of from (2.25) in (2.25) we get

oF H . [ y®sD™\ """
2.0 (u -0, i=23..- N. (2.26)

9y F 20
Equations (2.26) that define the optimal values of 7 = §® <c(r), a(()r)) are independent of

Geq- This means that the optimal values @ = §® () aé”) are also independent of G,.

Substituting the optimal value of ) = 4" (y(") from (2.24) in (2.21), we find that

oot F (yo)]" 1 F(§m)"*!
n -+ 1 y(T)ZU

U == g su .
p [H (y(r))]nfl n + 1 H (g(r))nfl eq
— —

é0/3

2.5 Perfect plasticity

Next, we consider the case of perfect plasticity, i.e., we take the limit n — oo. We write the
dissipation function (2.27) in the form

=
n—1
- 1 F (7’) nt1
U=—— cﬁq sup ™)
n _I_ 1 y(r) >0 H (y(’f‘))
(D=1

and taking into account that

[ {0 e s

Then, we conclude that

( 200 ]
0 when &2 su [ <1,
I ymgo He=(y")
lim U = s Pl (2.28)
e oo when &2 sup [ AL ) ] >1,
(M) >0 H (y )
\ y(l):l
where
N
o) ()
@ Z_: 38 o T N 2
r [L r=1 + 1 r T r r T r
F) ="Z=F—"—=7 Hx(")=lna{") =)
(%) oo r=1
5221 3253) +2
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The threshold of the function in (2.28) corresponds to the definition of the effective yield

function, i.e.,
(r)

o, sup

- y(1>0 Heo (y)
yM=1
o _ 1 e [ He W) ] Ho (v) | _
Opq = = inf oy | T S | Ty | = %
sup |: F(y(”) } yE:;ZO F (y ) y(M>0 F (y )
y(M >0 Hm(y<r>) vo=t y=1
yM=1
This leads to the conclusion that the yield function can be written in the form
z Hoo (y(r))
O (Goy) = Teqg — 09 =0, 0y = inf |———F—]. 2.30
(5eq) = 0o = 0 77\ w20 { (y™) (2:30)
yM=1
The flow stress oy is written in the form
N 2
S e® g7y 5o )
go= | inf =1 — | =4/ =, (2.31)
yE:;ZO N ) ) N F @)
yM=1 €y e’
I 7; 3%% szzl 3?’;) +2 |

where H (y('“)) and F (y(’“)) are defined in (2.29) and g = g (c(s), aés)> are the optimal
values.

Essentially we are dealing with a von-Mises-type of yield function (2.30) with an
effective flow stress 7, defined by (2.31).

Depending on the parameters of the problem, the optimal values §") = % may take one of
the extreme values 0 or oo (rigid or incompressible-void comparison material). In the limit
of aé” — 0 (incompressible-void phase), the optimal value 3 = % — oo (incompressible-

2
void comparison material), in such a way that O'(()T) y") — 0; i.e., an incompressible void

phase requires an incompressible void comparison material. On the other hand, it is possible

to have (") = l’% = 0 (rigid comparison material) even for finite a(()r) (Ponte Castafieda and

)2

de Botton, 1992); in this case obviously aér y(") = 0 again.

The stationarity conditions in (2.31) and the variation of &y with respect to ¢ and a[()i)
are discussed in Appendix A.

2.6 Strain-concentration tensors A(")

Let the reference matrix material be denoted by phase 0, whereas the inclusion phases are
labeled as phases 1,2, ..., N. Each phase r is described by an isotropic elastic modulus

L =3s0T +2u" K, (2.32)
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such that
£ _ 0 _9 (u(r) — Mo) K+3 (H(T) — /fo) T,

where 1" and £ correspond to the shear and bulk modulus of the phase r. Making use
of the orthogonality of the fourth order tensors IC and J, we conclude that

1
3 k)

MO = 07 = 1@ K+

T J. (2.33)

For an isotropic and uniform distribution of spherical inclusion phases, we have that the
deformation rate D) in each inclusion is related to the macroscopic deformation rate D by
an equation of the form (Willis, 1977, 1998)

-1

DO =E".D with E= [I +P0 . (U” —~ L(O))] , (2.34)
where 6( 2 10) 5
+ 2 o Ko
PO =80 . MO g = 20T EH) 4o 0RO g 2.35
5(3 ko + 4 o) 3 ko + 4 o ( )
Then 5 5 ]
p) — 3 Ko+ 210) r=2..,N. (2.36)

"~ Bo (3 ko + 4 o) 3 ko + 4 1o
The Eshelby solution of the inclusion problem gives
DO —E"D.D  with E® = [1' L PO . <£<T’> - £<O>)] -

We also compute the following for phase r :

+P0 . (E(r) _ £(0)> _

6 (ko + 2 o) } 3 (k") — ko)
= |1+ (p") - K+ |1+ 50— | T =
{ (1 u0)5u(1)(3/-£0+4u0) 3 ko + 4 o
2 (r) (r) 44
:N0(9K0+8M0)+6(/’v0+ [o) 1 ’C+3’f + Moj' (2.37)
5#0(3&04—4#0) 3/<JO—|—4,U,0
Then
-1
ET — [I+P(7") : ([ﬁ") _ £<0>>} _
4 4
_ 5 o (3 K0 +4 o) K+ 3 ko +4 o 7. (2.38)

tho (9 Ko + 8 o) + 6 (Ko + 2 pao) p) 3k + 4 g

2.6.1 Incompressible phases

The “deformation rate concentration tensor” is (Kailasam and Ponte Castaneda, 1998, p.
436, eqn (14); Ponte Castaneda, 2005, p. 109; Ponte Castaneda, 1997, p. 146)

N -1
DO =AM D, AD —EO . (Z o) E<s>> _ (2.39)
s=1
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We have that

N G :ics){ 5 1o (3 Ko + 4 o) K 3 ko + 4 o ] _
s=1 —1 o (9 Ko + 8 o) + 6 (Ko + 2 pg) pu(®) 3k +4 g
N
Sko +4p 5c) 1o (3 ko + 4 p1o)
_ (s) 0 0 0 0 0
L 4 + K. (2.40
(; 3k Mo)j ;NO (90 + 8 1) + 6 (Ko + 2 o) put*) (2.40)
Then

— M0(9H0+8M0)+6(/ﬁ)+2u0

and

N -1 1 N (s) -1
_ R . (s) F(s) _ o

5 pto (3 ko + 4 110) al

f1o (9 ko + 8 i) + 6 (ko + 2 o) )

— 1o (9 ko + 8 pt0) + 6 (Ko + 2 1o

-1
(s) 4
> HaU LR M)nwl K (241)

-1
(s) 4
> e M)”NJ IC. (2.42)

If all phases involved are imcompressible, then kg = k") = oo and Dy, = D,(;;g = 0. In that

case
D" =AM D=

= lim

5 11o(3 ko + 4 p1o) i ) p1o(3 ko + 4 o)
k0 00 fig(9 Ko + 8 o) + 6(ko + 2 po) ") | <=

which leads to

o | o N @y )
DO = o D, where )= _——2 Z _— :
3y® +2y0 \ = 3y + 2y
Then
20— o (), ) 2.
where
e gD(Z) : DO (no sum on 1) and &= gD:D :
Note that

o — o) (Cm, y ) (C( ») U(gp))) .

The variation of a® with respect to ¢ and a(()r) is discussed in Appendix B.
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2.7 Summary of constitutive equations

The constitutive model developed in the previous sections can be summarized as follows:

D =D° + D7,
Mo, M= xq
= O, == ﬁ + 3_KJ7
D’ =N, N= is,
20,
20 = o0 o) = o) (20

® (0,8W) =0, — 5, (™) = 0.

The plastic modulus H is defined as follows:

N N A
. od . 00 06, o
o= =p(k) _ — U 0
Hev = Za@a(k)g _Za@a(k = Z
k=1 k=1
so that
N o5
H— ‘7(2) (k) k)
=1 00
where ®
d =(k)
) = U(igglf ) (no sum on k)
3

is the plastic modulus of phase k.
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Chapter 3

Numerical implementation

3.1 Introduction

In this chapter, a methodology is developed for the numerical integration in the context of
the finite element method of the constitutive equations resulting from the homogenization
theory of an N—phase elastoplastic composite. The model presented in section 2 is valid for
perfectly plastic phases. In the applications considered, hardening of the phases is accounted
for in an approximate way: within each increment of the solution the phases are assumed to
be perfectly plastic with a yield stress corresponding to the average equivalent plastic strain
in each phases at the end of the increment E‘Z(i)l. The value of é:i(_?l is one of the unknowns
and is determined in the process of the numerical integration over the increment.

3.2 Numerical Integration of the Constitutive Equa-
tions

In a finite element environment, the solution is developed incrementally and the constitutive
equations are integrated numerically at the element Gauss integration points. In a displace-
ment based finite element formulation the solution is deformation driven. Let F denote the
deformation gradient tensor. At a given Gauss point, the solution (F,,o,) at time ¢, as
well as the deformation gradient F,, | at time t,,.1 = t,, + At are known and the problem is
to determine o, ;.

The time variation of the deformation gradient F during the time increment [t,,t,,1] can
be written as:

F(t) = AF(t)-F, = R(t) - U(t) - Fn,  t, <t <to, (3.1)

where R(?) and U(t) are the rotation and right stretch tensors associated with AF(t). The
corresponding deformation rate tensor D(t) can be written as:

D(t) = [F(t) -F‘l(t)] - [AF(z&)-AF‘l(t)] , (3.2)

S S
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where the subscripts s and a denote the symmetric and anti-symmetric parts, respectively.
If it is assumed that the Lagrangian triad associated with AF(t) (i.e., the eigenvectors of
U(t)) remains fixed over the time interval (t,,%,.1), it can be shown readily that

D(t) = R(t)-E(t)-RT(t), W(t)=R(t) -R"(t), (3.3)

and
o(t) =R(t) &) R(1) (3.4)

where E(t) = InU(¢) is the logarithmic strain associated with the increment, and
a(t) =R (t) - a(t)-R(t). (3.5)
It is noted that at the start of the increment (¢ = t,,)
AF,=R,=U, =9, o, =0, and E, =0, (3.6)
whereas at the end of the increment (t = t,,41)
AF, 1 =F, - F.' =R, U,y =known, and E,.; =InU,,; =known. (3.7)

Then, the constitutive equations summarized in section 2.7 can be written in the form

E = E° + E”,

E=M:6 o &=L":E" LE=2GK+3rJT,

EP =N, N= 3@, oo = §é:é, (3.10)
20, 2

grl) — o0 zp. a® = @ (E—p(k)) ’ 3.11

d (6,8%) =5, — 5 (") =0 3.12)

Previous experience (Aravas and Ponte Castaneda, 2004) shows that it is essential to use a
backward Euler scheme for the numerical integration of the “plastic low” equation in order
to be able to use increments of reasonable size (i.e., several times the flow strain), whereas
either the forward or the backward Euler method can be used.

In the following, we use two different ways for the integration of the aforementioned consti-
tutive equations. In the first, we use a combination of the backward and the forward Euler
method; in the second, we use only the backward Euler method.

3.2.1 Integration using a combination of backward and the for-
ward Euler schemes
Equations (3.8) and (3.9) are integrated exactly:

AE = AE° + AF?, (3.13)
Gns1 = 0p+ L5 AE =0, + L£°: (AE — AEP) = 6° — £°: AE?,  (3.14)
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where 6° = o, + L° : AE is the “elastic predictor” and the notation AA = A,.; — A, is
used.
The plastic flow rule (3.10) is integrated using the backward Euler method:

AE? = A" N, . (3.15)

Then (3.14) becomes
Gni1 =0°—2G AP N, (3.16)

Last equation shows that §,, is co-linear with °. The proof is as follows. If we substitute
the definition of N from (3.9) into the deviatoric part of (3.16), we find that

) . 3GAE, . 3G A\
Spp1 = 8% — c Snt1 or Spi1 = (1 - c ) s°, (3.17)
e Ue
i.e., 8,11 and 8¢ are indeed co-linear. Then
. 3 3 .
i1 = ——8,11 = ——s° = N° = known. (3.18)
2 Ueln—‘rl 2 O'S
We dot (3.16) with N, = N¢:
a’n+1 : Nn+1 =0° ZCNE —2G AP Nn-‘,—l : Nn—l—l
Oelnt1 Te 3/2
so that
Oclni1 = 0f — 3G AEP. (3.19)
Next, equations (3.11) are integrated with the forward Euler scheme:
A = A0, o = ald (229)
The yield condition is written in the form
Gelnst — Golns1 =0, Folnsr = o (5§@1) = 5o (229 + A& o) (3.20)
and, in view of (3.19), becomes an equation to be solved for A&?:
O (AP) =08 — 3G AP — Gglp1 (AEP) = 0. (3.21)

Newton’s method is used for the solution of (3.21). The Jacobian of the Newton loop is
N

0D > (95, 9r® 05y @
oo = 3G - ]; (8@0(@ o >n+1 =-3G-)_ <3€p(’“>n+1 all), (3.22)

Also i
85'0 _ 65'0 80'(() ) _ 650 h,(k)
oep(k) 80[()k) oep(k) aa(()k) ’
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so that (3.22) =

agp:—SG Z( ) +1hn+1an.

A first estimate for &y, , (A&?) in the Newton iterations is determined as follows:

_ _ [ Oy Oerk

Tl (A7) = 70 (8Z(+k1< ) ~ Gol,, + Z <85P?f) oz ) A

N ([ o

= Gol, + Z (a a5 P alk >) AZP = 5o| + H, A&, (3.23)
so that (3.21) becomes

o¢ — 0ol,,

D (AEP) ~ 0 —3G AP — 6¢|, — H, AZP =0 = AP = :
( 6) ge € 00|n € € 3G+Hn

Finally, 6,1 is computed from (3.16) and the integration is completed with the transfor-
mation

Ont1 = Rn+1 . &n+1 : Rz;_,'_l. (324)

3.2.2 Integration using the backward Euler method on all vari-
ables

We recall equation (3.19):

. _
Oclni1 = 08 — 3G AEP,

and use a backward Euler scheme for the numerical integration of (3.11):

AZO = Az? o (2209 4 Az | (3.25)

The yield condition now becomes
of — 3G Ae” — 5, (28 + Aer)) = 0. (3.26)

Equations (3.25) and (3.26) is now a sytem of non-linear equations that needs to be solved
for A2? and AE®.

We choose A&P as the primary unknown and treat (3.26) as the basic equation, in which
Az are defined by equations (3.25) in terms of A&?. In the process of solving (3.26) and
for a given value of AZ?, a local Newton loop is used for the solution of (3.25) for Az

Solution of equations (3.25) for given AzP()
We write (3.25) in the form

P, = Aerl) — Aer @) (e

n

M+ Aer®) = 0. (3.27)
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Newton’s method is used for the solution of (3.27). The Jacobian for Newton loop is given
by the equation:

op. Pl Ao G
L= —ne— | WY (3.28)
OAE ag(()ﬂ) -
Solution of yield condition (3.26) for given A&?
The yield condition is written in the form
® (AEF) = 0f — 3G A& — G|, (AZP) = 0. (3.29)
and is solved by using Newton’s method. The Jacobian for Newton loop is given by the
equation:
dP Y 93, A0
gam ~ 36~ Z (aAgm AP )nﬂ’ (3:30)
where 0
85'0 o 85-0 o 85'0 80'0'] o 05'0 h(-j)

OAerl) — §apl) 80(()j) oerli) 80(()]’) ’
so that (3.30) becomes

00 05, )agp@
FEal 3G - Z (300 ozp +1‘

929) are determined from (3.27) as follows:

0P

0AED ) by (00 A
oNer Unyy — AE Z::(aﬁép(j) 0Azr >n+1:0 -

The derivatives

OAEP®) (i) P " da® oA&PU)
_ A (4) —
- oy AZ E 1 (()j) h = 1 0 =

n (a0 oz
0 — A& (a (j)h(f)> ] S = Ot (3.31)
n+1

99

Jj=1

The last equations provide a system of linear equations that is solved for 6? ey

3.3 The linearization moduli

The so-called “linearization moduli” Cjj; are required, when the finite element method is
used for the solution to the problem. They are defined as follows

~ aa'n—‘rl

Ciji ~ Rim|n+1 Rjn|n+1 Rkp|n+1 qu|n+1 C’mnpqv where C= . (3.32)
aEn—l—l
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In general, C depends on both the constitutive model and the algorithm used for the nu-
merical integration of the constitutive equations. The equation that defines &, is

Gni1 = 0n+ L AE —2G AP N° (3.33)
so that
A6y = L dBEy 4y —2G (d?p N 4 Az dNe) , (3.34)
where
2G

dN¢ =

( K- Ne Ne) cdE, 4.
of \2

The yield condition
=0 (3.35)

Ue|n+1 - 60‘n+1

is used together with (3.34) for the determination of dé 1 in terms of dE, ., as follows.
Equation (3.35) yields

0= Db e o N D0 | _
aa’n—l—l " -1 agp(k‘) n+1
1Q‘n«l»l
Y. 95 |
£e:de —2G (dép N 4+ AZP dNe>] =3l de =
k=1 800 n+1
__ WNJE . e . . —p NTE . N\T€ = Nye . aNe |
=N:L:dE, ;1 —2G | de? N°: N°+AP N°: dN
2G Ne 3/2 0
N
90 ® 6\ =
> <8 G| o) | det =
\k:l %0 n+1
H:L'Jrl
= 2GN°:dE, 1 — (3G + H,.y) déP, (3.36)
so that 00
P = NE¢ : de,
© T3G+ Hy Entl
Then (3.34) implies
~ e 2G e e
dO'n+1 =L°: dEn+1 -2G ZSC,Y—H—HH <N : dEn+1> N+
2
+AEP — ¢ < KK — N¢ Ne> :dEnH] =
0-6
RIS G
=L —4(C T N°N° + A&‘p—e IC N°¢N° cdE, . =
3+ 75 Oe
1 G
= {Ee —4G <—Hn+l — A&P E) 1\Ie Ne 6GA<€_'p—e]C} . dEn+1, (337)
3 + G Ue 0-6
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so that

A 1 . A
C - Le - 4G (—H - A§p£> Nn+1 Nn+1 - 6 GA&TPEK (338)
3+ 5+ O¢ oc

Finally, (3.32) yields

1
CrreaQ <— - Aa"’%) Nyo1 Ny — 6GA§7’€6K. (3.39)

H,
3+ ot :

3.4 The role of UMAT (User MATerial subroutine)

The constitutive model for elastoplastic materials is implemented into the ABAQUS general
purpose finite element code. This code provides a general interface so that a particular
constitutive model can be introduced via a “user subroutine” named UMAT (User MATerial).

The subroutine UMAT passes in all the information at the start of the increment, i.e., F,,

(T), as well as F,,; and the user has to calculate the values of the corresponding

quantities at the end of the increment, i.e., o,1, and éﬁ(l)l. The “linearization moduli” are

also calculated in UMAT.

=p
an7 571

3.5 Integral formulation of the problem-The ”weak”
solution

In this section we present a brief description of the finite element formulation of the problem.
We consider the spatial configuration of a general deformable body of initial volume V} at
time t = 0. At time ¢ the body is deformed to a volume V' surrounded by a surface as shown
in Figure 3.1. The body is loaded by body forces b per unit mass and traction forces T per
unit area on the part S, of S , and imposed displacements 1 on the remainder of S, of S.

The equations of equilibrium are

80ij

oz, TP (3.40)

where o;; is the Cauchy stress tensor, and p is the mass density. The problem is completed
by the kinematical relationships

. 1 an 81}]‘
Pi=3 (axj " ax,») (8.41)

where v is the velocity field.
We consider that the displacement vector u is known on part of the boundary S,:

u = u = known on S, (3.42)
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Figure 3.1: Body deformation

On the remaining boundary S, the applied tractions are known:
n-o =T = known on S,

The problem can be formulated in an integral form as follows:
Find a displacement field u € H? such that u = @ on S, and

(3.43)

/[anj (u) —|—p61] u:‘dV—l—/[njaw (U) —Tl]vl*dS:O vu* c HO,’U* c H07u* =0 on Su

an
Then
/ laffij (u) +sz} u:dvz/mu;‘dV-k/pbiu:dV:
c%cj 6xj
v v v
B 9[04 (u) uj] Ouj / AV =
- { 5 oij (u) o, dvV+ [ pbiu; dV =
1%

oij (0) ui n; dS — /O'»L‘j (w) Dj;dV + /pbi ul dV =
14 v

(3.44)

:/Uij(u) n; U;k dS‘I—/O'U(LI) nju;‘dS—/aij(u) D;‘JdV+/pru:dV:

Su 0 So 1% \%4

_/Uij (LI) njude—/aij (u) D;k]‘i‘/prU:(dV
1% \%

o

We substitute in (3.44) to find
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/O'ij(U) njude—/aij(u) D;‘]dV+/pbzu:dV+/njaw(u) U;de—/T‘Z’U:(dSZO
Se % 14 So Se
Vut,v* € H. (3.46)

In order to simplify the above expression, we choose u* = —v*. Then the problem becomes
as follows:
Find a displacement field u (x) such that u = a on S, and

G(u(x))z/a(u(x)):D*dV—/pb-v*dV—/T-v*dS:O (3.47)
1% Vv S

for all continuous and differentiable fields v* (x) that satisfy the condition v* =0 on S, . In
the above equation

1 [(Ovr Ovf
Dl = — ! L), 4

The vanishing of the non-linear functional G (u) for all “virtual” velocity fields v* (x) defines
the “weak” solution u (x) of the problem.

The integral statement (3.47) provides the basis for the finite element formulation as de-
scribed in the following section.

3.6 Finite element formulation

In a finite element setting, the problem is solved incrementally and the primary unknown is
the displacement increment Au (x) that defines the position of the body at the end of the
increment:

U, (X) =u, (x) + Au (x), Xpi1 (X) =X, (X) + Au(x) = X +uppg (). (3.49)

Next, we introduce the finite element interpolation, which, at the element level, can be
written as

{Au(x)} = [N (x)] {Au'} (3.50)

where [NV (x)] is the interpolation matrix, and {Auév } the vector of nodal unknowns of the
element. In the above equation and for the rest of this chapter, the following notation is used:

{ } denotes a column, | | denotes a row, [ ] denotes a matrix.

We can also write

{D(x)} =[B(x)]{v)} (3.51)
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Figure 3.2: Discretization

Similarly

{v" ()} = IN )] {v"7} (3.52)
and

{D*(x)} = [Bx)]{ve} (3.53)
Substituting equations (3.52) and (3.53) in (3.47) we find

G= XA [ Bl aV = [ oIV B V= [ VI AT S | =0

Vst Vet S& i1

where A is the “assembly operator” Since last equation must hold for arbitrary values of

\_U*NJ, ive have that

A [ B V= [N B V= [ NI AT S | =0

e

Vit1 Vit S&nt1
or
A [ B o) dV = (F) (3.54)
Vit
where
Fron=a| [ a0 e [ WIATLL 08| 65)
Vrf+1 Sg’n+1
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is the global vector of applied loads. The quantity {c},,, in (3.54) is a non-linear function
of the unknown nodal displacement increments {AuN } Equation (3.54) provides the set of
non-linear equations that determine {Au”'}. In fact, (3.54) can be written as

{R(AuM)},,, =A / BuL,, {o (Au¥)} dv — {F},., = {0}, (3.56)

e
Vn+1

where {R (AuN ) }n .1 is the global residual force vector, i.e., the difference between the forces
required to maintain {c}, ., in the body and the applied forces {F'}, ;.

The non-linear system (3.56) is solved for {Au”} by using Newton’s method. The corre-
sponding Jacobian matrix, which plays the role of the “stiffness matrix” now, is determined

by using (3.6) as follows. We write (3.6) in the form

G=[v"|{R},,, =0 (3.57)
and calculate
O{R (AuN
dG = [v*"] { 8({AuN)}}n+ld{AUN} = o] [J]d{AuN} =0, (3.58)

where [J] now is the required Jacobian.
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Chapter 4

Unit cell calculations

4.1 Introduction

In this chapter we consider a two-phase steel made of an austenitic matrix that contains
dispersed martensite and the homogenization technique is used to determine the overall
behavior of the two-phase steel. The corresponding “unit cell” for the two-phase steel is also
defined. Then, unit cell calculations for the corresponding problem of uniaxial tension are
carried out and the results are compared with those of the homogenization theory.

4.2 Modeling the microstructure of the two-phase steel

The two-phase composite we examine consists of particles of martensite isotropically and
homogeneously dispersed in the matrix phase of austenite. The microstructure of the com-
posite material can be described approximately by a three-dimensional periodic array of
identical prismatic cells. Every cell models the two phases of the composite and consists of
a martensitic spherical inclusion embedded in the center of a hexagonal prism simulating
the austenitic matrix. Figure 4.1 shows a schematic representation of the three-dimensional
periodic array of prismatic cells. The periodic array of prismatic cells shown in Figure 4.1
is extended in all three directions. In order to minimize the calculations, we replace the
prismatic cells with the corresponding cylindrical cells as shown in Figures 4.2 and 4.3.

Figure 4.1: Three-dimensional periodic array of prismatic cells
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Figure 4.2: Prismatic cell approximated by cylindrical cell

4.3 The unit cell problem uniaxial tension

In this section we use the ABAQUS general purpose finite element program in order to
solve the corresponding cylindrical unit cell problem with the appropriate periodic boundary
conditions for the problem of uniaxial tension.

The spherical inclusion embedded in the center of the cylinder shown in Figure 4.3 models
the martensitic particles and its radius R is related with the volume fraction of martensite
f according to the equation:

Vmart ‘/sphere % ™ R3 3 ) 1/3
- - - =  R={JfR 4.1
f ‘/total ‘/;‘,ota,l m Rz h 4 f c ( )

where R, is the radius of the cylindrical cell and h its height. The height h is assumed equal
to 2R,, so that the last equation implies that

fi::(gf)ug. (4.2)

2R.=2
<>

Figure 4.3: Dimensions of the cylindrical cell
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The axisymmetric problem is symmetric about the midplane at z = 0; therefore we need to
model one-quarter of the cross-section on the z — r plane as shown in Figure 4.4, where the

dark area represents the martensitic phase.
A typical finite element mesh used in the calculations is shown in Figure 4.5.

A
1
r
Y >
R
<«
< 1 >

Figure 4.4: FEM modeling of Unit Cell

Figure 4.5: Finite element mesh that corresponds to the case with f = 0.20, i.e., 20% of

martensite volume. The blue elements correspond to the martensitic particles and the red

elements are the austenitic matrix.
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Figure 4.6 shows schematically the aforementioned successive geometric approximations in-
volved in the modeling, i.e., the steps that lead form the actual three-dimensional prismatic
unit cells to the axisymmetric finite element modeling of the unit cell.

Figure 4.6: Schematic depiction of the idea of unit cell modeling.

Five different volume fractions are analyzed, namely f = 0.10,0.20,0.30,0.40,0.50. The
corresponding values of the ratio R/R, are shown in Table 4.1.

Table 4.1:

f and R/R, for the FEM models examined
MODEL (%) R/R.

I 10 0.531

II 20 0.660

I1I 30 0.766

IV 40 0.840

\Y 50 0.908

4.4 Boundary conditions

The finite element used in the calculations are four-node axisymmetric, isoparametric “B-
bar” elements (CAX4H in ABAQUS). A “finite strain” analysis is carried out. In order to
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model a uniaxial tension test, we impose a uniform displacement on the top side of the mesh
until a final elongation of 20% is reached.

Boundary conditions along the other three sides of the model provide the necessary symmetry
and periodicity conditions for modeling the infinite series of stacked cells in uniaxial tension.
All nodes along the midplane are constrained to move only in the radial direction, and all
nodes along the pole (z-axis) are constrained to have zero radial displacement. Also, all
nodes on the outer edge of the cell are constrained to have equal radial displacements. A
schematic representation of the boundary conditions is shown in Figure 4.7.

Figure 4.7: Schematic description of the problem with the boundary conditions.

4.5 Hardening of the phases

The two phases involved (austenite and martensite) are modeled as elastic-plastic materials
that obey the classical von Mises yield criterion with the associated flow rule. The harden-
ing behavior of martensite was obtained from experimental data of the partly martensitic
steel DOCOL 1400 (volume fraction of martensite 95%) presented in Technical steel research
(2002) and of austenite from experimental data of Naturani et al. (1982). The hardening
behavior of the two phases is described by the following equations
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austenite: 0@ (22() = 300 4 500(e7®)"* (MPa) (4.3)
martensite: (™ (270M) = 1200 4 1025(e*™)"* (MPa), (4.4)

where the superscripts («) and (m) denote austenite and martensite respectively.

4.6 Comparison of the predictions of the homogeniza-
tion theory with the unit cell calculations

The unit cell problem is solved with ABAQUS for the five cases shown in Table 4.1. The

deformed finite element meshes at the final elongation of 20% are shown in Figure 4.13.

The homogenization method described in Chapter 2 is also used for the analysis of the

problem of uniaxial tension of the homogenized two-phase composite. We consider both the
N

Hashin-Shtrikman (,uo = u(l)) and the Reuss model (i => %) for the calculation of

r=1
the reference modulus p.

A value of E = 200 GPa and v = 0.3 for Young’s modulus and Poisson ratio respectively
are used in the calculations for both the austenite and the martensite.

The results of the three methods are compared in Figures 4.8-4.12. It is found that the
predictions of the three methods agree reasonably well in the first two cases with f = 10%
and f =20%. But, as the volume fraction of the martensite increases beyond 30%, we
observe that the predictions differ with the Reuss model being closer to the unit cell.
Figures 4.14-4.18 show contours of the equivalent plastic strain £” in the unit cells for various
volume fractions of martensite.

e Model I (f=10%)

Figure 4.8: Comparison of stress-strain curves for f =10%.
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e Model II (f=20%)

Figure 4.9: Comparison of stress-strain curves for f =20%.

e Model III (f=30%)

Figure 4.10: Comparison of stress-strain curves for f =30%.
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e Model IV (f=40%)

Figure 4.11: Comparison of stress-strain curves for f =40%.

e Model V (f=50%)

Figure 4.12: Comparison of stress-strain curves for f =50%.
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()

Figure 4.13: Deformed finite element meshes at the final elongation for (a) f =10%, (b)
f =20%, (c) f =30%, (d) f =40% and (e) f =50%. The blue elements correspond to the
martensitic particles and the red elements are the austenitic matrix.
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Figure 4.14: Contours of equivalent plastic strain for f =10%.

Figure 4.15: Contours of equivalent plastic strain for f =20%.
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Figure 4.16: Contours of equivalent plastic strain for f =30%.

Figure 4.17: Contours of equivalent plastic strain for f =40%.
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Figure 4.18: Contours of equivalent plastic strain for f =50%.
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Chapter 5

3-D finite-element simulations

5.1 Introduction

In order to compare the above theoretical results of homogenization theory and unit cell
calculations with a separate solution, in this chapter we work out full 3D finite-element(FE)
simulations of the large-deformation response of a two-phase elastoplastic material. To
simulate the randomness and isotropy of the microstructure, we consider infinite periodic
media made up of the repetition of cubic unit cells with sides of length L = 1 and unit
volume (L = 1) containing a random distribution of a large number of spherical particles.
In this thesis we examine only distributions with particles of the same size (monodisperse).

5.2 Monodisperse microstructures

The monodisperse microstructure is a periodic cubic unit cell of volume L? = 1 containing
a random dispersion of 30 non-overlapping identical spheres. Evidently, the accuracy of the
solution and the computer time to solve the problem increases with the number of particles
in the unit cell, and this figure was dictated by a compromise between the two factors. The
final particle arrangement has to be statistically isotropic (all directions in the unit cell are
equivalent) and, in addition, it should be suitable for finite element discretization. Both con-
ditions can be fulfilled using the Random Sequential Adsortion (RSA) algorithm to generate
the coordinates of the particle centers (Rintoul and Torquato, 1997).

According to this method, the particle center positions are generated randomly and sequen-
tially. The sequential addition of particles is constrained so that the distance between the
particles with other particles and with the boundaries of the cubic unit cell take a minimum
value that guaranties adequate spatial discretization(see, e.g., Segurado and Llorca, 2002;
Fritzen et al., 2012), namely:

e The center-to-center distance between a new particle ¢ in the sequential algorithm and
any previously accepted particle j = 1,2,....,4 — 1 has to exceed the minimum value
s1 = 2R, (1 + dy), where the offset distance d; is fixed here at d; = 0.02. This
condition can be compactly written in the form

|X" — X7 —h|| > s1. (5.1)
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where X' (X7) denotes the location of the center of particle ¢ (j) and h is a vector
with entries 0, L or —L for each of its three Cartesian components with respect to the
principal axes of the cubic unit cell.

e The particles should be sufficiently distant from the boundaries of the unit cell as
enforced by the inequalities

|Xi = Ru|| > 52 and || X{+R,—L||>s2  (k=1,2,3), (5.2)

where sy = dy R,, with dy being fixed here at dy = 0.05.

In the above expressions

3¢ 1/3
T o9

stands for the radius of the particles, where N is the number of particles in the unitcell.
Figure 5.1 shows typical distributions of particles for f = 0.1 and 0.2.

The RSA algorithm, in combination with Equations (5.1) and (5.2), was used to generate
the particle center coordinates up to a sphere volume fraction f = 0.2. Above this volume
fraction, it was not possible to accommodate 30 particles in the unit cell fulfilling all the
conditions imposed by Equations (5.1) and (5.2). Unit cells with f above the “jamming
limit” (the final state of the process whereby no particles can be added) can be generated
using particles with different sizes (polydisperse).

(a) (b)

Figure 5.1: Representative unit cells of unit volume L? = 1 containing N = 30 randomly
distributed spherical particles of monodisperse sizes with two different concentrations: (a)
f=0.1and (b) f=0.2.
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5.3 Meshing and computation of the overall nonlinear
response

Finite element discretizations of a cubic unit cell were created from the particle center distri-
butions using the mesh generator code NETGEN (Schoberl, 1997), which has the capability
to create periodic meshes as required here. Ten-node tetrahedral hybrid elements are uti-
lized in order to handle exactly (in a numerical sense) the incompressible behavior of the
elastoplastic matrix and of the rigid particles. The “hybrid” elements C3D10H in ABAQUS
were used in the calculations (see ABAQUS, Documentation, Version 6.11, 2011). Figure 5.2
shows three finite element meshes of increasing refinement for a distribution of monodisperse
particles with concentration f = 0.2.

(a) (b) (c)

Figure 5.2: Three representative meshes in the undeformed configuration for a distribution
of monodisperse particles with concentration f = 0.2: (a) moderate mesh, (b) fine mesh,

and (c) very fine mesh

Periodic boundary conditions were applied to the unit cell faces. The boundary conditions
on the cube faces can be expressed as

ug (L, Xo, X3) — ug, (0, Xo, X3) = (Fr1 — 0r1) L,
u (X1, L, X3) — up (X1,0, X3) = (Fyo — 6k2) L, (5.4)
wg (X1, Xo, L) — ug (X1, X2,0) = (Fig — 6is) L,

where the components u, and X (k = 1,2, 3) refer to a Cartesian frame of reference with
origin placed at a corner of the cubic unit cell whose axes are aligned with the principal
axes of the cubic unit cell, dy; denotes the Kronecker delta, and F is the prescribed average
deformation gradient. As a practical remark, we note that the periodic boundary conditions
(5.4) can be expediently implemented in ABAQUS by using the “*EQUATION” option to
couple the nodes of opposite sides of the cubic unit cells.

In the comparisons with the predictions of the homogenization theory and unit cell cal-
culations that follow, all finite element results are computed by following an incremental
loading path, at each step of which the incremental equilibrium equations are solved directly
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in ABAQUS. We utilize the default dual convergence criterion in this code (see ABAQUS,
Documentation, Version 6.11, 2011), namely, the permissible ratio of the largest solution
correction to the largest corresponding incremental solution is set at |Aul| / [upax] = 1072
and the permissible ratio of the largest residual to the corresponding average force norm is
set at Ry, = 5 x 1073. Whenever one of these criteria is not satisfied the computations are
stopped. This typically happens whenever the elements in between two particles become
exceedingly distorted because of the locally large deformations involved.

5.4 Comparison of the predictions of the homogeniza-
tion theory and the unit cell calculations with 3-D
finite-element simulations

The predictions of the homogenization theory and the unit cell problem have been calcu-
lated as described in section 4.6. Regarding the 3-D finite-element simulations, for volume
fractions f = 0.1 and f = 0.2 we used monodisperse microstructures, while for f = 0.3,
f =04 and f = 0.5 we used polydisperse microstructures, since monodisperse microstruc-
tures couldn’t be generated.

The results of the four methods are compared in Figures 5.3-5.12. It is found that the
predictions of the four methods agree reasonably well in the first two cases with f = 0.1
and f = 0.2. But, as the volume fraction of the martensite increases we observe that the
predictions differ, with the Reuss model agreeing with the 3-D finite-element simulations.
At this point the differences between the predictions of the unit cell calculations and the 3-D
finite-element simulations should be emphasized, noting that the most accurate are those of
the 3-D finite-element simulations. The deformed finite element meshes at the final elonga-
tion of 20% are shown in Figure 5.13.
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e Model I (f=10%)

Figure 5.3: Comparison of stress-strain curves for f =10%.

Figure 5.4: Comparison of stress-strain curves for f =10%.
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e Model II (f=20%)

Figure 5.5: Comparison of stress-strain curves for f =20%.

Figure 5.6: Comparison of stress-strain curves for f =20%.
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e Model III (f=30%)

Figure 5.7: Comparison of stress-strain curves for f =30%.

Figure 5.8: Comparison of stress-strain curves for f =30%.
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e Model IV (f=40%)

Figure 5.9: Comparison of stress-strain curves for f =40%.

Figure 5.10: Comparison of stress-strain curves for f =40%.
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e Model V (f=50%)

Figure 5.11: Comparison of stress-strain curves for f =50%.

Figure 5.12: Comparison of stress-strain curves for f =50%.

Institutional Repository - Library & Information Centre - University of Thessaly
17/10/2023 12:09:08 EEST - 167.114.118.212



3-D finite-element simulations 52

(e)

Figure 5.13: Deformed finite element meshes at the final elongation for (a) f =10%, (b)
f =20%, (c) f =30%, (d) f =40%, and (e) f =50%. The blue elements correspond to the

martensitic particles and the red elements are the austenitic matrix.
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Appendix A

The usual stationarity conditions of (2.31) (valid for y™ >0, i.e., y™ # 0) are

d (o do2 1 o2 OF doZ o2 OF \ 1
gl ) =0 D E 2 oy0) D) R 90) ==0 (A1)
OF o%  0o% oF _, 0o% ,
WF—W: or WUO—WZO 122,3,...,]\[. (A2)
a3
We have that
T or (1 90T 1 0T, .
F—TTQ7 W— (ﬁW_EW F, /1/—1727...’N, (A.g)
N 2 N2 o 2 X
2 _N" 0 (o) 0 9% ( m) 0 Too _ g o) 50 ()
ot —Z;c (00 ) y', 5 — (90 ) v, 80(@ =2c0yy", (AA4)
do? ~ )\ 2
o _ (i) (z)) _
0 c <00 , 1=1,2,...,N. (A.5)

The stationarity conditions (A.2) can be written in the form
aTl ]_ T1 aTQ 0_2 () < (’L)>2
B 0 A =0 = A.6
(pryw T, T2og0) Ty © \% (4.6)

; 1 01 1 01 ) N\ 2
@) (&) = [ 2L~ 72 2 _ ) (Z)> — _- (r)
A (3/ ) = (71 ) ) y(i)) O — C (0’0 0, i=2,3,....,N, 3" #0. (A.7)

The solution of the constrained optimization problem is found by using some standard pack-
age and equations (A.7) are valid provided that 4" # 0 (in fact > 0). Let the optimal values

be (y@,y®, . y™) = (5@, §® .. §M) > 0, where §") = j" <c<s>7gés>> ,

Variation of 6, w.r.t. ¢ and o}”
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05 002 Lo gD\ 1 o2 [ OF L OF 9y
250—(.): O.o—i—g = y. - - = —.—|—E — y. =
Ocl) Oc® 83/(]) oc® | F F2 Ocl) 83/(3) Oc®
j=2 \27/ j=2

55 F

1 &)
= F o %50 T o9 anu e ~ (4.8)
j:2 N
L 0, see(A‘Z)
009 1 doz, oF
~ = =1,2,3,...,N A9
30 = 3e (ot ~Thgaw) > 1=l a9)
where we took into account the optimality condition (A.2), namely gg—(% — a2 8‘9 L =0.
Note
1) Ifay@ =0, so that (A.2) and (A.7) are not valid, the quantity 2 a
because g;g’) = 6‘;{;) =0, i.e., equations (A.9) are valid even for those i that correspond to
y®» =0 .
2) All volume fractions ¢ are treated as independent variables. The constraint 5 ¢ = 1
i=1
is taken care by the evolution equations of the volume fractions.
The quantities do2 /0c® are defined by (A.5). Similarly
0G 1 9o
o0 o ~1,2,....N, (A.10)

oo 200 F ool

where the quantities do2, /0o are defined by (A.5).
Variation of §¥ with respect to ¢¥ and U(()i)

aa( ) da®) ay( )

The derivatives gg—x)) are needed for the calculation of in equation (B.6)
%0

~

below. The stationarity conditions that define ¢ = y(r) <c(s), O'((]S)> are given by equations

(A.7):
A 1 o1y 1 IT,
A0 = ) oMY _ 2 (6 M| g2 (M (r) <r>>_
T, (5, M) oy  (57e) T, (§0), D) oy (§7,¢7) | 0% (3", ¢, 00
. A 2 .
0 (ng>) —0, i=23,... N, §9?#£0. (A11)
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In that case

1 (on 8T18y” or, 1 02Ty N oo agv)
_T_12 (60” Z 7) 9cr) | oy T Tl Oy Oc(r) T Z 0y 97 Oclr) +
. L 8T2 Z (9T2 099\ o1, 1 am i Ty 9y
D ocr) | oy Ty 39D ) @y dcr)
1 6T1 1 aTQ 80’ ay(J (1) 2 B
* <T1 dy @ Tg Oy ) (80 (r) Z 097 dclr) <00 ) 0sr = 0,

c(i)< é > /o2,

HA®
PECEE

2
0+

i=2,3,...,N, r=1,23,....N, g9 #0, (A.12)

or

= ay(z) 8y(]) T2 Tl ay 1) ay(J T2 ay(l) ay(J) T

, AN 2
902, (055)) 9
o0 oL dc

+

o1, oTy 1 FL 1 0 0T, 1 PT, 1Y ,
Oy o TE  9yD ac) Ty 99D 9 T2~ Jg® dc) Ty

o2, (Ué)) ()2
_ac(r) O.go + (UO ) 51'7"7

i=23,...,N, r=1,23,....N, §9#0. (A.13)

The above system of equations define =23,...,N,r=1,2,...,N and 9 # 0.

8
Similarly
HA) aT oy o1y 1 (SN 921y, apv)
Gl Z 5 y 5+t | 2 50500 y(r) T
doy 9y Ty \“= 99V99" 9oy
1 T, 9t aT 1 2 SN 1C)
b (L ) o (S g ) | o
1; 3?/ () 80 sz YNy doy

Ty 0y Ty 0y

) ( gw) o2,

T 2 9l N
+<1 aTl L 82)< + aa. 8y )_20(1)0'(())5”:07

i=23,...,N, r=1,23,....N, §9#0. (A.14)
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or

ﬁé OT, 0T 1 2T, 1 0Ty 9T 1 T, 1Y 5
, B30 03 T2 a5 agi) T, ' 950 agu) T2 09 9@ T, ) 7

Jj=2

. Z 2
b ()]

oy 0%, 80(@

, N\ 2
aggo C(z) <0(()Z)>

gol) o2 ’

=20 O'éi) Oir —

i=23,...,N, r=1,23,....N, % +£0. (A.15)

The above system of equations defines gyii)) for j=2,3,...,N r=1,2,...,N and §“ne0.
90

If one of the optimal values §* vanishes, the objective function has an unconstrained min-
imum for negative y. In such a case, in view of the continuity of the functions involved,
variation of ¢{” and a((f) changes the value of the unconstrained minimum, which still occurs
at some different but still negative 4. Therefore the §® for the constrained minimization

g agl)
“» =0 and PG 0.

still vanishes, i.e., if § = 0, then 5
0

Institutional Repository - Library & Information Centre - University of Thessaly
17/10/2023 12:09:08 EEST - 167.114.118.212



Appendix B

59

We have that

(@) — 4@ @) (o) ()} =
D o' D ol () y)) = (e, 5)’ (B.1)
70 (0 y" 0 ) - N o 7 () B2
Also
20— o (), ) 2, (B.3)
where
N PR .2
g = §D(z) ;D@  (nosumoni) and @ £= §D :D

(B.4)
PO () y" (5) 4 -~y ) RO ()
(y 790) Sy(l) +2y0 ( Y 790) ; 3y(s) +2y0 Zlc (y 7y0)
(B.5)
Evaluation of 8"—27))
o
We have that
oa® Z 9o gy da® [804(")] oy®) (B.6)
: = —| = | :
80,(()]) oy 5 J aa(()J) Oy k) aa(()J)
NxN NxN - " NxN
Therefore, we need gaU) which is determined as follows.
a9 OF®  9F® 9ys \ 1 FO /911 oIl Oyq
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ol _LTOFY oF ow o (O MomN] iy v gy
oy T | 9yD | dy, Oy Oy " Gy Oy ’ Pt A
aF@® @ g d
We need 85(1')’ ;;0 , Gyg)’ %.
Evaluation of 33—8
2o 1 9F® 9y, : oIl OII Oy
- _ - _ (172 Z= 290
5~ T gy fe Arectl <ac<j> 9o acm) =
20 1 [OF® 9y, L (Ol Ol Oy
oo™ 1 H1oET Oy @ (9L Ol Oyo o
90 11 | oy 90 « <(‘90(j) + o 8c(j)>] , i,j=1,2,...,N. (B.8)
oF() 9 9l
We need 50 Due? B
We have that
Oy 3yD+2y0 3y 42y 7 3yD + 2y 3y + 2y
WD (3y) + 24)* Ao 3y + 2y)° '
Also v
o noF® ol 3l OF® o _ oo
Oy oD’ Oy = Oy O
The value of ,98;8) depends on the model used.
Du=y? > - ad -0,
N . .
i) yo = ;c(r) y) = aiy(g) — @ and i?{g) = y®,
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