





NepiAndn

H napoloa epyacia xwpiletal og dUo pépn. Npwta, epappudlel Toug akyopiBpoug nou
npoTEWVaY apxtka ot Simar kat Wilson (2007) kat kataokevalel pia mAfpn cUVAPTACELS Yl
KdBe évav and avtolg otn yAwooa npoypappatiopol R. To poviédo rmou Xpnotponoony
autoi ot aAyopiBuot eivat éva povtédo DEA o otabiwv SumAnig Bootstrap. Apxika
anoteAeite and §0o otadia. To npwto ivatl auto oto onoio npaypatonoleital n DEA kat to
Seltepo gival n avaluon nalwvdpopnong. To npwto otddlo eival apketd amdd adou n povn
ekTipnon MOV KAVEL Elval yla Tnv anoteAECULATIKOTNTA EVWw TO SEGTEPO ANOTEAELTE EiTE amnod
pia gite and Svo otdbla bootstrap. Itnv nepintwaon tou Algorithm #2 mov xpnowponotet
Surn bootstrap, otov npwro Bpodyo urnoAoyilel tn pepoAndia Kat TNG AMOTEAEGHATIKOTNTAG
ka urtoAoyilel Eavad Tig SlopBwpéveg yia pepoAnia anoteAecpatikotnteg. Meta cuve)ilel
He tn Se0tepn bootstrap drou kanoteg guvdlakupavoeLg taAlvdpopolvtal mavw oTLg
EKTLUNHEVES SlopBwpEVES yLa pepoAnia anOTEAETHATIKOTNTES yid va £EETACOUHE TNV
enidpaon toug navw o’ autég. To deltepo pEPOG ival n olKovouLKn edappoyr nou
Baoiletal o’ autd ta povtéda. H enidpacn nou éxouv ta é§oda Sladripong kat
ETULKOLVWVIOC OTNV QMOTEAECHOTIKOTNTA Twv Tpanelwv otig H.M.A. efetaletal kat
anokaAUnTeL kanola evéladépovia anoteAéopata. Ta TeAka anoteAéopara untodelkviouy
ot pa tpanela Ba npénel va ouveyilel va {odelel xpripata otn Sladrpon kat Tig
ETUKOWVWVIES HEXPL va TAGEL 0TO0 ENINESO NMOU N avanoteAsopatikoTntd tng Ba apxios va
XPNOLLOTOLEITE Yla v EAQTTWVETAL

Abstract

The present thesis has two parts. Firstly, it implements the algorithms originally suggested
by Simar and Wilson (2007) and constructs a full functions for each one of them in the
programming language R. The model that these algorithms use is a two-stage double
bootstrap DEA. It consists primarily of two stages. The first one is where the DEA procedure
takes place and the second one is the regression analysis. The first stage is quite simple as
the only estimation is for the efficiency scores, while the second one consists of either one
or two bootstrap stages. In the case of Algorithm #2 that makes use of a double-bootstrap,in
the first loop it estimates the bias of the efficiency scores and computes again the bias-
corrected efficiencies. Then it continues with the second bootstrap where some covariates
are regressed on the estimated bias-corrected efficiencies in order to examine the effect
they have on them. The second part is the economic application based on these models. The
effect that the advertising and communications expense have upon the efficiency of the
banks operating in U.S. is tested, yielding some interesting results. The final results indicate
that a bank should keep spending money for advertising and communications until they
reach the turning point where the bank’s inefficiency will start to decline.
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1. Introduction
1.1. Summary of Proposal

The present thesis has two primary goals. The first goal is to construct the two algorithms
described by Simar and Wilson (2007) and the second one is the economic application using
these algorithms.

The first algorithm uses a two-stage semi-parametric bootstrap model that firstly computes
the efficiency scores using Data Envelopment Analysis (DEA) making use of some input and

output variables and the secand stage uses truncated regression to estimate the impact of

some external variables upon these efficiencies.

The second algorithm uses a two-stage semi-parametric double bootstrap model that is
exactly like the first algorithm; however, after the calculation of the efficiency scores, a
bootstrap loop is used to re-estimate the efficiencies but this time removing the bias. The
second stage, as in the first algorithm, regress some external variables upon the bias
corrected efficiencies.

After the construction of the two algorithms, a data sample with various variables for Banks
operating in U.S. is used for the economic application. The main subject here is to determine
how the Advertising and Communications expense of the banks affect their efficiency.

1.2. Research Questions/ Goals

There are two main reasons why this specific research topic was chosen. The algorithms
described by Simar and Wilson (2007) are quite popular around the literature and they have
been used in many applications on the field of production economics (Halkos and Tzeremes,
2013), (Alexander et. al., 2010), (Keramidou and Mimis, 2011), (Latruffe et al., 2008),
(Wijesiri et al., 2015), (Lee and Worthington, 2014). There are many programming languages
and a great variety of packages that one can use to build these algorithms step by step but
this can take time, depending on the complexity of the procedure. However, there is not yet
an integrated package or a single function to do this, in spite of the great interest around the
topic.

So, the first goal is the construction of a full integrated function for each algorithm provided
by Simar and Wilson (2007), so everyone can make use of it and take advantage of the direct
use instead of trying to build each step on his/her own. The algorithms are written in the
programming language R, as it is an open source language and can be used from everyone
without restrictions.

About the second part, the economic application, many studies have been done by
researcher about the banks’ performance (Jackson and Fethi, 2000), (Aly et al., 1990),
(Hughes and Mester, 2008), (Weill, 2004). However, no one has study the impact of
advertising and communications expense of the banks on their technical efficiency yet.



Thus, these two research questions are about to be answered here. How the advertising as
well as the communication expenses of the American banks affects their technical efficiency.

2. Literature Review
2.1. Literature on Methods
2.1.1. DEA

The method we usually use to measure the performance and estimate the efficiency of
different entities is called Data Envelopment Analysis (DEA). This is a mathematical
programming technique that has been explicitly used for about 30 years now. Gattoufi et al.
(2004) provide a very comprehensive list with the literature of DEA since these yeas.

In a production process, a firm tries to transform its inputs into outputs. Due to the
increasingly competitive environment that the companies and the organizations in general
operate, everyone has to be competitive enough to cope with their competitors. From
economic perspective, there are two ways for an organization to be more efficient and thus
more competitive. The first one is trying to minimize their cost (inputs) given a certain
expected level of output. These cost minimization strategies are mostly followed by
organizations in sectors that uncertainty plays a crucial role. A representative example is the
agricultural sector where exogenous, like environmental factors, can definitely affect the
production and at the same time these factors cannot be fully (or in some situations not at
all) controlled by the organizations but they surely affect they inputs and outputs. The other
strategy that can be followed is the one that the goal is to maximize the outcome (outputs)
or more generally the effectiveness of the organization, given a certain level of inputs.

Each organization has to take a critical decision about the level of inputs they will use to
reach a certain level of output or the way that they will handle their given inputs to reach
the maximum level of outputs. In both strategies, the final goal is to maximize the efficiency.
In a decision making problem like this, each organization is called a Decision Making Unit
(DMU).

It’s clear that the inputs are mostly under the control of the DMUs but there are some other
environmental variables that also affect the production process. The difference here is that
these variables usually affect the inputs and the outputs too, so the DMU has less control
over the production process.

The most common way to measure efficiency is constructing a cost function made from the
cost/effectiveness ratio resulted from the combination of many different input and output
variables. As in most of the times is not easy to have the same measure for cost at every
input variable or the same measure for effectiveness at every output variable, it is preferred
to define the efficiency scores as the output/input ratio. This is what Charnes, Cooper and
Rhodes used to measure the relative efficiency of a DMU. Two definitions of efficiency
provided by Charnes, Cooper and Rhodes are given below:

Extended Pareto-Koopmans Efficiency: A fully efficient DMU is a DMU that cannot improve
any of its inputs or outputs without worsening any of the other inputs or outputs.
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Relative Efficiency: A DMU is fully efficient if and only if, based on the available information;
there are no other DMUs that perform better showing that the focused one can improve its
inputs or outputs without worsening any of it inputs or outputs.

The first DEA model was presented by Charnes, Cooper and Rhodes (CCR) in the 1970s
following the work of Farrell {1957) who made the inception of DEA.

Except of the introduction of the DEA idea, Farrell also distinguished the different kinds of
efficiencies. He separated “technical efficiency” from other kinds of efficiencies like

"o

“allocative”, “scale” or “scope” efficiency.

There are many different models, many different definitions of what we mean by
“efficiency”, various assumptions and for each of those variants it takes lines of
mathematical and graphical explanations for the reader to understand this huge topic. As
the subject of this thesis is not the DEA models in particular and also for space saving
reasons, the different models are not explained further here. The reader who is interested in
more details can take a look at Cooper, Seiford and Zhu (2011).

The two basic DEA models are the so called CCR (Charnes et al. 1978) and BCC (Banker et al.
1984). For each of those models there are both input and output oriented versions. The
difference between CCR and BCC model is that the first one allows Returns To Scale (RTS) to
be only Constant Returns to Scale (CRS). The BCC model has one extra constraint that allows
it to evaluate for Variable Returns to Scale (VRS) including increasing, constant and
decreasing returns.

The boundary of the production possibility set P is called the technology or the production
frontier. The firms that lie on this boundary are the technical efficient firms while those that
operate in the interior of P, are the technical inefficient firms.

2.1.2. Two Stage DEA

The two-stage approach is widely popularin the literature of DEA as it has been used in
many published studies and working papers. In a typical two-stage DEA model the efficiency
scores are calculated in the first stage and then the estimated efficiencies are regressed on
some covariates. Different variations of the two-stage DEA model also exist as in some
studies, functions of the estimated efficiencies like ratios, Malmquist indices or other
transformations (e.g. logarithmic) are regressed upon the covariates instead of the efficiency
scores itself in the second stage.

Other variations suggest different regression methods like OLS, censored (Tobit) or
truncated models.

The application of a censored model seems logical because of the nature of the DEA
estimations of the efficiencies in the first stage. The argument behind this is that it tends to
have many efficiency scores equal to one by construction. For many researchers this is a fact
that makes these estimates to be censored whereas for some others this issue is not taken



into account and a simple OLS model is used. The problem that arises here is that if one
assumes that the estimated efficiencies indeed tend to have many values equal to one, the
results from the OLS are biased but in most of the studies, researchers take this property
into account and instead use a censored (usually tobit) model (Aly et al., 1990), (Jackson and
Fethi, 2000).

As Simar and Wilson (2007) report, another serious problem in the two-stage DEA models
that in most of the cases arises is that the efficiency estimates are serially correlated. The
reason why this happens comes from the fact that the existence of a DMU lying on the
estimated frontier, affects the efficiency score of the other DMUs. This problem of serial
correlation of estimated efficiencies from the DEA approach is logical as these estimates are
based on the estimated frontier that is not the true unobserved one, as the maximum
efficiency score is attached to the relatively most efficient DMU given a particular sample.
This can also cause serial correlation in the estimated residuals from the OLS method in the
second stage.

These are some of the most serious and usual problems in the context of the two-stage DEA
models but they can be treated in one way or another. Another very important issue is the
Data Generating Process (DGP) of the efficiencies estimated from the DEA. Because of the
non-parametric maximum likelihood nature of the estimated frontier, is necessary to
describe how the unobserved true frontier, and therefore the estimated one, is derived.
Without specifying this DGP, any results coming from a two-stage DEA is meaningless. For
this reason, Simar and Wilson (2007) described the first consistent DGP ever done for such
models in order to make inference about the results. This DGP is given also here (1).

2.1.3. Bootstrap

The bootstrap is a nonparametric simulation method relevant to the parametric Monde
Carlo. Therefore, one doesn’t have to know the distribution of the population as in the
parametric methods. The bootstrap is a very useful simulation tool based on the resampling
method that is widely used to construct confidence intervals and calculate standard errors
for the statistics of interest. '

Usually, one uses an estimation of a statistic 8 to estimate the population parameter 8 but
in most of the cases the sampling distributions is unknown. In cases like this we can use the
bootstrap distribution to approximate the actual sampling distribution.

The bootstrap procedure is very simple. We randomly draw n observations with
replacement from the observed data set, where n is the number of observations that the
initial observed data set includes. We keep doing many times (L times) this until we create L
data set simulations and then for each one of them we calculate a statistic named bootstrap
estimation ¢; so that the distribution of the bootstrapped estimations simulated the
sampling distribution. Next we can use these simulated estimates to define confidence
intervals or calculate statistics like the mean and the standard deviation. More details about
bootstrap and DEA are given in the next sections while the process of the analysis will go on.



2.2. Literature on Topic
2.2.1. Banks’ Performance and Technical Efficiency

The crucial role that the banks play in the economy, especially when a crisis or difficult
situations are faced, makes it a hot topic for research and further investigation. As banks are
the greatest financial intermediations they differ from different types of firms. So, is not only
about the impact that the banks’ choices have upon the whole word, but the internal
performance of the bank itself as an organization is very important. A potential bankruptcy
of a bank due to bad performance is a fact that would have horrible consequences on the
whole economy, as happened many times before in the history.

The usage of DEA to measure the efficiency of the banks is very common among the
literature. One of the advantages is that it doesn’t require the use of prices as other
methods and only makes use of various inputs and outputs. This is indeed very useful as it is
very hard to find prices for the inputs and outputs that a bank uses. There is a great debate
about whether the choices of a bank affect its risk or not. In other words, are the banks
operates under the manager’s decisions or the owner’s? The managers’ decisions and their
effect on the efficiency of the banks is something that is under focused investigation the
recent years.

Many researchers have investigate the banking efficiency, some of these studies are
(Jackson and Fethi, 2000}, (Weill, ), (Berger and Mester, 2003). To mention some of them,
Tahir et al. (2009), studied the Malaysian banks’ efficiency for the years 2000-2006 and
found that for the years 2005-2006 banks have easier access to better technologies and
different environmental and this fact makes them perform more efficient than the previous
years. Hughes and Mester (2008) provide some simple explanations about the efficiency in
banking, explaining the theory behind the bank’s performance, the models that are used to
measure their efficiency and some interesting results from empirical studies.

Although various kinds of efficiencies like allocative or scale efficiency are usually studied,
our focus here is strictly on the technical efficiency of a bank and especially on the effect
that some environmental variables that banks faces (advertising and communications
expense) have on them.

3. Methodology
3.1. Theoretical and Statistical Approach

In this section are demonstrated the statistical model and the necessary assumptions for the
models and the algorithms that follow.

Firstly, let's describe the variables that are used here. The input variables can be
represented as a p-dimensional matrix (n X p) that takes non-negative real values as

X = (X1,X2, ..., Xp) € RR where each x; (j = 1, ..., p) is a vector with n observations. The
output variables can be represented as a g-dimensional matrix (1 X q) that takes also non-
negative real values as y = (¥1,¥2, -, ¥p) € R? where each yj(U=1,..,q)is avector



with n observations. The environmental variables can be described as an r-dimensional
matrix (n X 1) that takes real values z = (24,23, ...,2,) € R" whereeachz; (j = 1,...,1) is
a vector with n observations and has no further restrictions as the two previous vectors had.
In addition, p, q and r denote the number of input, output and environmental variables
respectively.

3.1.1. Theoretical Approach

In order to continue, it is necessary to set some basic but essential assumptions of the
statistical model. The first assumption is about to define the semi-parametric DGP. The rest
of the assumptions are about to describe in details the DGP.

This process is the one that generates the data in ¢,.The equation below is the one that
describes the Data Generating Process (DGP) from which the observation set ¢,, =
{(x4 ¥1, 2 }=1 is defined.

oy z) = fOxami 8i.2y) = J (X m:101 2) [(8¢)z) f(z)) (1)
In order to make this sequence understandable, (1) is interpreted here from right to left:

Consider the firm i facing the environmental variables z;. These variables are drawn from

f(zp).

Given these environmental variables, the firm faces an efficiency level &:. Thus, the
efficiency of a firm is somehow based on some variables z;. In other words, these
environmental variables have an effect on the efficiency of the firm®. This efficiency &; is
drawn from f(&;]z;).

The input x; as well as a part of the output variables, the angle 1,2 that the firm faces is
based on the environmental variables z; and the efficiency level ;. Notice that while the
firm has the control of its inputs, they are also restricted by some environmental variable
and the efficiency level. On the other hand, the outputs are party under the control of the
firm (let's say only the 73; part) and under some constrains (§; andz;), as a part of y; (the
efficiency level §;) is anyway produced as the outcome of the environmental variables’
impact. The x; and n: are drawn from f(x;, 7;185, 2).

This procedure results in f(x;,7;, 8;. z;) which is equivalent to f(x;, y;, z;) after the
transformation of the polar coordinates (17;, §;) to Cartesian coordinates (y;).

The two-stage model presented here has to be statistically consistent in both the first and
the second stage and also be consistent with the economic theory.

We can categorize the rest 8 assumptions in 3 main categories. The assumptions A1-A3 are
used to ensure the properties of the environmental variables in the model (consistency of

! In our case this is the effect of advertising and communications expense on the efficiency of the
banks.
? For an explicit explanation about the nature of 7; and §;, see the Appendix.
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the second stage estimators). The assumptions A4-A6 cover the classical microeconomic
theory assumptions while the assumptions A7-A8 are used to assure the consistency of the
DEA estimators that appear in the first stage. These 8 assumptions are presented below in
more details:

Al. The input x, output y, and environmental z variables are identically, independently
distributed (iid) random variables with probability density function (pdf) f(x, y, Z).

P = {(x,y)]|x can produce y} is the production set where P C R’fq.

Moreover, we can say that f(x,y, z) has support over P X R".

The overall meaning of this assumption is that the production set P, and therefore it’s
boundary, is defined only by the inputs and outputs (P € K% *). though the last line
explains that the environmental variables have an impact on P too (P X R"), butin a
different way that is explained in the next assumption.

A2. The way that the efficiency level &; is created given the environmental variables z;,
meaning the generation of f(8;]z;) in (1) is given by the following mechanism.

§;=Y(z,B) +&>1 (2)

In this formation, i is a smooth, continuous function, B is the vector of parameters and &; is
the error term which is an identically, independently distributed (iid) random variable
independent of z;.

The assumption simply explains the way that z; interacts with &;, and given the function ¥ it
is practically implemented with the regression in the second-stage. It also makes clear that
the way that z; affects P has nothing to do with the Production Possibility Function (PPF)
that is represented by the frontier of P as Al indicates, but the only effect it has is upon the
efficiency score §; of each DMU.

Together, assumptions Al and A2 imply to a separability condition about the production set
P and the effect of z on 43 and so the dependence between y and z that arises by the DGP
in (1).

* Alternative formulations about the production possibility set can be made including an
extra constraint about z and take it into account in the first-stage of linear programming
(DEA). In this case, z influences the boundary surface in contrast with our assumption where
it affects only the mean and variance of the efficiencies. In addition, in the case that z
influences the boundary surface there is no reason to proceed in the second-stage. Model
like this are discussed by Coelli et al. (1998).
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A3. The error term &: in (2) is distributed N(_O, cr?,;) with each I element of &; to be selected
with left truncation at 1 — ¥ (z; B).

In this assumption two choices are made. The first one is about the distribution of &, and the
second one is about the form of (-). A full parametric method for truncated regression is
assumed here as both of the two elements mentioned before are specified but other forms
are possible too®.

Ad. x(y) = {x|(x,¥) € P} and y(x) = {y|(x,y) € P} are closed and convex for every
y € R?, and bounded for every x € Rﬂ respectively. Thus, P is also closed and convex as
the consideration for both x(y) and y(x) implies the knowledge of P and vice versa.

This assumptions simply explains that P is defined by the combinations of both x and vy,
(x,y) while at the same time the inputs of a firm are restricted by its outputs and vice versa.
This is the assumptions about P as described by Shephard (1970) and Fare (1988).

A5.(x,y) ¢ Pifx=0,y>0

This assumption means that there are no “free lunches”, so there cannot be any level of
production without the use of some inputs.

A6. If (x,y) € P, then (X,y) € Pand (x,¥) € P, wherex > xandy < y.

This is the “free disposability” assumption and means that the inputs and outputs are
strongly disposable. So that a firm may not fully utilizes its inputs. Equivalently in technical
terms it is an assumption of monotonicity of the technology.

A7. f(x,y|z) is strictly positive and continuous in the interior of P for all z, for all (x,y) € P
such that (B'Ix, y) ¢ Pand (x,0y) € Pfor8 > 1.

This assumption implies the consistency of the estimator of P. One could give a free
description of the meaning of this assumption, as any point (x, ¥) that is weighted as
described above and so lies outside the frontier, does not belong to P. This, as well as the
following assumption are based on Kneip et al. (1998) but adjusted to cover the
environmental variables z.

A8. §(x, y|P) is differentiable in both x and y for all (x, y).

* Leave the distribution of &; unspecified and employ the semi-parametric form of truncated
regression (Honore and Powell, 1994) or leave the function Y (+) unspecified too and employ the non-
parametric method for truncated regression (Lewbel and Linton, 2002).
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This is an assumption about the smoothness of the frontier and it indicates that the
estimator of &; is consistent if the probability to observe a firm in the neighborhood of any
point on the frontier is equal to 1 as the sample increases in size. So the boundary line to be
smooth, continuous and thus differentiable in any point®,

3.1.2. Statistical Approach

Using the observation set ¢,,, one can estimate the production set P with the following

estimator P:
P={(x,y)|y<Yqx>Xqx'q=1,q€R"} (3)

Where q denotes an (n X 1) vector of intensity variables, i is the unit vector (n X 1) and
the capital letters X and ¥ denote the observation sets of x and y equivalently. It has been
proved by Korostelev et al. (1995) that P is a consistent estimator of P under assumptions
Al-AS8.

We define the measure of output technical efficiency §; for a particular point (DMU)
(xp,y) € RT’Q as following (Farrell, 1957):

8; = 6(x;, yi|P) = sup{6|(x; 6y, € P, > 0} (4)

Where for every (x4, ¥;) € P, there is a function 8(x;, y;|P) > 1 that measures the
Euclidean distance from this point to the boundary of P. Referring to the output oriented
DEA, the direction of measurement (technical efficiency) is parallel to the output axes and
orthogonal to the input axes, while referring to the input oriented model the direction of
measurement is reversed.

Replacing the equation (3) in (al) one can construct the Farrell efficiency measure estimator

& in terms of linear programming as:
8; = 8(x, ¥i|P) = max{0 > 0|0y; <Y, x; > X, i'q=1.a € R}) (5)
which is the empirical expression of (4).

A problem that appears with the non-parametric methods is the low rate of convergence
that causes problems as is explained later. In this case, &; has a very low rate of convergence
as typically the non-parametric estimators have.

8 = 8; + 0, (n~2/PHa+D)) (6)

* This is a stronger assumption than is typically required as Kneip et al. (1998) require only
Lipschitz continuity for the distance function.
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This rate of convergence decreases as n increases (Op (0)asn — o) andslowsasp + q
increases (0, (1) as p + g — ©). The second one is known as the “curse of dimensionality”

that makes the convergence very slow when many input or output variables are used.

The previous explanation is the statistical context behind the estimation of the efficiency
estimators 8( using DEA in the step [1] in both Algorithm #1 and Algorithm #2.

One can estimates B in (2) with maximum likelihood specifying the function /(). A typical
form for this function is simply P (z;, B) = z;. This makes (2) to take the following specific
form:

8(=ziﬁ+5121 (7}

As the theoretical efficiency &; is unknown, one computes an estimation of this using DEA.
This can be simply done using the observed inputs and outputs (x;, ¥;) in ¢, in (3) and (5)
yielding &;. Then, in the second-stage one can regress the observed z; on the estimated &;
as shown in (8).

Si=zB+&>1 (8)

This regression will lead to the estimation of 8 and the residuals &;. This is the statistical
context behind the estimation of the coefficient estimators 8 using truncated regression in
the step [2] in both Algorithm #1 and Algorithm #2.

The kind of regression that is used here for the estimation of (7) is the truncated regression
for reasons that are described in (Simar and Wilson, 2007). In most of the cases before Simar
and Wilson present this model, the regression method that were used was a censored
(Tobit) model or sometimes a simple OLS. In the paper mentioned above, Simar and Wilson
showed how faulty was the use of a Tobit model and compares it with the results from a
truncated regression model. The (Figure 1) below shows clearly the superiority of the
truncated regression over the Tobit models. One can see that the confidence intervals from
the Tobit model are far beyond the vertical dashed line (the true parameter), while the
confidence intervals form the truncated regression almost perfectly cover the true
parameter, especially in the case of p = g = 1. Adding more dimentions arises the problem
in the first-stage mentioned before in (6) because of the “course of dimensionality”.
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Figure 1
Source: Simar and Wilson (2007)
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The problem that arises here is that the estimated efficiency scores §; are serially correlated
by construction as DEA evaluates each DMU depending on the values that have been given
to the other DMUs, in particular to the most efficient ones. As we can see in (5), 8; depends
on P and P depends on (x;, y;) as it's clear from (3), so consequently §; depends on

(x1. ¥;). This serial correlation of 8; passes on the estimated residuals &;. Now recall that
due to assumption A2, x and y are correlated with z. In most of the cases it’s true that
f(x,¥|z) # f(x,y). This means that the z variables are not independent with respect to
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(x, ¥) and this is the reason why we apply the second stage regression. Interpreting this
sequence one can see tha z is correlated with the residuals §;.

Two problems arise here, the first one is the serial correlation in &; and the second one is the
correlation between §; and z. The maximum likelihood estimators of §# are still consistent
but the problem disappears asymptotically with the rate of convergence of 3,- in (6) which is
very slow, rather than the usual parametric convergence rate of n™*/“. The serial correlation
problem disappears also asymptotically with the same convergence rate, but for models
where p + g > 3 in the first-stage, this rate is very slow for standard approaches as Simar
and Wilson (2007) report (based on the inversion of log-likelihood negative Hessian).
Another problem is that &; is also biased downward by construction. After the estimations of
(8), the Algorithm #1 proceeds to the steps [3] and [4]. Except the usefulness of the
bootstrap in the second stage, the bootstrap procedure is also used in the first stage as this
is the only way to approximately reach the asymptotic distribution of §; in multivariate
settings with p + g > 2 because of the complexity of these cases. Nevertheless, Gijbels et
al. (1999) proved the asymptotic distribution of the output-oriented distance function (it can
be also extended to the input distance function case) of Shephard (1970) for the case of

P = q — 1 but this is not enough for the most applications. In contrast with Algorithm #1,
Algorithm #2 takes care of this problem following the next procedure.

We can express 3; as:
8; = E(S;) + u; (9)

Where E(Ei) = 0 and u; is iid with zero mean. In turn, because 8. is biased downward as
mentioned before we have:

E(8;) = &; + BIAS(8)) (10)
Solving (10) for BIAS(8;) we have:
BIAS(8;) = E(8;) — &; (11)

So the true bias of §, is the expected value of §; (the estimated mean) minus the the true
population mean.

Substituting for E(S,-)from (9) in (11) and solving for 8;:
8; = 6; —u; — BIAS(6;) (12)

The equation in (12) is the analytical expression of (7). Substituting the right-hand side of (7)
in (12) we have:

Ziﬂ + & = 8; - u; = BIAS(S[) (13)
Solving (13) for 8; we have another expression of (8) as:

81 =zZ;f+& +u; + BIAS(E;) (14)
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Linking (14) with (8), one can see that the error term in (8) that causes the problems
mentioned previously is:

§ =& +u; + BIAS(S;) (15)

where g; is the theoretical error that follows all the assumption about the error terms and
u; has a zero mean and diminish asymptotically. So the problems contained in §; are mostly
inside the B.'AS(S,—). Thus, the problem can be easily solved just subtracting the bias from
the estimated efficiencies &,.

The calculation of the bias is very easy using bootstrap methods. The first step to do this is to
compute the bootstrap bias estimate of B!AS([S[):

BTAS(8,) = BIAS(8;) + v; (16)

Where, as the sample size increases, the residual v: has smaller magnitude than B!AS(S,')
and its variance becomes asymptotically negligible.

Expanding (11) we have:

BIAS(8;) = E(8; — &) (17)
Following this, the bootstrap bias estimate BIAS(8;) is:

BIAS(3;) = E(8] — &;) = E(67) — 6; (18)

Where E(87) is the mean of the all the bootstrap values and &, represents the initial
uncorrected estimation of the efficiency.

Taking advantage of the bootstrap technique where the initial estimator 3( plays the role of
the population statistic and E(8;) represents the sample mean executed from the bootstrap
sample distribution, one can go from (17) to (18).

Now the bias-corrected estimator of §; is:

-

8; = &; — BIAS(&)) (19)
So we finally have:

S +tvi—w=zf+g>1 (20)

S, ~zf+¢&>1 (21)

Where 3; is a consistent estimate.

The steps [3] and [4] in Algorithm #2 follow this method, and regress the covariates on the

bias-corrected estimate &;.
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The initial data file is a Microsoft Excel (.xls) file named “banks”. Converting this file into a
.Comma Separated Value (.csv) file, it is much easier to enter the data in R and work with
them. So, the file “banks_csv” contains exactly the same information, the only difference is
that this is a .csv file.

In this section are described the two R codes that are necessary before the rest of the
analysis. The first code has the name “max_info_clean_data” and is used to clean the data
and find the best balanced sample to use. The second one has the name
“create_balanced_panel_data” and is used to create the balanced panel data after the
choice of the sample.

It is essential to set the working directory of R in the folder where the data and the R files
are, before running any of the following codes. One can do this simply writing the path of
the folder in the command setwd(" ").

Forexample: setwd("C:/User/Desktop")

max_info_clean_data

This code firstly reads the data (max_info_clean_data, 1-2) and then keeps only the banks
that operate in U.S. (max_info_clean_data, 3-7). Then, it saves in the object all_firms the
name of each bank (in fact, the ticker that represents each bank), the first and the last year
where this bank has recorded data (max_info_clean_data, 10-18).

In (max_info_clean_data, 23-87), all the possible combinations of year between 1999 and
2014 are tested to find which the best years to include in the sample are. In this procedure,
the object bounds that is defined in (max_info_clean_data, 29) ensures that each bank has
data for, at least, the years that are tested each time. In (max_info_clean_data, 34-51) two
more filters are used to ensure that the banks that have at least the required years, they
also don’t overcome these years, so the panel will be balanced. Then, the data are stored in
the object full_data (max_info_clean_data, 52-71) and the final information for each
combination is saved in the object Total (max_info_clean_data, 78-83). In the first column
of Total is written the first year of this particular year range that is tested each time, in the
second column the last year, in the third column the number of banks that these years
include and in the fourth column the total number of observations for these years (years
times number of banks, as the panel is balanced). Finally, the object Total with all the
possible combinations is sorted, with respect to the total number of observations, and the
results are printed on the screen as well as presented in a table (max_info_clean_data, 88-
92).

create_balanced_panel_data

This code simply creates the balance panel of our choice. The first few steps
(create_balanced_panel_data, 1-20) are the same as in the previous code.
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Here the user has to choose the preferable years and set the starting year in the object
lower and the ending year in the object upper (create_balanced_panel_data, 24-25). In our
case, the chosen years are 2006-2013. The steps (create_balanced_panel_data, 26-70) are
the same steps that max_info_clean_data uses to construct the object full_data that
contains the final balanced data set for the requested years.

In (create_balanced_panel_data, 72-76) the final data are saved in a txt file named
“balanced_panel_data” and is automatically placed in the current working directory.

3.4. Algorithms

The first part of this thesis is the construction of the two algorithms initially described by
Simar and Wilson (2007). Although the two algorithms presented here implement those that
was previously mentioned, as this is one of the actual goals of this thesis, these algorithms
can also been generally used to estimate various two-stage semi-parametric DEA models
with a single or double bootstrap.

The theoretical procedure and steps along with the mathematical expressions and the
corresponding R code interpretation of the two algorithms (Algorithm_1_simplified and
Algorithm_2_simplified) described in Simar and Wilson (2007) is given below while the exact
R code is given in the Appendix.

Algorithm_1_simplified and Algorithm_2_simplified are the simplistic versions of
Algorithm_1 and Algorithm_2 respectively. This is because the structures of the last two
algorithms are too complicated as they take account of every possible combination that the
user can ask from the algorithms. Thus, Algorithm_1_simplified and Algorithm_2_simplified
are presented here for educational reasons. The full and the simplified algorithms work
exactly the same but the simplified versions result only in the confidence intervals of §# and
a,.

Algorithm #1

[1] Compute &; = 8(x, y|P) Vi = 1, ..., n with (5) using the data in ¢,,.
(Algorithm_1_simplified, 25-26)

[2] Estimate the maximum likelihood estimators f? and g with the truncated regression (8)
of 8. on z using the m < n observations where &; > 1.
(Algorithm_1_simplified, 33-47)

[3] Repeat the steps [3.1] — [3.3] L times to obtain the bootstrap set of estimates
A={(B"57),)b=1-
(Algorithm_1_simplified, 59-100)
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[3.1] For eachi = 1, ..., m, draw u; from the normal distribution N (O, Erf-) with left
truncationatc = (1 — z;8).
(Algorithm_1_simplified, 59-73)

[3.2] Foreach i = 1, ..., m, compute 8} = z; + u;.
(Algorithm_1_simplified, 76)

[3.3] Estimate the maximum likelihood estimates (8*, o%) with the truncated
regression of §: on z using the observations where §- > 1.
(Algorithm_1_simplified, 79-93)

[4] Construct estimated confidence intervals for # and o,.
(Algorithm_1_simplified, 115-152)

Algorithm #2

[1] Compute &; = 8(x, y|P) Vi = 1, ..., n with (5) using the data in @,,.
(Algorithm_2_simplified, 25-26)

[2] Estimate the maximum likelihood estimators § and @': with the truncated regression (8)

of &; on z using the m < n observations where §; > 1.
(Algorithm_2_simplified, 33-47)

[3] Repeat the steps [3.1] —[3.4] L, times to obtain the bootstrap set of estimates
= L
B={é l,b}bl=1-
(Algorithm_2_simplified, 56-86)
[3.1] For eachi = 1, ..., n, draw u; from the normal distribution N (0, &g') with left

truncation atc = (1 — z;8).
(Algorithm_2_simplified, 56-70)

[3.2] Foreachi =1, ...,n, compute §; = ZIJB, + u;.
(Algorithm_2_simplified, 73)

[3.3] Foralli =1, ...,n, construct the new input and output variables x* = x and
Y =y8/8;.
(Algorithm_2_simplified, 76-77)

*

[3.4] Compute 8*; = 3()(,—;._\),—;!!3*) Vi=1,..,n with (5) replacing x and y with x
and y* respectively.
(Algorithm_2_simplified, 80-81)

[4] Foreach i = 1, ..., n, compute the bias-corrected estimator Si using the initial estimate

3: and the bootstrap estimates in B.
(Algorithm_2_simplified, 90-95)
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[5] Estimate the maximum likelihood estimators E and 3’3 with the truncated regression (21)
of El on z using the m < n observations where 8; > 1.

(Algorithm_2_simplified, 100-114)

[6] Repeat the steps [6.1] —[6.3] L, times to obtain the bootstrap set of estimates

c={(B" ﬁ;)b}iil wherek =1,...,7 + 2.

(Algorithm_2_simplified, 124-165)

[6.1] For eachi = 1, ..., n, draw u; from the normal distribution N (0, 33) with left

truncation atc = (1 — z,z?).
(Algorithm_2_simplified, 124-138)

[6.2] Foreachi = 1,...,n, computed;: = zf? + u;.
(Algorithm_2_simplified, 141)

[6.3] Estimate the maximum likelihood estimates (E}, ;) with the truncated
regression of 87" on z using the observations where §:* > 1.
(Algorithm_2_simplified, 144-158)

[7] Construct estimated confidence intervals for § and o.
(Algorithm_2_simplified, 180-217)

These algorithmic steps are also presented here with the corresponding R code and their
interpretation.

In Algorithm_1_simplified, one can give a set of input and another one of output variables.
Each of these variable sets must be in one matrix {let’s name x the matrix with the inputs
and y the matrix with the outputs) where the columns of the matrix represent the variables
and the rows represent the observations as following:

Xnxp]r Yinxq]

Where n is the number of observations, p the number of input and g the number of output
variables.

The environmental variable matrix has the same form as the inputs and outputs matrixes
described before:

z[ﬂ)(‘r]
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The bootstrap loop [3] ends forming a matrix A containing all the bootstrapped estimates
(ﬂ‘, ;) found in every iteration of [3] at step [3.3].

Thus, at the end of every iteration after [3.3], the algorithm stores the estimated values of
B* and o}, at bootstrap_beta and bootstrap_sd respectively (Algorithm_1_simplified, 95-
98) and when the bootstrap loop [3] ends, it binds these bootstrap groups forming a big
matrix of bootstrapped sets 4 = {(ﬂ', 3;)::}§5=1 (Algorithm_1_simplified, 100).

[4] In the last step, confidence intervals are constructed for the constant term (f8), the
coefficients (B,) of all environmental variables z and the standard deviation o,.

The algorithm provides two possible methods for the confidence intervals construction as
well as the option to estimate both and compare the results. One has to run the algorithm
choosing ci = "basic" for the basic method of confidence intervals, ci = "percentile" for
the percentile method and ci = "all" in order to compute both and compare. In case of no
choice, the percentile method is set as default. Also, the significance level alpha has to be
chosen and again in case of no choice, alpha = 0.05 is set as default.

The algorithm firstly stores the appropriate lower and upper quantiles for each of the
bootstrap distributions existing in A in quantiles(Algorithm_1_simplified, 105-109). Then,
are estimated the confidence intervals (Algorithm_1_simplified, 119-160).

The basic method (Algorithm_1_simplified, 115-134) indicates the construction of the lower
and the upper confidence intervals as 2 times the initial statistic of interest (for example )
minus the upper or the lower quantile, respectively:

Lower confidence intervals for : 28— q(ﬁ)u/z
Upper confidence intervals for : 2p — qgfr)z
Lower confidence intervals for o,: 20, — qgo_‘;/z
Upper confidence intervals for o,: 20, - qf:;?z}

Where q/2 and g1_4/7 are the lower and the upper quantiles from the sorted bootstrap
distribution of the statistic of interest. The algorithm calculates and stores them in the
object b_ci (Algorithm_1_simplified, 116-121). Finally, the results are printed out on the
screen (Algorithm_1_simplified, 124-133).

The same procedure is followed for the percentile confidence intervals
(Algorithm_1_simplified, 137-156). The only difference here is the calculation method that
indicates that the lower and upper bounds are simply the lower and upper quantiles of the
sorted bootstrap distribution of the statistic of interest respectively:
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The bootstrap loop [6] ends forming a matrix €, containing all the bootstrapped estimates

(ﬁ‘“, 3;] found in every iteration of [6] at step [6.3].

Thus, at the end of every iteration after [6.3], the algorithm stores the estimated values of

E‘and o at bootstrap_beta and bootstrap_sd respectively (Algorithm_2_simplified, 160-
163) and when the bootstrap loop [6] ends, it binds these bootstrap groups forming a big

matrix of bootstrapped sets C = {(E", 3;) };“,;1 (Algorithm_2_simplified, 165).

h

[7] In the last step, confidence intervals are constructed for the constant term (), the
coefficients (f;) of all environmental variables z; and the standard deviation o,.

The algorithm provides two possible methods for the confidence intervals construction as
well as the option to estimate both and compare the results. One has to run the algorithm
choosing ci = "basic" for the basic method of confidence intervals, ci = "percentile" for
the percentile method and ci = "all" in order to compute both and compare. In case of no
choice, the percentile method is set as default. Also, the significance level alpha has to be
chosen and again in case of no choice, alpha = 0.05 is set as default.

The algorithm firstly stores the appropriate lower and upper quantiles for each of the
bootstrap distributions existing in € in quantiles(Algorithm_2_simplified, 170-174). Then,
the confidence intervals are estimated (Algorithm_2_simplified, 180-217).

The basic method (Algorithm_2_simplified, 180-197) indicates the construction of the lower
and the upper confidence intervals as 2 times the initial statistic of interest (for example f8)
minus the upper or the lower quantile, respectively:

Lower confidence intervals for f3: 26 - Q?i)a/z
Upper confidence intervals for §3: ZE - qff;)z
Lower confidence intervals for a,: 235 = q(ffi,z
Upper confidence intervals for o,: 23; = qg’fz’

Where q,,2 and q1_q/2 are the lower and the upper quantiles from the sorted bootstrap
distribution of the statistic of interest. The algorithm calculates and stores them in the
object b_ci (Algorithm_2_simplified, 181-186). Finally, the results are printed out on the
screen (Algorithm_2_simplified, 192).

The same procedure is followed for the percentile confidence intervals
(Algorithm_2_simplified, 200-217). The only difference here is the calculation method that
indicates that the lower and upper bounds are simply the lower and upper quantiles of the
sorted bootstrap distribution of the statistic of interest respectively:

33



Lower confidence intervals for §: qﬂ?z
Upper confidence intervals for B: q;fi),,/z
Lower confidence intervals for o,: qf;‘z)
Upper confidence intervals for o,: q{{i‘é,z

The algorithm calculates and then stores them in the object p_ci (Algorithm_2_simplified,
201-206). Finally, the results are printed out on the screen (Algorithm_2_simplified, 216).

3.5. Application

In this empirical application, the algorithms described before are used to examine the
effects of Advertising Expense and Communications Expense on the performance of banks
operating in U.S. More specifically, the two-stage semi-parametric approach is used in the
first-stage to estimate the inefficiency of the U.S. bank sector during the years 2006-2013,
based on the sample data of 148 banks for this period. In the second stage, the effects of
Advertising Expense and Communications Expense on these estimated inefficiencies are
calculated constructing confidence intervals for each one of them, as well as some other
interesting statistics to make the analysis more robust.

‘The technical efficiency that is estimated in the first-stage using DEA, uses the Total Assets,
Total Deposits and the number of Employees as inputs in the production function of the
banks and the Total Securities and Gross Loans as the outputs of the banks’ performance.
The covariates (environmental variables) that mentioned before are assumed to affect
banks’ performance (measured by technical efficiency) but not the Production Possibility
Function (PPF) described by the frontier line. This is because of the assumptions where the
algorithms are based on, about the DGP. This way, the environmental variables don’t take
part in the DEA stage where the frontier is estimated, but only in the second-stage of the
analysis. This is supported by the assumption (A1).

At this point, a small discussion about the DGP, interpreting each one of its assumptions
would be helpful for better understanding.

Reading (1) from right to left, one can see that the environmental variables z are
independent. So, the decision of a bank about the Advertising and Communications
spending is clearly under the bank’s control. On the other hand, the technical efficiency
depends on z, and this is the reason for the second-stage analysis. This means that a bank
can change its performance (increase or decrease its efficiency) alternating the money it
spends for Advertising and Communications but without overcoming its capability (PPF). For
the next function, is important to remind that the outputs y in terms of polar coordinates is
described as (71;, 6;) where n. is the angle and 8. is the distance that determines the
efficiency Thus, this function indicates that the inputs x depend on the efficiency and so on
the environmental variables z and also, 1; (let’s say, a part of y) depends on the efficiency
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and so on z. Interpreting this one can say that a bank makes decisions about its inputs
(Assets, Deposits, Employees) based on the money they have spent for Advertising and
Communications and so based on the efficiency that these spending had. The situation
about the outputs y is not exactly like this, as a “part” of this (in polar coordinates, the angle
1);) depends also on the same z and §; as the inputs but not the whole y. This means that
the bank can partly decide about its outputs (Securities and Loans) but a part of these is
“automatically” created as the output of the spending mentioned before, this part of the
output is the efficiency &;. The whole y together with x are these that determine the
capability of the bank (PPF), so given certain inputs and outputs the bank sets itself a
maximum of achievable efficiency.

A short interpretation of the assumptions (A1-A8) is considered also useful.

What assumptions Al and A2 say, is that while the inputs and outputs (Assets, Deposits,
Employees, Securities and Loans) are these that determine the maximum achievable
efficiency, the environmental variables (Advertising and Communications expense) are those
that determine its level within the boundaries that x and y set. The assumption A3
determines the kind of the error term in the second-stage regression.

The assumptions A4-A6 indicate that the inputs and outputs of a bank are depended to each
other meaning that P also depends on the various feasible combinations of x and y. There
are no “free lunches”, so for example a bank cannot give any Loans while its Deposits are
zero. The last assumption is about the “free disposability”, that says a banks can give, for
example, a Loan of 1000 $ even if its Deposits are more (say 2000$). The last two
assumptions A7 and A8 ensure the consistency of P and 4.

For the empirical application, the two algorithms (Algorithm_1 and Algorithm_2) were
implemented give the three inputs and the two outputs that mentioned before and various
combinations of the covariates in order to examine all the possible models. In addition, both
the basic and the percentile confidence intervals are constructed setting ci equal to “all”,
not only for the coefficients of the covariates and the standard deviation but also for a few
other statistics (sigma, P-value, R*2, AIC, BIC and RMSE) for a more robust analysis.

All the models consider Constant Returns to Scale (CRS) as the classic microeconomic theory
indicates for the second stage. The DEA model in the first-stage is output oriented in all
cases as the application examines the technical efficiency. An extra parameter called seed is
set equal to 1 for all the models for easy re-productivity, except some models where
numerical problems occur. In these cases, the seed changed adding 1 each time until there
are no numerical problems in the calculations for any loop.

The number of iterations for every bootstrap loop (L and L,) for the construction of the
confidence intervals is set equal to 2000 iterations as Simar and Wilson (2007) do. According
to Hall (1986), 1000 is a sufficient number of replication for the confidence-intervals
construction, but this number is doubled here for more accurate results. A sufficient number
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The results of Algerithm_1 as computed with the percentile confidence intervals are
somehow better that those from the basic method, they generally agree with the results of
Algorithm_2 but with less models to confirm the positive or negative effects on the
inefficiencies and the constant term along with the log of Advertising Expense in the third
power was found insignificant in every model.

All these imperfections on the results of Algorithm_1 were expected as Algorithm_1 regress
the covariates on the uncorrected inefficiency scores in contrast with Algorithm_2 where

the covariates are regressed on the bias-corrected inefficiencies 3 Also, the bad results
from the basic method were probably caused because of the more complicated way of
estimation rather than simply taking the quantiles of the bootstrap distribution as the
percentile method does. In the basic method, extreme results may be produced in cases
where the initial estimate happened to be an extreme value (whether too high or too low).

The results from Algorithm_2 clearly show that there are positive effects of the log of
Advertising Expense, the log of Advertising Expense in the second power and the log of
Communications Expense on the inefficiencies, negative effects of the log of
Communications Expense in the second power and probably negative effect of the log of
Advertising Expense and Communications Expense in the third power. The constant term is
not very meaningful as it either falls outside of the confidence interval bounds or it is
insignificant.

The conclusions are based on Algorithm_2 rather than Algorithm_1 as its results are much
more precise. This is clear not only form this empirical study but also as the Monte Carlo
simulation and the empirical example of these models shown in the original paper of Simar
and Wilson (2007).

A more focused investigation of the models is essential, so the models where we have a
“case” are examined explicitly. A “case” is considered a model where all the variables taking
part in the model are statistically significant (only the Algorithm_2 is examined for perfect
cases). A statistically significant variable is considered one that its confidence interval does
not contain zero. In the tables, for every confidence interval there is the sign “!” for a
significant variable and the sign “X” for an insignificant one (where the interval contains
zero).

For extra support of the results, the significance is also tested looking at the P-values of the
variables, where the bootstrap mean of each P-value is tested and “***” is attached when
the bootstrap mean of the corresponding P-value is < 0.01, “**” when it is between

0.01 and 0.05, “*” when it is between 0.05 and 0.1 and there is nothing when the P-value is
greater than 10%. Also, the lower values of sigma, AIC, BIC and RMSE indicate a better
model as well as the higher value of R?.

Based on the following four statistics (sigma, AIC, BIC and RMSE), the best four models are
22, 20, 31 and 30. Sigma, AIC and BIC, they all agree at this particular hierarchy of the
models while RMSE indicates those four but with different order in the three last places,
making the model 22 the best model in any case. The R? indicates a totally different order of
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the best models but the R? values are quite close to each other (between 0.41 and 0.54), so
the most preferable models are those that the first four criteria indicate.

These four models, they all agree that the signs of In{Advertising.Expense) and its second
power are positive, its third power is negative, In(Communications.Expense) is positive and
its second power is negative. The same signs are indicated also by the majority of the
models, not only these four best. The variable In(Communications.Expense)”3 is insignificant
in all cases except the model where only Communications Expense raised in the second and
third power. In this case, the pure log and the second power are positive while the third
power is negative in their signs.

The final conclusion is maid based on Algorithm_2 as its results are better that those from
Algorithm_1 and the confidence intervals estimated with the basic method as this is a better
approach in comparison with the simples percentile method, that is also suggested in the
original paper of Simar and Wilson (2007). The models that were chosen to make inference
are the model 22 as this was characterized as the best model, and the model 31, one of the
four best models. The model 30 is severally and jointly interpreted with the model 03 as
special cases where only one of the two environmental variables participates. Notice that
model 03 is not one of those models indicated by the minimization of the statistics
mentioned before, but is the best model according to the R? criterion.

Interpreting the model 22, one can say that:

Increasing the Advertising Expense by 1%, the inefficiency of the bank increases by 0.1005.
This number varies between the 95% confidence interval [0.02582, 0.1637].

Keep increasing the Advertising Expense by 1%, the inefficiency of the bank increases by
0.04346. This number varies between the 95% confidence interval [0.03038, 0.05812]

Increasing the Communications Expense by 1%, the inefficiency of the bank increases by
0.34947. This number varies between the 95% confidence interval [0.24521, 0.4601].

Keep increasing the Communications Expense by 1%, the inefficiency of the bank decreases
by 0.05396. This number varies between the 95% confidence interval [0.03795, 0.07244]’.

Interpreting the model 31, one can say that:

Increasing the Advertising Expense by 1%, the inefficiency of the bank increases by 0.2007.
This number varies between the 95% confidence interval [0.11518, 0.26766].

Keep increasing the Advertising Expense by 1%, the inefficiency of the bank increases by
0.06711. This number varies between the 95% confidence interval [0.04419, 0.09776]

" The actual coefficient in this case is -0.05396 and the confidence interval [-0.07244, -0.03795]. For
better interpretation, the negative sign is omitted and is translated as a decrease. Thus, the
confidence interval is inverted with positive signs.
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Insisting to increase the Advertising Expense by 1%, the inefficiency of the bank decreases by
0.00674. This number varies between the 95% confidence interval [0.00404, 0.01024].

Increasing the Communications Expense by 1%, the inefficiency of the bank increases by
0.07011. This number varies between the 95% confidence interval [0.01045, 0.12406].

In the special cases where only one of the two types of expense is used as explanatory
variables, the results are as follows:

Interpreting the model 30, one can say that:

Increasing the Advertising Expense by 1%, the inefficiency of the bank increases by 0.22766.
This number varies between the 95% confidence interval [0.1407, 0.29301].

Keep increasing the Advertising Expense by 1%, the inefficiency of the bank increases by
0.07659. This number varies between the 95% confidence interval [0.05245, 0.10741]

Insisting to increase the Advertising Expense by 1%, the inefficiency of the bank decreases by
0.00715. This number varies between the 95% confidence interval [0.00431, 0.01075].

Interpreting the model 03, one can say that:

Increasing the Communications Expense by 1%, the inefficiency of the bank increases by
0.37014. This number varies between the 95% confidence interval [0.03767, 0.67544].

Keep increasing the Communications Expense by 1%, the inefficiency of the bank increases
by 0.19014. This number varies between the 95% confidence interval [0.08583, 0.29781]

Insisting to increase the Communications Expense by 1%, the inefficiency of the bank
decreases by 0.0201. This number varies between the 95% confidence interval [0.01126,
0.02963].

Comparing the model 30 with the model 31, the results are quite the same, confirming the
final conclusion. In the case when the only expense is made is for Communications, the bank
has to spend more money in order to reach the turning point where its inefficiency will start
to decrease.
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4. Results and Discussion

To sum up, in this thesis three independent R codes (max_info_clean_data,
create_balanced_panel_data and create_variables) and four functions
(Algorithm_1_simplified, Algorithm_2_simplified, Algorithm_1 and Algorithm_2) were
constructed and given written in the Appendix as well as in the CD rom.

Using the code named max_info_clean_data, one can clean the raw data and find various
samples to choose between the original vast amount of data. This code finds all the possible
combinations of balanced panel samples and ranks them from the one that has the greatest
amount of information to the one with the less.

Using the code named create_balanced_panel_data, one can practically create the chosen
balanced panel sample and save it in his/her own computer in txt form.

The third code named create_variables, is used to create all the possible combinations of
variable sets that will be used later to run the algorithms. The variable sets contain the logs
of the variables Advertising Expense and Communications Expense as is but also raised in the
second and the third power.

The Algorithm_1_simplified and Algorithm_2_simplified are the exact realizations of the
algorithms presented by Simar and Wilson (2007), as they result only in the confidence
intervals for the coefficients of the covariates and the standard deviation. They were used
for educational reasons as it’s much easier to read and understand these short codes rather
than their much longer extensions Algorithm_1 and Algorithm_2. The last two algorithms
work exactly the same way. The only difference is that they can also estimate confidence
intervals for some extra statistics that the researcher may find useful in practice.

Results from the empirical economic application:

The empirical application showed that the money the banks operating in U.S. spend for
advertising and communications have a significant effect on their performance where their
performance was measured by their inefficiency scores

The results indicate that while a bank start spending money for advertising, its inefficiency
grows (In{Advertising.Expense) has a positive sign) increasingly (In{(Advertising.Expense)*2
has a positive sign too). Only after a sufficient amount of money for advertising their
inefficiency will start to decline (In(Advertising.Expense)*3 has a negative sign) and so their
performance will increase. As for the money the banks spend for communications, the
results showed that in the beginning their inefficiency increase
{In{Communications.Expense) has a positive sign) but as more money are spent for
communications, they can finally start to overcome and their inefficiency decreases
(In{Communications.Expense)”2 has a negative sign). The special case when the only money
spend are for communications, they have to spend even more money in communications to
start decrease their inefficiency, so to perform better. This is probably because of the lack of
the important contribution of advertising.
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Thus based on this particular sample of banks operating in U.S. covering the years 2006-
2013, one can conclude that the money the banks spend for advertising and
communications are surely worthwhile, but only in the case when enough money are
supposed to be spend. Otherwise, a small amount of money will increase the bank’s
inefficiency and will have a negative impact on their performance. Also, a good strategy is to
spend money both for advertising and communications rather than only in one of them in
order to be maore effective.

5. Statement of Limitations
5.1. Alternatives

Alternatively, one could approach the analysis from another point, without changing the
model’s aim. For example, in the second-stage regression, different models specifying fixed
or random effects rather than a simple pooled panel regression could have bring interesting
results for examination.

Moreover, a full log transformation of the inefficiency scores too could be interesting as we
could see the percentage change in the inefficiency as a result of the 1% change in the
money spending.

5.2. Weaknesses

As it is common in the research, no model is perfect. The present study has also many
weaknesses that should be taken into consideration for further research.

First of all, the run time of the algorithms, especially for Algorithm_1 and Algorithm_2 is very
long. Depending on the number of the statistics one wants to estimate, the number of
iterations of the loop, the length of the data and mainly the number of variables, especially
the environmental. A faster computation of the same algorithms could be done in a faster
programming language or even in R using some routines that could save time.

In addition, the final models could be analyzed further checking for specification errors,
normality assumptions, and the general assumptions for the residuals. An econometric view
on the final models could make the analysis more robust and reliable. Also, some kind of
survival analysis and different model comparison could be also done. Some preliminary test
for stationarity as well as test for the stability of the results would be a good support of the
findings.

6. Conclusion
6.1. Contributions

The aim of this thesis is to review this specific field of production economics, and more
precisely to analyze a specific tool commonly used in this area. The resulted algorithms of
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this study can be freely used from anyone who is interested in, and help next researchers
and students to apply models like this in a click of the mouse rather than spending hours of
computing to do this.

The codes max_info_clean_data, create_balanced_panel_data and create_variables are not
general purpose codes. They are used explicitly for the needs of this thesis, and an exact
replication of these on other data rather than those used here wouldn’t normally work. Of
course, a careful modification of the filters, the dimensions and some other things among
the codes can turn these codes into useful tools to manage faster, easier and safer the raw
data.

It also provides a more clear explanation of what is going on behind the theory of the two-
stage DEA model in contrast with the difficult interpretation of the original paper finally
finds some interesting results about the impact of the advertising and communications
expense on the inefficiency of the banks.

6.2. Importance

The importance of this thesis is not more than two things. The first one is the construction of
the algorithms that for the first time (at least as the search on the internet showed) were
constructed and given for free as a full function. And secondly, the results about the effect
of the banks’ spending on their technical efficiency that show an interesting story on the
banking efficiency field.
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7. Appendix

7.1. Description of the distance function

We can now express y in terms of its polar coordinates turning y, into (7, ;). To do that,
the angle and the distance are needed. Representing the angle of the i*® pMu
corresponding to the jt* output variable with 7, and the distance with §: as before, we
calculating the angle as

_carctan(yy.1/¥i1).  foryi; >0
T = n/2, ify,=0

For the calculation of distance §;, though it’s just the vertical distance from the point to the
boundary (for technical efficiency) as reported before, is hard to be found like this for more
dimensions. So we set w(y;) = \/ﬂ and we calculate the distance with the following
formula that is identical to the Farrell efficient measure we demonstrated before (4).

8= w(ﬁ(::g:l;’)h) (21)
Proof:
w(8(x, ¥{1P)y1)
6 = — 6 X ’ 'IP)
i (d(y;) ( i Yi
& = @(@CeydP)yD => replacing @ (y;) with / YiVi

w(yy)

=it J(5(1'!-3’:lP)J’isth)’dP)]’t
JJ’:)H

distance is a scalar

=>as &(x;, y;|P) is the Farrell formula for the distance and

—
J S(xpy Py, 8(xpyP)ye _’E(x;.y(lP)z yive  SxuydP) Jy:y:
=2 — = — = T :s(xhyllp)
inn J:viya JYo

Forj=1,..,q—1andi=1,..,n where nis the total number of DMUs and y, =
[¥i1 - Yiq). Now we can write y; as (1, 8;) where the angle 7; = (Mi1) o Mig-1]-
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7.2. Draws from a left-truncated normal distribution

The error term u; with iid draws from a left-truncated N(0, %) distribution, truncated at a
constant ¢ can easily be constructed following the steps suggested by Simar and Wilson
(2007):

1) Compute the constant c as described in the algorithm.

2) Computec’ = c¢/o.

3) Generate v of length n to be uniform on (0, 1).

4) Setv' = @(c’) + [1 — &(c')]v where @ denotes the standard normal distribution
function.

5) Finally, compute the error term as u = 0®~1(v") where @~ denotes the standard
normal quantile function.

The estimated u is the error term drawn from the N (0, 62) distribution with left-truncation
atc.

7.3. Estimations in the algorithms

The Algorithm_1 and Algorithm_2 can be used for the estimation of confidence intervals for
other statistics rather than the coefficients and the standard deviation. These statistics are
sigma, R?, AIC, BIC and RMSE. The sigma is just one of the coefficients automatically
estimated by the truncated regression. The other statistics are programmed to compute as
follows:

For some reason, there is not R? for truncated regressions in the whole literature and its not
even given by any statistical software. So, if the user ask for an estimation of R?, a pseudo-
R? is constructed following the properties of a general accepted form of R? as the squared
correlation between the fitted values of Y (Y) and the actual Y as: cor(Y, ¥)?. The same way
as it would be in an OLS method.

R? = cor(Y,Y)?

If the user asked for the AIC {Akaike Information Criterion) it’s constructed as:
AIC=—-2=*logLik+2+m

Where loglLik is the log Likelihood of the estimated truncated regression model and m is

equal to (k+1), where k is the number of parameters estimated (constant + slopes) and the

+1 part is because the maximum likelihood method actually estimates the error term too (so

the error term is an estimator of the model too). (In an OLS model the AIC would be the

same but replacing m with k).
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Almost the same happens with BIC (Bayesian Information Criterion or Schwarz Information
Criterion). The formulas is:

BIC = -2 = logLik + log(n) *m
Where 2 is replaced by the log of the number of observations.
Functions for AIC and BIC there are already in the basic R but it doesn’t take care of the
special case mentioned before about the truncated regression, so it was created from the
scratch inside the algorithm as described.

Finally, the RMSE (Root Mean Square Error) is computed as:

RMSE = FT"
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7.4. Explanation of Algorithm_1_simplified
[1] Defines the algorithm “Algorithm_1_simplified”

[3-11] Checks if the needed package is already installed in the computer,

if not, it installs it.

Then it loads the package.

This sequence happens for both the package “Benchmarking” and “trunreg”.

[13] Sets a seed for re-productivity reasons.

[15-17] Sets the class of the variables x, y and z as matrix in case that they are not because
some of the following external functions cannot cooperate with objects of different class
(e.g. data.frame).

[19] Checks if the matrix z contains column names. If not, then it attaches names to every
variable it contains such as (z1, z2, ... zr). This is because it causes troubles on later
commands when the algorithm tries to extract the names of the variables and finds nothing.

[19-22] 1t keeps asking a valid value for alpha it the user has mistakenly gave a value >=1 or

<=0.

Finally, it saves the correct alpha (even if it was correct at the first time) as numeric because
some later calculation can’t be done with “character” vectors that may be mistakenly saved
as by default.

[25-26] It defines the DEA model. The input data are x and y, RTS stands for Returns To Scale
and it may be “CRS” (Constant Returns to Scale) or “VRS” (Variable Returns to Scale) with the
“CRS” to be the default, the ORIENTATION may be “in” (input-oriented) or “out” (output-
oriented) with the “out” to be the default.

Then saves the estimated efficiency scores (if ORIENTATION="in") or inefficiency scores {if
ORIENTATION="out"”) at a variable named d_hat.

[29-47] The truncated regression part [2] in (Simar and Wilson, 2007).

[29-31] Sets the number of environmental variables at an object named r and defines two
vectors that will be used later.

[33-41] Checks if the model is output or input oriented and creates the object dt which has
the values of d_hat except for the observations where d_hat was <=1 where it replaces
these observations with NA. The same check goes for the input oriented case with the only
exception of d_hat >=1 instead of d_hat<=1.

This is a necessary step in order to run a truncated regression.

Then the appropriate truncated regression model is computed and saved in model_d_hat.

[43] The cells where dt has NAs are saved in the object bad.

[44] Only the values of dt that are not NAs are stores in non_na_dt.
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[45] Because the truncated regression method has not an attribute for the residuals, the
residuals are estimated as Y-Y” and stored in trunk_resid.

[46-47] The standard deviation of the residuals are saved in sd_hat and the constant term
and the slopes of the regression are saved in beta_hat.

[50-100] This is the step [3] as referred in (Simar and Wilson, 2007), although the actual loop
covers rows [69-99].

[50] It creates the matrix that will contain the estimated bootstrapped values of 3, this
matrix is bootstrap_beta and its dimensions are [L,r+1].

[51] It defines the vectors bootstrap_sd that contains the bootstrapped value of o.

[52] it sets the number of the inefficiency scores that are >1 (or the number of the efficiency
scores that are <1) in the object m.

[53-56] It defines the objects c, zb, d_star and beta_hat_star as vectors.

[57] it defines the matrix z_m_dt that contains the values of z which their corresponding
d_hat value is not NA. Thus, z_m_dt is the z matrix that contains only m observations instead
of the initial n observations.

[59-65] A loop that creates the point of truncation (c) that is needed in step [3.1] and the
object zb that contain the values Z}’Ll Bizij-

[67] it creates the object cc that contains the element that in (Simar and Wilson, 2007) is
referred as c’.

[69-99] The actual bootstrap loop.

[71-73] The remaining steps for the left-truncated draws and the creating of the error term
u.

[71] Creates the object v where it represents the uniform distribution on (0,1) with m
elements.

[72] Creates the object vv where it represents what in (Simar and Wilson, 2007) is referred
as v’ and it is also of length m.

[73] Creates the desired error term u where each of its elements was drawn from
N(0,sd_hat) with left-truncationat ¢; = 1 — }’%, B;z; ;.

[76] It computes the d* as step [3.2] describes (zb+u) and stores it in the object d_star.

[79-93] This is the last step of the bootstrap loop [3.3] that estimates the bootstrapped
statistics in every iteration.

[79-87] Checks if the model is output or input oriented and creates the object d_star_t
which has the values of d_star except for the observations where d_star was <=1 where it
replaces these observations with NA. The same check goes for the input oriented case with
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the only exception of d_star >=1 instead of d_star<=1.
This is a necessary step in order to run a truncated regression.
Then the appropriate truncated regression model is computed and saved in trunk_d_star.

[89] The cells where d_star_t has NAs are saved in the object bad.
[90] Only the values of d_star_t that are not NAs are stores in non_na_d_star_t.

[91] Because the truncated regression method has not an attribute for the residuals, the
residuals are estimated as Y-Y” and stored in trunk_resid_2.

[92-93] The standard deviation of the residuals are saved in sd_hat_star and the constant
term and the slopes of the regression are saved in beta_hat_star.

[95-97] Stores each estimated bootstrapped value of beta_hat_star at the matrix
bootstrap_beta.

[98] it stores the estimated bootstrap values of sd_hat_star in the vector bootstrap_sd.

[100] It binds the objects bootstrap_beta and bootstrap_sd into a matrix A of length [L, r+2]
where Lis the number of iterations and r is the number of the external variables. The two
extra columns are for the constant term and the standard deviation.

[103-152] Creates confidence intervals for the statistics.

[103] Defines the object quantiles for the storage of the bootstrap distribution quantiles. Its
dimensions are [r+2, 2] where (r+2) is the number of columns of A.

[105-109] A loop that stores the lower and the upper quantiles of the bootstrap distribution
of each statistic to object quantiles.

The lower quantile is the alpha/2 element of the sorted bootstrap distribution of each
statistic and the upper quantile is the 1 — alpha/2 element of the sorted bootstrap
distribution of each statistic.

[110-111] Creates the objects b_ci and p_ci with dimensions [r+2, 2], where (r+2) is the
number of columns of A.

[112] Defines the object statistic as a vector.
[115-132] The Basic Confidence Intervals

[116-119] Inserts the values (2*beta_hat — Upper quantile) and (2*beta_hat — Lower
quantile) in b_ci that represent the lower and the upper confidence intervals respectively.
Where, beta_hat is the initial statistic.

[120-121] Inserts the values (2*sd_hat — Upper quantile) and (2*sd_hat — Lower quantile) in
b_ci that represent the lower and the upper confidence intervals respectively. Where,
sd_hat is the initial statistic.

[123] Turns the class of b_ci into data.frame.
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[125-126] Sets the name of each /3 in the object statistic (for example: B, B, B-) and then
binds it to the object b_ci.

[127] Prints the results (Confidence Intervals) on the screen with precision of 5 decimals.
[129-130] Sets the name of o “sd” in the object statistic and then binds it to the object b_ci.
[131] Prints the results {Confidence Intervals) on the screen with precision of 5 decimals.
[135-152] The Percentile Confidence Intervals

[136-139] Inserts the Lower and the Upper quantiles of the sorted bootstrap distribution of
each B in p_ci that represent the lower and the upper confidence intervals respectively.

[140-141] Inserts the Lower and the Upper quantiles of the sorted bootstrap distribution of
o in p_ci that represent the lower and the upper confidence intervals respectively.

[143] Turns the class of p_ci into data.frame.

[145-146] Sets the name of each f in the object statistic (for example: 4, £, 8,) and then
binds it to the object p_ci.

[147] Prints the results (Confidence Intervals) on the screen with precision of 5 decimals.
[149-150] Sets the name of o “sd” in the object statistic and then binds it to the object p_ci.

[151] Prints the results (Confidence Intervals) on the screen with precision of 5 decimals.
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7.5. Explanation of Algorithm_2_simplified
[1] Defines the algorithm “Algorithm_2_simplified”

[3-11] Checks if the needed package is already installed in the computer,

if not, it installs it.

Then it loads the package.

This sequence happens for both the package “Benchmarking” and “trunreg”.

[13] Sets a seed for re-productivity reasons.

[15-17] Sets the class of the variables x, y and z as matrix in case that they are not because
some of the following external functions cannot cooperate with objects of different class
(e.g. data.frame).

[19] Checks if the matrix z contains column names. If not, then it attaches names to every
variable it contains such as (z1, z2, ... zr). This is because it causes troubles on later
commands when the algorithm tries to extract the names of the variables and finds nothing.

[19-22] It keeps asking a valid value for alpha it the user has mistakenly gave a value >=1 or
<=0.

Finally, it saves the correct alpha (even if it was correct at the first time) as numeric because
some later calculation can’t be done with “character” vectors that may be mistakenly saved
as by default.

[25-26] It defines the DEA model. The input data are x and y, RTS stands for Returns To Scale
and it may be “CRS” (Constant Returns to Scale) or “VRS” (Variable Returns to Scale) with the
“CRS” to be the default, the ORIENTATION may be “in” (input-oriented) or “out” (output-
oriented) with the “out” to be the default.

Then saves the estimated efficiency scores (if ORIENTATION="in") or inefficiency scores (if
ORIENTATION="out"”) at a variable named d_hat.

[29-47] The truncated regression part [2] in (Simar and Wilson, 2007).

[29-31] Sets the humber of environmental variables at an object named r and defines two
vectors that will be used later.

[33-41] Checks if the model is output or input oriented and creates the object d_hat_t which
has the values of d_hat except for the observations where d_hat was <=1 where it replaces
these observations with NA. The same check goes for the input oriented case with the only
exception of d_hat >=1 instead of d_hat<=1.

This is a necessary step in order to run a truncated regression.

Then the appropriate truncated regression model is computed and saved in model_d_hat.

[43] The cells where d_hat_t has NAs are saved in the object bad.

[44] Only the values of d_hat_t that are not NAs are stores in non_na_d_hat_t.
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[45] Because the truncated regression method has not an attribute for the residuals, the
residuals are estimated as Y-Y» and stored in trunk_resid.

[46-47] The standard deviation of the residuals are saved in sd_hat and the slopes of the
regression are saved in beta_hat.

[50-86] This is the step [3] as referred in (Simar and Wilson, 2007), although the actual loop
covers rows [66-86].

[50-53] It defines the objects ¢, zb and d_star as vectors and sets the object n equal to the
number of observations in z.

[56-62] A loop that creates the point of truncation (c) that is needed in step [3.1] and the
object zb that contain the values X7, f;z; ;.

[64] It creates the object cc that contains the element that in (Simar and Wilson, 2007) is
referred as c'.

[65] Defines the matrix B with dimensions [n, L1] where L1 is the number of iteration of the
first bootstrap.

[66-86] The actual bootstrap loop.

[68-70] The remaining steps for the left-truncated draws and the creating of the error term
u.

[68] Creates the object v where it represents the uniform distribution on (0,1) with m
elements.

[69] Creates the object vv where it represents what in (Simar and Wilson, 2007) is referred
as v’ and it is also of length m.

[70] Creates the desired error term u where each of its elements was drawn from
N(0,sd_hat) with left-truncation at ¢; = 1 — X7, 8,2 ).

[73] It computes the d* as step [3.2] describes (zb+u) and stores it in the object d_star.
[76-77] Constructs the new objects x_star and y_star.

[80-81] It defines the second DEA model. The input data are x_star and y_star, RTS stands
for Returns To Scale and it may be “CRS” (Constant Returns to Scale) or “VRS” (Variable
Returns to Scale) with the “CRS” to be the default, the ORIENTATION may be “in” {(input-
oriented) or “out” (output-oriented) with the “out” to be the default.

Then saves the estimated efficiency scores (if ORIENTATION="in") or inefficiency scores (if
ORIENTATION="0ut”) at a variable named d_hat_star.

[83-85] Adds every estimated set of inefficiencies in columns of the matrix B.
[88] Defines the object mean_di_hat_star as a vector.
[90-92] Stores the mean of every set of inefficiency scores into the object mean_di_hat_star.
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[94] Computes the bias for each observation of the inefficiency scores and stores them in
the object bias.

[95] Computes the bias-corrected (‘} and stores it in the object d_2hat.

[98-114] This is the last step of the bootstrap loop [5] that estimates the bootstrapped
statistics in every iteration.

[98] Defines the object beta_2hat as a vector.

[100-108] Checks if the model is output or input oriented and creates the objectd_2hat_t
which has the values of d_2hat except for the observations where d_2hat was <=1 where it
replaces these observations with NA. The same check goes for the input oriented case with
the only exception of d_2hat >=1 instead of d_2hat<=1.

This is a necessary step in order to run a truncated regression.

Then the appropriate truncated regression model is computed and saved in model_d_2hat.

[110] The cells where d_2hat_t has NAs are saved in the object bad.
[111] Only the values of d_2hat_t that are not NAs are stores in non_na_d_2hat_t.

[112] Because the truncated regression method has not an attribute for the residuals, the
residuals are estimated as Y-Y and stored in trunk_resid.

[113-114] The standard deviation of the residuals are saved in sd_2hat and the constant
term and the slopes of the regression are saved in beta_2hat.

[117-164] This is the step [6] as referred in (Simar and Wilson, 2007), although the actual
loop covers rows [134-164].

[117] It defines the matrix that will contain the estimated bootstrapped values of 8, this
matrix is bootstrap_beta and its dimensions are [L2,r+1].

[118] It defines the vector bootstrap_sd that contains the bootstrapped value of g.
[119-122] It defines the objects c_2, zb_2, d_2star and beta_2hat_star as vectors.

[124-130] A loop that creates the point of truncation c_2 that is needed in step [6.1] and the
object zb_2 that contain the values X7, B}z ;.

[132] It creates the object cc_2 that contains the element that in (Simar and Wilson, 2007) is
referred as c’.

[134-164] The actual bootstrap loop.

[136-138] The remaining steps for the left-truncated draws and the creation of the error

term u.

[136] Creates the object v_2 where it represents the uniform distribution on (0,1) with n

elements.
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[137] Creates the object vv_2 where it represents what in (Simar and Wilson, 2007) is
referred as v’ and it is also of length n.

[138] Creates the desired error term u where each of its elements was drawn from
N(0,sd_2hat) with left-truncation at ¢; = 1 — }7_; B;z; j and it's stored in the object u_2.

[141] It computes the d** as step [6.2] describes (zb_2+u_2) and stores it in the object
d_2star.

[144-158] This is the last step of the bootstrap loop [6.3] that estimates the bootstrapped
statistics in every iteration.

[144-152] Checks if the model is output or input oriented and creates the object d_2star_t
which has the values of d_2star except for the observations where d_2star was <=1 where it
replaces these observations with NA. The same check goes for the input oriented case with
the only exception of d_2star >=1 instead of d_2star<=1.

This is a necessary step in order to run a truncated regression.

Then the appropriate truncated regression model is computed and saved in model_d_2star.

[154] The cells where d_2star_t has NAs are saved in the object bad.
[155] Only the values of d_2star_t that are not NAs are stores in non_na_d_2star_t.

[156] Because the truncated regression method has not an attribute for the residuals, the
residuals are estimated as Y-Y» and stored in trunk_resid.

[157-158] The standard deviation of the residuals are saved in sd_2hat_star and the
constant term and the slopes of the regression are saved in beta_2hat_star.

[160-162] Stores each estimated bootstrapped value of beta_2hat_star at the matrix
bootstrap_beta.

[163] it stores the estimated bootstrap values of sd_2hat_star in the vector bootstrap_sd.

[165] It binds the objects bootstrap_beta and bootstrap_sd into a matrix C of length [L2, r+2]
where L2 is the number of iterations and r is the number of the external variables. The two
extra columns are for the constant term and the standard deviation.

[168-217] Creates confidence intervals for the statistics.

[168] Defines the object quantiles for the storage of the bootstrap distribution quantiles. Its
dimensions are [r+2, 2] where (r+2) is the number of columns of C.

[170-174] A loop that stores the lower and the upper quantiles of the bootstrap distribution
of each statistic to object quantiles.

The lower quantile is the alpha/2 element of the sorted bootstrap distribution of each
statistic and the upper quantile is the 1 — alpha/2 element of the sorted bootstrap
distribution of each statistic.
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[175-176] Creates the objects b_ci and p_ci with dimensions [r+2, 2], where (r+2) is the
number of columns of C.

[177] Defines the object statistic as a vector.
[180-197] The Basic Confidence Intervals

[181-184] Inserts the values (2*beta_2hat — Upper quantile) and (2*beta_2hat — Lower
quantile) in b_ci that represent the lower and the upper confidence intervals respectively.
Where, beta_2hat is the initial statistic.

[185-186] Inserts the values (2*sd_2hat — Upper quantile) and (2*sd_2hat — Lower quantile)
in b_ci that represent the lower and the upper confidence intervals respectively. Where,
sd_2hat is the initial statistic.

[188] Turns the class of b_ci into data.frame.

[190-191] Sets the name of each f8 in the object statistic (for example: S, 81, f52) and then
binds it to the object b_ci.

[192] Prints the results (Confidence Intervals) on the screen with precision of 5 decimals.
[194-195] Sets the name of ¢ “sd” in the object statistic and then binds it to the object b_ci.
[196] Prints the results (Confidence Intervals) on the screen with precision of 5 decimals.
[200-217] The Percentile Confidence Intervals

[201-204] Inserts the Lower and the Upper quantiles of the sorted bootstrap distribution of
each B in p_cithat represent the lower and the upper confidence intervals respectively.

[205-206] Inserts the Lower and the Upper quantiles of the sorted bootstrap distribution of
o in p_ci that represent the lower and the upper confidence intervals respectively.

[208] Turns the class of p_ci into data.frame.

[210-211] Sets the name of each £ in the object statistic (for example: ,, 1, 2) and then
binds it to the object p_ci.

[212] Prints the results (Confidence Intervals) on the screen with precision of 5 decimals.
[214-215] Sets the name of o “sd” in the object statistic and then binds it to the object p_ci.

[216] Prints the results (Confidence Intervals) on the screen with precision of 5 decimals.
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(Wu\, “we=dos “([2017q [T11197q *,[45°% ‘45 %).)4unds *, ¢, dnsiels’,, , “,1oj |eAI3IU| 92UBpluO) dIseq,,)1ed SLTT
(onsneis’[z:1 19 q)puigd -> 197q vLTT

ofIsnels -> [T-4-1]q7|ead €LTT

(u(,‘T-2-1°,,q)anjen-d,)0@ised -> dl3siiels UL

[T1]sa|uenb - [T--]274d, T -> [T q TLTT

[g"1]sa)nuenb - [T-1-1]27ad, T > [T1)107q 0LTT

}((z+a42):(T+4) ut1) Joy 6911

()2 -> anjead " uBis 89TT

()o->q7ead L9TT

} ({sedaxa 96u1% ,ewWBls, )i B SE4IXD %U1% ,3n[eA-d, ) I 9911

S9TT

{ 91T

{ €911

{ 7911




SST

(((an1s13e35 ‘, 10} |RAIRIU] BDU3PIUOD Jiseq,, )aised o] 183+
(Jeqiouia”woas+((ZA = xewA ‘TA = utwA 2nsneys)sae [ ‘g+i,z)id-qho)d38)jud (3nyL==1eq) }I
(WU\, “un=das ([2'9+442]107q ‘[T°9+1,2]107q
WS'% ‘3S'%),unds ¢ 1 nsiels ‘| ‘104 |eAIa1U| 3duapljuo) diseg,,)1ed
(onsneis[z:1’ 197 q)puiga -> 197q
(,189,)2 -> 21s1e3S
[T'9+442]s3jnuenb - 319, 7 -> [2'9+4,2]1P 7
[2'9+1,2]sainuenb - 18,2 -> [19+4,2]197q
} (sea1x@ %u1% ,019,,) §!
({(a13s13835 40§ |EAJDIU| BDUAPLUOD) Jiseq, )aised)a 338+
()1eqiou1a”woad+((ZA = XxewA ‘TA = ujwA 2nsneis)sae ‘[ ‘g+1,z)197qho|d88hund (Inyl==1eq) )i
(U\, “wu=das ([2°6+1,2]197q ‘[T'S+, 2]
‘[45°% 45'%),)unds ¢ Dnsieys ¢, | 104 |BAIBIU| @JUBpijuo) diseq, )ied
(onsneis[z:1* PTq)puiga ->197q
(,21V,,)2 ->21siels
[T'S+44T]sajnuenb - D1y, Z -> [2'5+14T]197q
[2'g+d4T]sapauenb - DIy, Z -> [T'6+442]107 1
} (seaIxa %u1% OIV,,) §
(((ans13e15 *,,J0} |EAIRIU| BDUBPIUOD diseq, }a1sed)a 183+
(Jdeqioisa”woad+((zA = xewA ‘TA = uiwA Onsnels)sae ‘[ ‘p+1,z]10-qhod33)ud (3nyL==1eq) }I
(WU\y a=d3s ([2 v+ 2o q [Tp+42]07q “,[J5°% 45°%).43ulds /1, Onsies ‘|, /404 [BAISIU| dUBpYUO) diseq, )1ed
(onsneis[z:1* 197 q)puiga -> 197q
(uTvd,)2 ->onsnels
[T'p+i,2]salnuenb - 77,2 -> [T'p+4,20
[2'p+T]sajiauenb - 74,2 -> [T'9+4,2)107q
} (sea3xa %u1% ,2vd,) H!
(((an3sneys ‘, 4o} |erssyu| 3ouaplyuo) diseq, Jarsed)a| 183+

STZT
14748
€Tzt
[474*
T1et
o1zl
60CT
8071
L0TT
9071
S0C1
4014t
e0tt
[4414"
1071
00<1
6611
8611
L6TT
9611
S6TT
V611
€611
61T
T6TT
0611
6811



9sT

(onsneas’[z:1’ J197q)puigo -> 197q
(43SIAY,,)2 -> o1shess
[T'9+1,Z]sduenb - ISINYLZ -> [29+4,2]197q
[7'9+1,7]sa|13uBND - ISINYLZ -> [T'9+442]107
} (sea3x® 9%u1% ,3SINY,,) #
(((an3s13e3s ‘, 104 |eAIIU| DOUBPIUO) J1Seg, )alsed )a| 188+
()1egiou1a” wWoas+((ZA = xewA ‘TA = uiwA Dnsielsisae ‘[ ‘6+1,z]1d7q)10/d38)uid (3nYL==1eq) §i
(wu\, ‘we=des ([26+, 2] q ‘[T's+,2]oTg
135°% ‘45°9%],)43unds ‘1, ansness ‘), |, ‘404 |eAIB1U| S2Uspljuo) diseq, )1ed
(onsneys[z:1’ J07q)puigo -> 197
(,218,)2 ->213sneys
[T'G+1,Z]saluenb - 919,Z -> [2'6+1,2]197 ¢
[Z'G+i,T]sauenb - D19, 7 -> [T'G+4,2]10 1

} (seayxa o5u1% ,D14,,) !
} ({seixe %uw% O1v,)i ) #

(((onsnieys ‘, 104 |eAIDIU| BIUBPILUOD J1Seq, )e1sed)9)1188+
()1equou1a” woad+((ZA = XeWA ‘TA = uiwA D1ysiels)sae ‘[ ‘£+4,z]197q)101d88)und (3nyL==1eq) ji
(U, “=dos ([272+4,2]07q (T2 4042 g
‘JJ35°9% ‘36'9],)4unuds ¢, 1, ‘ansiels ¢, |, /404 [BAI9IU| 3DUaplUO) diseq,, )1ed
(onsneis(z:1* J7q)puigd ->107q
(,3SY,)2 ->onsiers
[T'2+1,7]s91UEND - ISNYLT -> [Z'L+44T]P7q
[¢'£+a,T]5a|RueNnb - ISNYLT -> [T'L+4,T]07 9
} (seaxa %u% ,ISINY,) 4

(474"
T
ovet
6ECT
8EC1
LETT
9elT
SETT
VELT
EETT
CECT
TECT
0ect
6ClT
8¢Cl
LT
EI4q)
Sl
veet
€1
[444"
T2
0ty
61¢T
8171
LTZ1
9Tt




LST

‘W135°9% “45°%], )puuds 4 1, ansiiess ¢, |, (40} [BAIB1U] 22UaplyU0) Jiseg, )ied
(onsnels[z:1* 107q)puigd -> 197q
(W21¥,)2 -> d13s13e3s
[Ty+a42]sa1uenb - D1v,Z -> [2'v+442]107q
[Z'p+axT]sanuenb - D1y, Z -> [T'H+1,T]107q
} (seaixa gu1% ,o1v,,) §!
}((sea3xa %u1% ,ZvY,)i ) 3
{

(((an3s13e3s ‘10§ |BAIRIU| BIUBPIUOD DIseq, )aised)a| 88+
()4equ04197WO0a8+((ZA = XewA ‘TA = ulWA ‘D13sieys)sae ‘[ ‘g+1,Z]10q)0|d83)und (3nyl==leq) y
(uU\y “=das ([2'5+4,T]197q ‘[T'5+1,Z]07q
‘.[46°% ‘15'%],)Ruuds ‘1 ‘onsiiels ‘|, ¢, 404 [BAIBIU| 32UBpIUO) Dised, )1eD
(ansneys‘[z:T’ o q)pulga -> 19 q
(,ISNY,)2 -> dnsiels
[T'S+ixz]sajnuenb - ISNYLZ > [2'5+4Z]0 g
[2'G+d,z]sajnuenb - ISNYLZ -> [T'G+42Z]17g
} (se43xa 9%u1% , ISINY.) 3!
} ((sedaxa %u1% ,18.)1 ) 41
{

({(ons13e15 ‘, 10§ |EAIBIU| B2UBPIUOD JIseq, )a1sed)a)1188+

(J1eqi0119”woa84+((ZA = xewAd ‘TA = ulwA 2nsiels)sae ‘[ ‘g+1,z]197q)101d88)und (3nYl==teq) }
(U\y “wy=d3s ([2°9+442]107 q “[T'9+4,42]107

“[35°% 45°%] unds ‘o, onsnels ¢, | 4,104 [eAIB)U| B2USplUO) Diseq, )1ed

6971
89¢1
L3971
9971
§971
¥9Z1
£971
971
19¢T
0971
6571
84¢1
JATAS
9871
S6C1
I 4TAH
£SCT
[4°14"
1681
0sZt
6wl
8yl
Lyt
vzl
Shel
1274"
Evet



851

[2'p+iy]saliuenb - 318,z > [T'p+4,2]107 9 9621

} (seayxa %u1% ,018,) # S62T

}H{(sea3xa %u1% ,J1v,)i ) ! v6eT

{ €621

{ 621

{ 1621

({{onsiels *, 10} [eAIaIU| 3dUBpPIUO)) Jiseq,,)alsed)a|11188+ 0621

()1eqlouia” woad+((ZA = XewA ‘TA = ulwA a13snels)sae ‘[ ‘g9+4,z]197q)10|d33)und (INYL==1eq) }! 6871
(WU\, “w=d3s ([2'9+1,Z]P7q ‘[T'9+1,Z]107 g 8821

‘45°% “15'%].)uuds ‘) ‘ansinels ‘| ¢, 104 [BAIRIU| S2uBpluo) Jised )1ed /8T
(onsnes’[z:T’ ]7q)puiga -> 107 98¢T

(,3SWY,)2 ->dnsiiels S8Z1

[T'9+4,Z]s@|uenb - 35NN, Z -> [2/9+,2]197q ¥82T

[2'9+1,2]sa|uenb - ISNYLZ -> [T'9+1,Z]7q €8¢l

} (ses3xa 9%u1% ,ISNY,,) 3! [4:14

({{onsneas *, 10y [easau] 3duapyuo) aiseq, )ai1sed)a|1185+ 1821

()4equo11a”woas+((zA = xewA ‘TA = ulwA ‘nysnels)sae ‘[ g+, )19 q)10[d38)unid (InY L==4eq) } 0871
(uU\, “=das ([2°6+4, 211979 TS+, T]P T 6LTT

JS% 4S%],)punads ‘) s onsiaels ¢, |, 404 [BAI9IU| @2Ulp1u0) diseg,, )1ed 8121
(dnsness’[z:T* I97g)puiga -> 197 LLTT

(u218.)2 -> dnsiiers 9.2l

[T's+1,Z]sapnuenb - D1g, 7 -> [2's+1,2]0q SLTT

[2'5+d42]salnuenb - 3ig,Z -> [T'5+,2]P7q X4}

} (se13xa %u1% ,018,,) 4! €L71

({{(onsnieys ‘ 104 [easaju| @3uapyuo) Jiseq,,)aised)a31188+ LTI

(J1equou1a”woas+((ZA = XxewA ‘TA = uiwA 2nspess)sae ‘[ ‘p+i, )17 q)101d33)und (3nyL==1eq) JI T.LTT
(WU\,, “u=das ([2'r+a2]n7q TTv+a2]dTg 0LTT



64T

(Mequoasa”woad+((zA = xewA ‘TA = LlwA 213s13e35)508 ‘[ ‘p+d, Z]127q)10|d83)und (3NU1==4eq) )i
(wU\y =d3s ([T0+u 2] q [TP+LT]7Y
35°% “39°9%],)4uuds 4 i, ansnels ¢, |, ¢, 40) [BAIIU| 92UBplyuo) diseg,, )1ed
(dnsners[z:T' J197q)puiga -> 197q
(,ISWY, )2 -> dnisiiels
[T'p+4,T]sallURND - ISNYLT -> [T+ 2] 7Y
[2'p+d4Z]S31NUEND - ISINYLT -> [TD+,TIPTq
} (sea1xa 9%u1% ,ISINY.) !
} ((seaxa %1% ,219,)1 ) !
{

(({on3s13e3s ‘ 40} |EAIRIU| BDUBPYUOD) Jiseq, }a3sed)a|33dd+
(Jeqiona”woad+((zA = xewA ‘TA = uiwA dnsneys)sae ‘[ ‘s+4,z]197q)101d33)und (3nNYL==1eq) )i
(U\, “we=ds ([2°6+442]197q [T°G+1,Z]0 g
35°9% “I5°%], Juuds ‘1, ansieys |, ¢, 40) |BAIBIU| 32URPIUOD) JIsegd, )ied
(onsnels’(z:1' 1 q)puigd ->1P7q
(,ISWY, )2 -> d1shels
[T'G+i,T]saluenb - ISNYLT -> [2'G+4,Z]1071
[2'G+d4T]salauenb - ISNYLT -> [T+, )10
} (sBAIX3 %1% , ISINY,) J!
(((onsneas ‘,, 4oy |eAIDIU] 32UBPIUO) dIseq,, Jaised)a1188+
()4equo01197WO0aB+((ZA = XewA ‘TA = ulwA ‘ansneis)sse ‘[ ‘p+1,zZ)197q)101d83)und (InyL==leq) )i
(U\y “4u=d3s ([T0+2]10 q [T'PHAsTIO g
‘5°9% ‘19'% ], uuds ¢, 1, anisiaess ¢, |, ¢, 40) [BAISIU| B2UBpIUO) DIseq,, )ieD
(onsneys’[z:t’ o q)puiga -> 197q
(W219,,)2 ->21s1e1s
[T'p+i,]saliauenb - 219, -> [2'v+1,2]107q

gCet
[443*
TZET
ozet
6T¢€T
8TET
LTET
91¢1
qTel
PIEl
ETET
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T1€T
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60€T
80T
LOt1
90¢1
SO0ET
vOET
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C0ET
T0¢T
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6671
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091

(,1v,,)2 ->dnisneis 0SET

[T'p+a]sajuenb - 31y, -> [2'p+]19 7 q BYET

[2‘p+4]salauenb - D1y, -> [T'p+1)107q 8YET

} (sedx@ %u1% ,0Iv,) LYET

(((ar3s11e3s * 1oy |eAsSIU) S2UBPIUO) JIseg, )aised)a 1183+ 9vET

(Jeqiousa”woas+((ZA = xewA ‘TA = utwA nsies)sae ‘[ ‘g+4]107q)10|d88)jund (INYL==1eq) I SYEL
(WU\,, =das ([g'e+a]07q [Te+)197q “, (1'% 49 %] )aunds ‘2, nsnes ', | ¢, 104 [eAIB)U| dUBpluo) diseq,,)1ed vreET
(onsiieys’[z:T’ 1o q)pulgd -> 197q EVET

(WTvd,)2 ->dnsnels Tret

[T'e+]sa|3uenb - 77Y,7 -> [2'E+]197q TYET

[Z'e+a]sajuenb - 77U, T -> [TE+]107q OPET

} (sBJIX3 %U1% , v, § 6EET

({(a13s13€35 *, J0O§ |EAUDIU) BOUBPIUO) DIseq, )21sed)a| 188+ 8EET

()1equossa”woad+((ZA = xewA ‘TA = uiwA ‘13siels)sae ‘[ ‘z+1]197q)0jd83)und (InYL==Jeq) § LEET

(u\, ‘w,=dos ([22+]197q ‘[TT+]07q 45'% 35 % )ulds ‘1, ansies ‘| 104 [BAIIU| 3oUBPHUO) Jisegq, )1ed 9€eT
(onsneys’[z:T' 197 q)puigd -> 197 SEET

(wPs,)2 -> 213s13E3S PEET

[Tz+4)sa)Iuenb - 1ey~ps,z -> [2'Z+]107q £E€ET

[2'z+4)sanuenb - Jey ps,z-> [T2+]107q TEET

} ((sedxa %u1% ,Bwisdis,)j 1§ (Se4Ixd %U1% ,3n[eA-d,)i ) §! TEET

0€€T

{ 6ZET

{ 8ZET

{ LTET

{ 9ZET

{ GZET

({{onsness ‘, 10y |easslu| 2auapyuo) diseq, Jaised)adds+ VZET



191

} (seaixa gu1% ,019,,)

}((seaaxa %u1% D1v,)i )

(((ons13e3s /404 |eAIIU| BDUBPIIUOD dISeg, )o1sed)a11188+
()1eqiona” woad+((ZA = xewA ‘TA = uiwA ‘ansinels)sae ‘[ ‘9+4)10-qhrojdss)uid (Inyl==1eq) Jl
(,u\, ‘w=das ([Z'9+4]197q ‘[T'g+]Dq
5% 45°%],)unds ¢, ‘ansnels ‘|, (40} [eAI1U] @3uapljuo) Jiseq,, )1ed
(onsneIs(z:1* 197q)puigd -> 1p7q
(,ISIAY,)2 -> dnsiiels
[T‘9+1]sajuenb - ISNY,LT -> [29+]1D7Yq
[2'g+i]sajuenb - ISANYLZ > [T9+]197q
} (senxa %u1% ,3SINY,) 1
(((o13s13R35 104 |[EAIRIU| BDUBPIIUOD Diseq, }orsed)a| 1188+
(J1equouia”woad+((zA = xewd ‘TA = ulwA ‘onsies)sae ‘[ ‘g+4]107q)101d38)u1ad (INYL==1eq) JI
(wU\, “wu=das ([2'g+a)197q ‘[TG+d]07q
‘W39°9% 49'%),)uuds ¢ c ansness |, (404 |eAsalu| 3duapliuo) diseq, )ied
(onsneysz:T' 1 q)pulga ->197q
(.219,)2 -> onsnels
[T‘g+]sapnuenb - D18, -> [Z's+]107q
[z’ +i]sajnnuenb - 318,z -> [T'G+]1D7q
} (seaaxa yu19% ,01g.,) §!
(((onsnels ‘ Joj |easaiul aduapyuo) Jiseg, Jaised )83+
()4eqiouia”woas+((gA = XewA ‘TA = ulwA 211s11e15)s9e ‘[ ‘v+4]197q)101d33)und (INYL==18q) }I
(Wu\, u=das ([2'v+]P7q [Tp+]197q 1S % '15°%),)4unds ‘& Onsiels ‘, , ‘104 [BAId3U| 3dUdpIju0) diseq, )1ed
(onsneys‘[z:1* 197 q)puiga ->197q

{

LLET
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vLET
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69¢t1
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9GtT
SSET
PSET
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CSET
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(WU\ “wu=das “([T'P+a]107q ‘[T'p+]127q vObT

‘W8°% '15°%),)unuds ‘) 1, ansieys ‘) | ‘104 |eAIBIU| BDUBpHUC) JIseqd )1ed €OvT
(onsneas’[z:1’ 7 q)puiga -> 1P q zovT

(,3SNY,)2 -> JN3s1iels 10vT

[T'p+a]so)3uenb - ISNYLT -> [2'p+)107q 00¥T

[T'p+a)se3uenb - ISNYLZ -> [T'P+1)107q 66€T

} (SB43X3 %U1% ,ISNY.) ! 86€T

} ((senxa %u1% ,018,)i ) # L6ET

{ 96€T

{ S6ET

:ﬁu_um_umum ‘__houp |eAdalu| 22U3pyuU0) u_mmm:gwumm&m_u_uwm._. YeET
()1eqior1a”woad+({(zA = XxewA ‘TA = ujwA 13sneis)sae ‘[ ‘g+1]197q)10|d83)und (3nyYL==1eq) } €6ET
(u\, ‘y,=das ‘([2's+]197q ‘[T's+]07q Z6€T

‘35°% ‘15°%),)uuds ‘, z, ansnels ¢, |, ‘,40) |[BAIDIU| 3dUapljuo) Jiseq, )ied I6ET
(ansneys’[z:T’ J97q)puiga ->197q 06¢€T

(,3SINY,)2 -> dn3siiess 68€T

[T's+i]sajuenb - ISIANYLZ -> [2's+]107q 88€T

[2's+4]sajnuenb - ISNYLT -> [T'S+]I97q LBET

} (seaaxa %ui1% ,ISINY,) H 98€T

({(onsness ‘ 1oy |easalu} @3uapyuo) diseq, )aised)apnnss+ GRET

(J1eqo1sa”woad+((zA = xewA ‘TA = uwA ansneys)sae ‘[ ‘p+1]10q)30|d88)und (InyL==1eq) v8ET
(Wu\, “wu=das (['p+]107q ‘[T'p+]107q €8ET

‘J15°% ‘15°9),)1unds ‘1 ‘anisniels ‘| 104 |BAIDIU| 22UDPIIUO)) DiSeq,, )1ed Z8ET
(ansners’(z:1’ 19 q)puiga -> 197 g 18€T

(,219,,) -> dansiiess 08€T

[Tp+a)sainuenb - 319,z -> [2'p+]107q 6LET

[2'p+a)sajnuenb - 018, -> [T'p+]07q 8LET
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[T's+1]sa1uenb - ISNY,LT -> [2'5+]P7q TEVT

[¢'s+i]sajnuenb - ISWY, T -> [T'S+]D g 0] 378

} (sea1xa %u1% ,ISINY.) 4 6ZYT

(({o13sn3e3s 40} |eAIRIU| DDUBPHYUO) JIseq, )a1sed)a[11188+ 8ZVT

(Meqiona”woad+({zA = xewA ‘TA = uiwA nsneis)sae ‘[ ‘p+4]197q)10jd38)uud (3NY1==1eq) LTYT
(uU\. “wu=das ‘([2'y+a]107q ‘[T'p+]07q 9Z¥1

‘W[35°% ‘45°%],)uuds ¢, ‘onsners ‘|, ‘404 [BAJRIU] 9IUlpyUO) d1seg, )1ed [ 4'an

(onsneis(z:1’ o q)puiga->10q (744"

(,019,)2 -> ansnes €Ty

[T'p+a]sepauenb - 318,z -> ['v+]107q (44745

[z'p+d]sauenb - 18,z -> [T'p+]197q (44728

} (seaxa %u% ,01g,) # 0Tyt

({(onsness ‘,J0) |eataju] 2duapyuo) diseq, Jaysed)o| 1383+ 6IVT

()equor1a”woaB+((zA = xewA ‘TA = UIWA isnels)sae ‘[ ‘g+]107q)10)dS8) und (InyL==1eq) §i 8TIYT

(WU\, “w=dos ([Ze+)0q ‘[T'e+107q 15 % ‘45 %].)Ruuds ‘', o, Dnsiels ‘, |, ‘,J0} |BAI2IU| 32U3pYUO) dJiseq,,)1ed LIVT
(onsnexs’[z:t’ o q)puigd ->107q 91T

(WO1V,)2 -> dnsnels STYT

[Te+a]sapuenb - D1y, z -> [Z'e+1]107q vIvT

[z'e+a]sa|nnuenb - Djy,Z -> [T'e+]0 7 q 384

} (senxa %u1% DIV, § 4871

}(sea1xe %% ,Zvd.)i ) 4! Tl

{ 018748

{ 60VT

{ 80vT

{ LOVT

(((onisneis ‘, 1oy |easaiu] 223uapuyuo) diseq, Jaysed)a|185+ 90vT

(Jreqiorsa”woad+((ZA = xewA ‘T = uiwA ‘onsnels)sae ‘[ ‘p+4]19 q)10]d33)1ud (3nyL==1eq) j1 SOvT



o1

()J1equousa”woad+((zA = xewA ‘TA = uiwA ansieis)sae ‘[ ‘p+a]107q)101d33)und (3nYL==Jeq) ji ST
(WU\, “wu=das ([T'y+]07q ‘[T'p+]0q LSYT

9% 46°%],.)uuds ¢z, onsiieys ‘¢ 104 [BAISIU| 3dUBplU0) diseq,, J1ed 95T
(onsneis[z:1* 1197q)puiqa -> 107 SSPT

(,3SWY,)2 ->onsnels vSYT

[T'p+d]sapuenb - ISWY.LZ -> [2'p+4]1D7q €SYT

[¢'p+a]sapiuenb - IS, -> [TF+]197q 4372

} (sed3xa 9u1% ,3SIANY,) §! TSPT

(((onr3sn3e3s ‘, 10§ |EAIBIU| BOUBPLUO) Diseq, )aised)ainds+ oSHT

(Jeqioua”woad+((zA = xewA ‘TA = ulwA onsnels)sae ‘[ ‘e+4]10-g)1ojd38)und (InyL==1eq) )1 6T
(au\, “wu=das “([g'e+]07q ‘[T'g+]10 g 8¥HT

35°% ‘457%] uuds ‘), onsnels ¢, |, ¢, 104 [eA3lU] 3JU3pluo) diseq, )1ed LT

(onsneis[z:T* 1" q)puiga ->197q 9T

(,218,)2 ->nsness Svvl

[T'e+]sajnuenb - 518,z -> [T'e+]0q 122"

[¢‘g+4]sajuenb - D19,z -> [T'e+]107q EVYT

} (seaaxa 9u1% ,019,) # 1474741

} ((senxa yu1% DIv.)i ) # §81274 8

{ (12728

{ 6EVT

{ 8EVT

(((on1s13e18 ‘, 404 [RAIBIU| BOUBPIUO) Jiseg, }aised Japnda+ LEVT

()dequou1a”woad+((zA = xewA ‘TA = uiwA Dnsiels)sae ‘[ ‘g+a]id~q)iojdd8)und (3ny1==1eq) j! 9EpT
(wu\, “wu=das ‘([z's+]17q ‘[T's+]107q SEVT

“W4S% 45°%].)unds ‘, z, ansels ¢, | 4,10 [BAIIU| 3dUBpYUO) diseq, )1ed vEYT
(onsneis[z:1’ 117 q)puiga -> 197q EEVT

(,ISY,)2 -> dnsneys (43741



S91

({218, ‘@19eL)2)pulqd -> 3|qe (selixd %u1% ,0Ig,) §
((,21v,, ‘@1qeL)2)pulgo -> B|qe L (Selixd %ul% JIV,) #
((uzvY, 21qeL)2)pulgd -> B|qe (Sedixad %ui% ,Zvy,) !
((4Ps, ‘@IqeL)o)pulgd -> 3|qeL

((q71end ‘a1qeL)o)puigd -> 3|qe] (sedixa %1% ,anjeA-d,) JI
((,ewsis, ‘9|qe1)2)puIgd -> 3|qe] (Sesxa 9%uI% ,ewdis,) ji
(((z)saweujod ‘.3, )2 )puigd -> 3jqe

(((o11s13@35 *, 404 |RAIDIU| BOUBPIUO) Jiseq, )31sed )18+
()1eqiossa”woad+((ZA = XewA ‘TA = ulwA 2sieis)sae ‘[ ‘g+4]197q)30/d83)jud (3INY1==1eq) §!
(4u\, =das ([g'e+]107q ‘[TE+4]P™q
“3S5% 45°9%), unds ¢ nsneys Y, | (104 |BAISIU| 90UBpljuo) Jiseq }1ed
(onsnes’(z:T' 19 g)pwga >0 q
(,3SWY.)2 ->donusiels
[1'g+4]saj1uenb - ISNY.Z -> [2'E+]0Tg
[Z'€+1]sa1uenb - ISNYLT -> [T'E+]7
} (senxa 9%u1% ,3SINY,) J
} ((senxa %u1% ,018,)i )
{

(((pnsneis ‘, Joj |leassju] @duapyuo) diseg, Ja1sed)ands+

S8YI
vevi
€8yl
81
18v1
08v1
6LV1
8LV1
LIVl
9LVl
SLYT
vivi
ELVI
(447"
TLv
0LY1
691
89v1
L9V1
991
S9v1
vorl
€9l
91
191
091
651



991

‘($“1/(z "y~ deaysyooq)wins)punod (seayxa %ui% ,Zvy,) # (§1/(ps desisiooq)uns)puno.
‘anjend” Jo00 (SBAIXD %uI% ,ANnjeA-d,) J! ‘(§1/(ewBisTdeiisioog)wins)punos (sedixa %u1% ,ews|s,) §l ‘e1aq Heod)d
‘d|qeL)pulqd -> 3|qe]
} (,@1nuadiad,==1) y

{
(31qeL)main
(,@2uedudis |eansiels,’, 1D dlseq saddn,‘, D Jiseg Jamo,‘, Juaidiya0),  d|qelieA,)? -> (3|qe])saweujod
(
((, )2 (T==((3NYL == se1xa %u1% (,ISWY.. D18, DIV, W TvH.)2)Y1ym) yaduay) yi
(o u'w )2 (Z==((3NYL == seIx3 %U1% (,ISNY. D18, DIV, W Tvia)2)U2Iym)yi8uay) 41
“(wu'u u'v o)? (E==((3NYL == sRAIX3 %UI% (,ISINY, D18, JIV. W TvH.)2)YR1YM)yIBua)) 41
Cons o n' o) (P==((3NYL == sB1IX@ %UI% (,ISWY, D18, IV, W Tv.)2)Yd1ym)yiduay) 4
(S
‘anjead” udis (SeJixa %u1% ,2n|eA-d,) J!
(1 u)2 (sBIIXD U9  eWSIS,) JI
(o WXa O<[T(T+4):T]197q 8 0>[T(T+4): 11T G)as(9)1)2
‘(s'[¢* 1p"q)punod
‘(§[t* J1o7g)punoy
“((s1/(3sWy desisiooq)uins)punou (seaixa %ul% ,ISINY,) 4!
‘(§"1/(018™denisjooq)wins)punod (selixa %ui% ,018,) 3 ‘(5“1/(01vdensioog)wins)punod (senixa %u1% ,OIv,) §
‘(§“1/(z "y desysjooq)wns)punou (seaixa %ui% ,Zvd,) 3 (§“1/(ps desisiooq)wns)punos
‘an|end” JJa0d (SB4IXd %UI% ,aN|eA-d,) J1 ‘(§“1/(ewBis~desysioog)wns)punol (sesixa %ui9 ewsdis,) Ji ‘elaq 3a02)d
‘a|qeL)puiqa -> 3|qeL
H.oseq,==12) y1

((.3Sy,, “31qe)d)puigd -> 3|qe L (SesIxa %ui% ,ISIAY,) §!

¢ist
LTSt
o1st
60ST
80SsT
L0ST
90ST
SOST
voST
£0ST
¢ost
Tost
00st
6691
86v1
L6Vl
96v1
S6VT
vevt
€6Vl
(494"
16yt
o6vt
68r1
88Y1
LBYT
98v1
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(4 )2 (sed3IX® %UuI% ewdis,) jt
(i X O[T (TH)T]07d g 0>[T'(T+4):T] 127 d)as|ay)o
(s'[z" 119" d)puno.
“(§‘[t’ J97d)punod
“((§1/(3sWy desnysjooq)wins)punol (sesixa %ul% ,3SIAY,,) §!
‘(§1/(219” denysjooq)wns)punod (sesixa %% ,J14.) #! (51/(J1v" densiooqjuins)punod (senxa %ui% ,JIvV,) J!
"(§"1/(z "y desysjooq)wins)punou (senxa %ui% ,zvd,) § ‘(S1/(ps densiooqjuns)punos
‘anjend” Ja0d (SeAIXD %ul% ,2n|eA-d,) JI ‘(§1/(ewBis desisiooq)wns)punod (sedixa %uigy ewdis ) Ji ‘ejaq §§202)2
‘ajqeL)puiqo -> ajqeL
} (e ==0) )

(3a|geL)maip
(,@uedijudis |eansnels, 1D ajuadiad saddn, ‘1D 3j13uadiad 1amo,’, Juaidiyyaod, ‘ 3|qeuep, )d -> (ajqel)saweu|od
(
({4 W2 (T==((3NYL == ses3xa %% (,3ISNY,, D19, DIV, Zvl,)2)4Ium)yidua)) §
(o w'u )2 (Z==((3NYL == seax® %u1% (,ISINY,. D19, DIV, W Zvi, )2)U21ym) yadua)) 1
o wlau u)2 (E==((3INYL == sesxa %% (,ISWY,". D19, DIV, W Tvl,)2)u21um)yidua)) 41
o w'o e w2 (P==((3NYL == seaIxa %u1% (,3SIAY,, D19, DIV, Zvd,)2)421ym)yidual) j
(wu)?
‘anjend” udis (SeJIxa %U1% ,Bn(eA-d, ) JI
‘(,, w)2 (seaixa guig  ewdis,) )i
(i WX O<[(T+2):T]107d g O>[T'(T+4):T]127 d)as|ay)d
‘(S‘[z" Jn~d)punos
‘(S’[t* J1od)puno.
‘((s"1/(3SWY desisjooq)wns)punod (SesIxa %ui% ,ISINY,) #
‘(s"1/(018” densiooq)wns)punod (sesixa %ui% 014, # “(§“1/(D1v” desisjooq)wns)punol (senxa %ui% JIv,) !

6EST
8EST
LEST
9€ST
SEST
VEST
£EST
[43]
TEST
0gst
6251
8¢St
Lest
9¢st
ETA !
vest
£¢61
(441!
Test
0est
61ST
81ST
L1ST
91st
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} (T=<eydje || o=>eydje) ajiym
((2)jo2u:T’,2,)093sed -> (2)saweu|od (0 ==((z)seweu|od)yi8ua)) y

(z)xiewrse -> z ( xujew, =j(z)ssep) §
(A)xuyewrse -> A (,xuiew =j(A)ssep) y
(x)xuew-se -> x (, xujew, =j(x)sse2) j1

(paas)paasies

(z101d33)Aseaq))
{
(,2101d88, )sa8exded | e15ul
H3S1v4 == (()sadexoed paj|elsul)saweumos yui% ,z30|d33,) ji

(8aspunn)Aieaq)

{

(,8240unJy, )se8exoed||eisul
}3S1v4 == (()sa8exoed paj|eisur)saweumon %u1%  Saouniy, ) Ji

(Bunyrewyouag)Aielq)
{
(,8unjiewyouag, )sadexyoed-|jeisul
H3s1v4 == (()se8exoed pa||elsul)saieumol y4ui% ,Sunjewyouag,)

} (3S1v4=1eq
‘351v4=wesBosiy ‘T=paas ()I=ses1xd ‘s0°0=eyd|e ‘,3|13ua213d, =12 ‘005=21 ‘00T=T1 *,3N0,=NOILV.ININO ‘,SY¥D,=S1Y ‘Z ‘A ‘x)uonouny -> 7~ wyjuod|y

-



0Lt

(p1sa4™auna)ps -> 18y~ ps

sanjeA’pal$Iey P apow - 1 iey pTeUTUOU -> pisadTounsy
[peqj]iTiey p >3 ey p euTuou

(¥73ey p)eussi -> peq

(,3y8u,, = uondaup ‘T =juiod ‘2 . 1 1ey p)3asouniy -> 1y p|apow
(VN “4ey™p ‘T > 18y p)asjayl -> 1 ey p
}(,ul,==NOLLV.LN3I1Y0) 3!

(421, = uoialp ‘T = Juiod ‘z . Y ey~ p)8aouniy -> Jey p_|apow
(VN 9ey~p ‘T <iey p)asjay -> 1 ey p
} (,An0,==NOILV.IN3IIHO) 3!

()2 ->1ey"e12q

()2 -> Aseyixne

(z)joau -> 1

uolssatday pajeaund) [Z] ##

(eap)ye->1ey p
(NOILVLN3IIYO = NOILVLNIIYO ‘SLY = S1Y ‘A ‘x)eap -> esp
vP Jo uoneindwod ‘y3q [1] ##

(eyd|e)ansawnuse -> eydje

{

(., (50°0)'8'2 'T pue 0 qaamiaq [aA3] dauedIUSIS |[ews AjaA1e|R) B 35004), )auljpeal -> eyd|e

vS
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8y
Ly
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147
124
(474
144
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[43
123
0€
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[FA"

vvQ PUB vy JO UORBWINSS [S] 4

seiq - ey p->Jeyz p
1By p - 4B}S 1Ry Ip ueaw -> seiq

([ 1]g)ueaw -> [1]4e3s 1BY 1p UEAW
} ({g)mouu:t un) 1oy

()2 ->4e3s 30y 1p UEBW
vvP Pa3123.102-se1q Jo uotieIndwiod [v] ##

{

[1]4e3s3ey P ->[[]9
} {u:g uny) Joy

(¢eap)ya -> 1151y P
(NOILYLNIIMO = NOILVLNIIHO ‘S1Y = S1¥ “Jeis A ‘Jeis™x)eap -> ¢ eap
«vP Jo uoneindwod ‘v3q [ €] ##

hmu—wlt \um F_I_u*\, ->Jeys A
X ->JIelS X
«A pue x Bumas [£°¢] ##

n+Qz->Jeys p
«P J0 uoneindwod [7°€] ##
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L01
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€01
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00t
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[4:]



eLT

(T+4=]02u ‘T1=modu)xLijew = e3aq desysyooq
7 dooj desysyoog [9] ##

((ptsas™doun)yi8ual/(zvpisad 2uni)winsabs -> ISIAY (SBAIXD %U1% , ISINY.) 4!

(s3uaiyye0a$ieyz P lapow)yidua|,((sanjea’paniysieyz p |apow)yiduaj)do| + 31180 $1eyz P [apow, Z- -> D|g (SedIxd %ui% ,0I19,) 3
(sua1d14202418YZ™ P |2POW)YI8Ua|,Z +}17130]$IBYZ PT[9POWLZ- -> DIV (SBAIXD %Ul% ,DIV.) §!

Zv(¥ 1eyZ p eu uou ‘sanjeA'paniSIeyz P [9powliod <> 7Y (SelIxa %ui% ZvY,) I
['(T+1):T]SIUBID1}32008(1eYZ P~ |9pow)Auewiwns -> 27 ud ((Sesdx@ %ui% ,ewsis, )i B seixa %ul% ,anjea-d,) ji
[t'(z+4):T]s3ua1D1348006(31BYZ P~ [9poWw)AiewuwINS -> Z g (SBIIX® %U1% ,BLIBIS, 1 SBIIXD %UlY% ,BN[eA-d,) i
[Tz+]swuaniye005(1eyz P |epow)Aiewwns -> ewdis (seixe %ui , ewsis, ) )
[T/{T+4):T]5IUBIDI42005(1BYZ P [2pOW)AteWIWINS -> JeyZ B3]

(p1saiounuy)ps ->jeyz ps

sanjeA’pajijSieyz P [Ppow -3 1eyz P eu” uou -> pisal ouny

[Peqili3eyz p->373eyz p eu uou

(¥ 1eyz pjeu'si -> peq

(,3y8u,, = uoiyauip ‘T = julod ‘2 . 1 1eyz p)dssouniy->jeyz p |spow
(VN YeYZ P ‘T >1eYz p)as|aj -> ¥ 1eyz p
}(,uL,==NOILVLN3IYO) #

(,49|, =uoiPaip ‘T =ujod ‘2 L 3 leyg p)datouniy->jeyg p [spow
(YN Jeyz p ‘T <3eyz ples|ay -> 3 jeyz p
} (,3n0,==NOILVLN3IHO) J!

()2 ->1eYyzZ EBI9Q

SET
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971
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vt
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(44
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811
LTT
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0Tt
60T



vLT

(T=xew ‘Q=uiw ‘U)uns -> Z7A
UOJINGUISIP [ELLIOU PRIBIUNJY-Y3| WOodj Smodq [T°9] ##
}(2nT utl) Joy

Yeyz ps/zo-> ¢,

(Aseipxne)wns -> 1]z qz
(Asepixne)wns - 1 -> 1]272
{
[t+eyz e3aq, [(1]z -> [fJAseiixne
} (4:1 w ) Joy
}(ug urr) doy

()2 -> 13571y e3aq

()a->4e3577p

()-> 77z

(p->2™

()2 = 35Ny~ desysiooq

()2 = 919" desysyooq

()2 = DIy~ desysyooq

()2 =z ad"desysiooq ((sesixa %ui% ,2njea-d,)i) i

(T+4=]00u ‘Z1=moJu)xuiew = 2 ad~deJ)sjooq ((sesnxe %uig ,ewsis, )j 13 Se4IXa %ui% ,anjeA-d,) Ji
(z+4=100u ‘Z1=moJu)xujew = 7 id~ dessjooq (sesixa gul% ,Bwadis, 1§ SeIIXa %U1% anjeA-d,) Ji

w

()2 = 2"y desysyooq
()2 = ew8dis~dessyooq
()2 = ps desisjooq

I . | = » H | _& r r

(4]
191
091
651
861
LST
951
SST
PST
13
(438
1S1
0st
6v1
8rl
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124"
1344
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ovt
6ET
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SLT

(s3ua1d1Y}200$1R1ST P [2POW)YIBUD| 4T + Y1BO|SIRIST P [SPOW,Z- -> JBIS DIV (SeuIXd %U1% ,DIV,) !

Zv(1 1B1SZ P BUTUOU ‘SBN|BA'PR1IYSIRIST P [BPOW)I0D -> URIS ¢ Y (SBAIXd %UI% ,Tvd,) #!
[v(T+4):T]SIUBI01)y8034(1R1ST P [BpoW)AlewwnS -> Jeys Z Ud ((SelIxa %uly, ewsdis, )i ' SBIIXd %ul% ,aN|eA-d,) )
[t(z+4):T]s1uadiya034(1e1SZ P [9powW)Alewiwins -> 1els Z ud (SeJixa %ui% ,ewsis, @ Sedixa %u1y ,an[ea-d,) j
[T'z+4]s1ua21y48028(J0ISZ P [8pow)AlewwNnS -> Jels” ewa|s (SeLIXa %U1% ,ewsss, ) )
[TY(T+4):T]sIUa18006(1eIST P |apow )Alewiwns -> Jel1S 1eyz elaq

(ptsad 3unal)ps -> Jels ieyzg ps

San|eA'palNySIRIST P [SPOW -1 JRIS7 P Bu UOU -> pisaJ JunJl

[pPeqijli 4eisz p->1 Jeisg p eu uou

(¥ 4e3s7 p)eurs:-> peq

(,3YySu,, = uonzanp ‘T =juiod ‘z . 7 4eIST p)8aJount) -> Jeisg p |epow
(VN 1e1sz"p ‘T >Jdeisg p)as|ayl ->1 1eisg p
} (41, ~=NOILVLINIIYO) 4!

(,49],, = uoiaulp ‘T =1uod ‘z .y Jeisg p)dasounil ->ueisg p- |spow
(VN “eisg p ‘T <Jeisg p)asjajl->1 4eisg p

} (,In0,==NOILVLN3I¥O) }

xvv0 PUB 4y JO UOHRWNSS [£°9] ##

TN+ qz->aeIST P
+xP 0 uoileIndwod [z°9] ##

(z An)wioubieyz ps->z n
7 Al(z 22)uoud - T) + (27 22)wuoud -> 7 AA

681
881
L8T
981
98T
v81
£81
[4:1"
181
081
6L1
8L1
LLT
9.1
SLT
74}
ELT
(44"
TLT
04T
691
891
L91
991
591
1218
€91




9.1

(3swydeuisiooq ‘D)pulqa -> ) (SEIIXD %UI% ,ASINY,,) H
(D18™dedysyooq ‘D)puigo -> D (seaIxad %u1% ,019,) #
(DIv-desisjooq Q)puiqa -> ) (seIXD %U1% IV, ) #

(Z 7y densjooq ‘D)puiq -> D (SBAIXD %U1% ,TvY,)

(ps desisyooq ‘Q)puiga -> o

(z 1d"desysjooq D)puiqa -> D (SedIxa %u1% ,2njen-d,) §
(ewSis~deuisjooq D)puiqa -> ) (SeIIXD %1% ,ewdis, ) i
(elaq deJsisjooq)puigd -> D

Je)s ISINY -> [(]3SINY~ deaisioog (Seixa %ui% , ISIY,)
Jels 0ig -> [[]D19 desisjooq (sedixa 9u1% ,01g,,) #

Jeis Oy -> [[[21v" desisiooq (sesixa %ui% ,OIv,,) )
1e1s z Y -> [z 4 densjooq (sesixa %u% ,zZvd,) #

1eys ewsis -> [(Jewdis desysiooq (senxa 9u1g,  ewdis, ) i
1e1s71eyz  ps -> [[)ps densiooq

{

[1]4e3s727ag -> [1'[]z7ad " desisiooq (sedixa %ui% on|ea-d,)
}(z+4):T ur ) Joy
} (seaixa gu19  BWBIS, 13 SRIIX %UI% ,BN|eA-d,) !
{
[14e3s7 2 1g -> [1']2”1d " desysjooq ((sesixa %uig ewsis, )j 1§ SBIIXD %UI% ,aN|BA-d,,) JI
[14e3s718YyZ RI2q -> [1'f]e10qdesysiooq
}((T+4):T un1) soy

((p1saddunay)yiBua|/(zypisal dunnjwns)uubs -> Je3s ISINY (SBIIXD %u19% ISINY,) #

?Eu_u_twoum._Emmlnl_mvoEE“m.._m_*:.."m:_m>.uEEmLEmwlnl_wnoEEum:m:mo_ +31180|Gde1SZ P~ |9powW,, Z- > Je1S D|g (Sed1xa %u1% ,019,)

{
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061




LLT

S|EAJ3IU| DIUBPLUOD) B|1IUSVIB] ##
(}o ->onsners

TINN -> (2njead” jj202)salueu

(s‘z1/(wns ‘2 ad"desysjooqjAiddes)punos -> anjead” }Ja0d
} (sesixa guig, ,8njea-d,) 1
TINN -> (e12q™ Jaod)saweu
(5'z1/(wns ‘eyaq~desysyooq)Ajddes)punol -> e13q §4202
(z7ad"desisyooq)awelyeiepse ->z id desisiooq
(eyaq desisjooqlowelsyelepse -> e12q desisjooq

[0(((z/eydie)-1 z/eydie)a’[1 ]o)enuenb -> [[1]ss|auenb
Hz:T urf) a0y
}((O)odu:t ur 1) 10y

(z=]02u ‘(D)|0ou=Mmouujxulew -> sajiuenb
S|eAJDIUI DUBPHUOD [/] 4#

([ Io)sy
}((D)|odu:T ur 1) 104
} (3ny1==weiBoisiy} p

1344
e
e
ove
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vee
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vee
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81

(u(,'€-2-1,.q)on|eA-d, ) 031sEd -> dlisiiels
[z4]saptuenb -> [z4]107d
[T1]sayauenb -> [T1]10™
} ((+1,2):(€+1) 1) 10y
()o -> anjead u8is
(>->q7jend
} (senixe y%u1% ,onjea-d,)
((,usep8uo), = adA1aul|’, pai,=10|0d ‘g=1dad1ajuiA)aul|y woad+((213s1383S *, 10} |BAIRIU| BDUBPYUO) 3|13UVI,,)31sed )a)31333+
()J1eqoisa” woad+((zA = xewA ‘TA = uiwA ‘ansnes)sse ‘[ ‘z+1]197d)10|d88)uid (INYL==1eq) }I
LU\, “we=das ‘([gz+]17d [T'z+]07d ‘3S'% ‘$5°%].J4unds ‘ : Dnsiiels ‘|, 10} [BAI31U] 9DUSPIIUO) B[13UII34, )3eD
(onsizers‘[z:T' 1o d)puigo -> 107 d
(,ewsis, )o ->2n1is13e1S
[z‘z+4]seauenb -> [gz+4]i07d
[T'z+a]sopuenb -> [f'z+4]107d
} (sesixo yuigs ,ewsis,) §1
{
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(,Ps,)2 ->msnels
[T‘e+4]sapmuenb - yeyz ps,z -> [2's+1]D q
[z'e+a]sapuenb - yeyz ps,z -> [T'e+]127q
} ({sesixa gpui94 anjea-d,)i ) §
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(1218,,)2 -> dusnels
[T'g+4]sapuenb - 919,z -> [2's+1]107q
[z‘g+d]s9puenb - 919,z -> [T's+]107q
} (seayxa guigs 019, #
} ((seaaxa %u1% ,J1v.)i ) #
{

(((o11sne3s ‘104 |eAIDIU| DDUBPIUO) Jiseq, Ja1sed)aj 188 +() eqioa” woad+
((zA = xewA “TA = uiwA Dnspeis)sse ‘[ ‘£+1]197q)ro[d88)ud (InyL==1eq) )1
(WU\, “we=das “([2'2+]0q [T'2+a]07q
‘W36°9% 15°%].)1uuds ¢ c Dusiess ‘|, ‘, 40} [BAISIU] 30Udpljuo) Jiseg, )ied
(onsneys’[z:1 o q)puigao-> 19 q
(,3SY,)2 -> dnsiiels
[T'z+a]sapiuenb - IGNY, 7 -> [22+]107q
[2'z+4]ss3uenb - 3NY .7 -> [T2+1]107q
} (sea1xa %u1% ,ISINY,,) §
(({(onsneys 1o} [easaiu] 2duUapyuo) Jiseq, )orsed)a| 1188+
(J1eqroasa woad+((gA = XewA ‘TA = WA 2nsnels)sae ‘[ ‘g+4]17q)101d38)und (3NYL==1eq) Hi
(U, “u=03s ([2'9+1]107q ‘[T'9+1]195q
‘5% 45'%])Ruuds ‘| o fonsnels ‘|, ¢, 10} [BAIIU| DUBpIUC) Jiseq, J1ed
(nsneis’(z:1" ] q)puiga -> 17 q
(,218,)2 ->Jnsnels
(T'9+4]s9jnuenb - 19,7 -> [Z'9+]107q
[z'9+1]ssjnuenb - 318,z -> [T9+1]7q
} (seaaxa %ui% ,018.,,) !
(((onas13eds ‘104 [eAsDIU| BDUBPYUOC) dised, )a1sed)aju183+
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‘ {
(((>n3s13eys /104 |EAIDIU| BOUBPIUO) Diseq, )aised)a|3388+()1eqo11a” WO+ s
((zA = xewA ‘TA = uiwA ansieys)sae ‘[ ‘g+4)107q)30|d88)junid (INYL==1e9) } o
‘ i (Wu\, ‘w=das ‘([g's+]n7q ‘[T's+]197q o
W35°% ‘IS %) Jpuuds L onsnels | 104 [BAIB3U| 9Uapluo) diseq, )1ed o
(dnsneis’(z:1 nTq)puigd -> 107 q sort
(,ASWY,)2 ->dnsnels e
[T'g+4])sauenb - 19,2 -> [Z'5+]19 7 q ek
[z'G+a]sapuenb - J1g,Z -> [T'G+)107q s
} (senx@ gu1% ,ISWY,) §! s
} ((sexx@ %1% ,218.)i ) 4! i
ﬁ 1611
ﬁ 0STT
(213513835 * 204 |[RAIDIU| DDUBPIUO) diseq, )aised)a|3188+()1eqi01ia” WO3d+ -
((ZA = xewA ‘TA = uiwA ‘apsneis)sae ‘[ ‘9+]107q)i0jd38)jund (3NYL==1eq) 1 e
, . p A__C/_. -_-:_"awm AA—NQW.-MH_UID a—.ﬂ‘m.‘-hu_Uln hq.ﬂ.ﬂ
W[35°% 45 %] unds 0 nsiels ¢, |, ¢, 104 [BAIR3U] 3DUBplyuo) Jiseq, )1ed i
(onsneys’(z:1’ Joq)puigd ->107q s
(,ISY,)2 ->dnshiess i
[T'9+4]saj1uenb - ISNY,Z -> [2'9+1]107 e
[2'9+4]sanuenb - ISNYLZ -> [T°9+]107q -
} (sea3xa %u1% ,ISINY.) # it
(((on3sneys ‘104 [EAJDIU| @DUDPHUO)) DISE . o

N W ! iseg,, )a1sed)a|1388+

Jeqoul = A = ! & | :

()1eqiorsa” woad+((zA = xewA ‘TA = ulwA ‘ansnels)sae ‘[ ‘s+iJ107q)jo|dd3)und (3nyl1==1eq) ji i
o ey o (WU\, “we=das ([2'sH]07q ‘[T's+]0 q ot
W35°% J5°%),)unds ‘, z, fonsiels ¢, ¢, 104 [eAIa1U) @duapyuo) diseg, )1ed s
. 9¢Tl

(nsneis’[z:1* v q)puigo -> 107 q
SETT




[4%4

(onsnels’[z:1° o q)puiga ->107q
(,ISWY.)2 ->dnsnels
[T°9+4]sajnuenb - ISINYLT -> [T9+1]10q
[29+]sajauenb - ISINY,T -> [T'9+1]10 g
} (seJ3x@ %1% ,ISNY,,) #
(((on3snaeas ‘,,Joj |ersalu] 33uapyuo) diseg, Jaised)a)1183+
(J1eqio119” woas+((zA = xewA ‘T = ulwA ‘onsieis)sae ‘[ ‘g+4J10 q)1ojd38)junid (InyL==1eq) }I
(wu\, “wu=das ‘([Z's+]107q [T'G+]107q
‘3S% 49°%].)1unds ¢, faisiels ¢, |, ‘404 |BAIBIU] @duUBpluo)) diseq, J1ed
(onsneis’[z:1" 197 q)puigo -> 107 q
(,219.)2 ->Jnsnels
[T‘g+4]sopiuenb - 019,z -> [2'6+]1P7q
[2s+4]sauenb - 919,z -> [T+ q
} (seaxa %u% ,014,,) 4!
(({(a13s13835 *, 104 JRAIBIU] BDOUBPHUO) JIseg, }o1sed )| 188+
(Jeqiora” woaB+((zZA = xewA ‘TA = utwA ‘anisiels)sae ‘[ ‘p+1]107 q)10)d88jutid (3NY1==1eq) ji
(WU\, “wu=das ([2'p+a]07q [T'p+aJ107 g
‘W8'% “497%],)unds ¢, 1, ‘onsilels ‘|, ‘104 |eAsalu] @duapijuo) diseq, )ied
(onsteas’[z:1" 1 q)puiga > 107q
(w21v,)2 -> nsneys
[T'p+a]sapuenb - D1y, 2 -> [Z'p+]10 g
[2'p+a]samuenb - D1y, z -> [Tp+]107q
} (seqixa 3u1% ,21v,,) 4!
} ((se11xa %u1% ,Zvd.)i ) §
{
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(((or3sne3s “,, 40 jeAsdIU| @IUBPYUO) diseq, )aised)a]y388+() eqo113” Woad+
((ZA = xewA ‘TA = uiwA ‘ansness)sae ‘[ ‘g+]17q)10]d38)und (InyL==1eq) 3
(Ju\,, ‘wo=das ‘([Z's+1]197q ‘[T'5+4]107q
“J35'9% ‘45°9%),)unds ‘ ansness ‘| ‘104 |eAldlu| @duapljuo) Jiseq, )1ed
(onsneis‘(z: 1o q)puiga > 107q
(,3SWY,)2 ->nsnels
(T'G+]sapuenb - ISNYLZ -> [Z's+H]PTq
[2's+]sa|nuenb - ISNYLTZ -> [T'SH]PTq
} (seaxa %u% ,ISWY,)
(((a13s13e35 ‘10§ |[RAIRIU| BDUBPYUO) Jiseq, Jalsed)a| IS8+
()18qJ01137W03B+((ZA = xewA ‘TA = uiwA nsnels)sae ‘[ ‘p+]197q)10|d33)jund (INY1==1eq) §
(WU\, “wu=dos ([2vH]07q [Ty g
J135'% 35°%)],)punds ‘, c, nsneys ‘| ‘105 |eAI3U| 3dUlpljuo) diseg, )ied
(onsneys’(z:1* o q)puiga ->197q
(.019,)2 ->msners
[t'p+a]sepauenb - 19,7 -> [Z'y+]197q
[2'p+a]sapauenb - 219,z -> [T'y+]197q

} (sea3xa %u1% ,019,,) §
} ((sea3x@ %% OIv,)i ) #

(213513835 * 103 |RAIDIU} @IUBPILOY) Jiseg, )aised)a|188+()Jeqiolia” woas+

((ZA = xewA ‘TA = mwA ansness)sae ‘[ ‘9+1]127q)10]d88)und (InYL==1eq) j
(WU\, “wu=das ‘([z'9+1]P7q ‘[T'9+]17q

‘5% 15°%),)unds ‘L onsieys ‘| ¢ 104 [eAI33u) 3duspijuo) diseg, Jied

STZ1
viet
€11
[AX4:
(274
otZt
6071
8071
L0T1
90Z1
S0Z1
vot1
€0¢1
Zott
1071
00zt
6611
86T1
L6TT
96T1
S6TT
ve1l
€611
Z611
1611
0611
6811




vie

(nsneis’[z:T’ 197 q)puigd ->197q
ansness -> [1-1-1]q7|end
(.l T4 .q)eniea-d,)031sed -> d1isiiels
[T1]sajnuenb - [T--]272d, 2 -> [21)07q
[z1]senuenb - [T-1-1]271d,Z-> [T1]07q

}(2+142):(z+3) ut1) oy

()2 ->anjead " udis

()o->q7|ead

} {(sea1xa 919 ewBis, )| 18 SRIIX3 9%UI% SN|eA-d,) J!

(((ans1e3s *, 10y |BAIDIU| @DUBPIUO) DIseg, )aised)a) N8B +() eqio11a™ Woad+
((ZA = xewA ‘TA = ulwA onsneys)sae ‘[ ‘p+]17q)lo|ddd)und (3nyL==teq) §
(WU, “w=das ([2'y+]07q [T'p+]0 g
(36°% ‘3S5°9%),)unads , x onsnels /| ¢, 10} [BAI3)JU] 3JUBpYUOD diseg, )1ed
(onsneis(z:1* 7 q)puiqd -> g
(,3SWY,)2 ->dnsnels
[1'p+a]sajuenb - ISNY, T -> [Z'p+]0Tq
(2'p+a]sajnauend - ISNYLT -> [T'y+]07q
} (seaixa %u1% ,ISINY,) H
} ((seaxa %u1% ,018,.)i ) #
{
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(\21V.)2 -> nsneys 6921

[T5+4,z]seuenb - )1y, 2 -> [2'6+,2]197q 8971

[z's+4,z]samuenb - D1,z -> [T'6+.Z]10 g £921

} (senxa %ui% ,I1v,,) 4 9971

(((or1sn3e3s ‘, 40} |EAIRIU| 3DUBpYUO) Jiseq,, )aised)a1nd3+ 5971

()Jeqioisa”woad+((zA = xewA ‘TA = utwA ansne1s)sae ‘[ ‘p+1,z]19q)101d33)juud (InYL==1eq) Ji 971
(WU\y “u=085 “([2'7+ 217 q [Tp+1, 2107 q ", [15'% 45°%L)puuds ‘2, onsnels ’, |, *, 10} [BAIR)U] 30USpHUO) Jiseq,)1ed €921
(onsnels(z:1' 1197q)puiga ->107q 4141

(uTvd. )2 ->onsiels T9CT

[T'v+i,z]sauenb - 7Y, 7 -> [T'v 7] q 0971

[T'¥+ixg]sapauenb - 774, 7 -> [T+, 7] 1 6SCT

} (seaIx3 %u1% ,Zvi.) 85ZT

({{o13s13e35 “, 404 JEAIBIUY B2UBPLUOY Jiseq,, )alsed)a183+ [STT

()4equo11a”woad+((ZA = xewA ‘TA = utwA Dnsnelsisae [ ‘g+1,z]10"q)10jdE8)uud (InYL==1eq) 9621

(WU\,, “=09s “([2'e+1, 2] q ‘[TE+4 )0 4 ' 1S % 4S'%].unuds ‘o, Disiels ’, |, ‘10 [eAIaju| 3duapyuo) Jiseq, ied §571
(ansnes’[z:1’ [ q)puiga -> 107 q AT4!

(uPs,)2 ->onsness €521

[T'e+dxz]soluenb - 1eYyz ps,z -> [T'e+,T]P q [4741

[2'€+i,2]sauenb - 1eyz ps,z -> [T'e+,2]0 q 1s¢t

{ 0szt

wkxw ~> [T-1-1]3N[BAG T UBIS (T0'0=> [T-J-1]an|eAd }§302) 4t 6vCT

ks ~> [T-1-1]an[ead udis (10°0< [T-4-1]anjead §§202 g G0°0=> [T-1-1]anjeAd }Ja03) ji 8Tl

wku => [T-1-1]2n[BAG T USIS (S0°0< [T-1-1]anjeAd 14203 B T'0=> [T-J-1]anjead 4§203) yi LT

w u => [T-2-1]2n1eAg " UBIS (T°0< [T-4-1]3n]eAd }}302) §i 74

(((onsnieys ‘, 40} |eAIa}ul 23U3pluO) Jiseq, Jaised)ands+ SYZI

()1eqJ01137WoaB+((ZA = XewA ‘TA = utwA ‘onsiels)sae ‘[ ‘1157 q)301dd3)juud (INYL==1eq) 4 vrer

LU\, ‘we=das ([z1P7q ‘11979 ‘1'% 45 %].)Bunds ‘. Onsiels ‘|, ‘104 [eAI33U] 22U3plUO) diseq, )1ed 37741




91¢

}(seaaxa %u1% DIv,)1 )

({(ansneas * 104 [eAIRIU| B2UBPYUOD J1seg, )a1sed)a| 188+
()1egioa19”woaB+((z A = xewA ‘TA = utwA onsnels)sae ‘[ ‘£ +4,2]197q)101d38)ud (InyL==12q) )1
(Wu\y “4u=93s ([T'L+15T]P7q [T'L+1,T]07G
‘5% “357%], )suuds ¢, o onsnels ‘| ¢, 104 |eAIS1U| @JUapljuo) Jiseg, )ied
(onsners’[z:1' 1197 q)puiga -> g
(.,3SWy, )2 -> dnsness
[T'£+44T]sa113uenb - ISNY LT -> [2'L+1, 2107
[2'2+1,Z]s3)nuenb - ISNY,LZ -> [T'£+1,2]1079
} (ses1xa %u1% ,ISNY,,) §
({(a11sn1e1s “ 10} |RAIRIU| 33U3PIUO) diseq, )a1sed)an188+
(J1equossa”woad+((zA = xewA ‘TA = utwA ‘ansneis)sse ‘[ ‘9+1,z]197q)101d33)und (InYL==18q9) )1
(WU\, “wu=das ([2'9+1,2]197q ‘[T'9+4, 2107
 1S°% ‘15°%],)nuuds . 2, 9nsneIs , |, ‘104 [BAI3}U| 22UBPLUO) Jseg, )1ed
(onsners’[z:1* 97 q)puigd ->107q
(1219,)2 -> onsneys
[T'9+1,]so|nuenb - 319,7 -> [2/'9+4,2]197 9
[z'9+1,Z]senuenb - D19,z -> [T'9+4,Z]1979
} (seaixa %u1% ,2149.) §
(((on3s11e3s ‘104 [eAIDIU| D2UDPYUOD) Jiseg, )1sed)a 83+
()4equo11a” WO03B+{(ZA = XewA ‘TA = uiwA “aysnes)sae ‘[ ‘G+1, 713 q)ro1d88)und (InY1==1eq) i
(WU\, “uy=dos ([2'S+1,2]07q “[T'S+a,I0Tq
‘W16°% ‘3679%], punds ¢ ‘onsniels ‘| ¢, 104 [BAIB1U| 3dUBpIUOD) Jiseq,,)1ed
(onsneys[g:T* 19 q)puiga -> 197 q

{
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‘5% 15°%], unds ¢, o, ‘asnels ‘| ‘404 |BAI9JU| 3duapijuo) Jiseg Jied £€TET
(ansne1s’[ziT’ P q)puiga > 197q (443

(,3SWY, )2 ->2nsnels TZET

[T's+1.z]sauenb - ISNYLT -> [2'S+.2IPTq 0zET

[2'S+1,z]sa1nuenb - ISNYLT -> [T+, 7] q 6TET

} (seaxa %u1% ,ISY,) # 8TET

} ((seaaxa %u1% ,218.)i ) # LTET

* { 9TET

) ({(on3s13835 * 204 |EAURIU| @DUBPIIUO) J1seg, Jaised)a|I88+ MHMH
()1eqi00197WO038+((ZA = xewA ‘TA = ulwA 21speys)sae ‘[ ‘9+1, )17 q)10)d38)und (INYL==1eq) }i ETET
(WU\a “wu=03s ([2°9+2,Z]107q ‘[T'9+4,2]P g 4538

‘35°% 457%), unds ¢, o ‘onsnels ‘| 104 [BAI91U| 3Julpijuo)) diseg, 1ed TIET
(nsneis’(z:T’ JpTq)puigd -> 17 q OTET

(,3SWY,)2 ->dnsnels 60ET

[T°9+,7]sanuenb - ISNYLZ -> [2'9+1.7]P7q 80€T

[2°9+1,7]sajuenb - ISNY LT -> [T°9+4,7]07q LOET

} (seaaxa %u1% ,ISINY,) 90€T

_ {{(o13s13815 * 104 |EAIBIU| IDURPYUO) diseg,, Jaysed)a 1188+ SOET
(eqio119” woad+({ZA = xewA ‘TA = utwA ‘ansnes)sse ‘[ ‘g, z19 qhojd38)uud (InyL==1eq) )i OET
(WU\y “wu=das ([2'G+1, 2] q [T'S LTI q €0€ET

‘li579% 15796] Maunds ‘), nsnels |, |, (404 |[eAI93U| 92Ulpljuo) Jiseg, )ied Z0€T

{onsneys[z:T* 9 q)puiga ->197q TOET

(,218,)2 -> dnsnels 00€T

[T'S+i.]sapuenb - 319, 7 -> [7'5+4,7]0 7 q 662T

[2'S+,g]samuenb - ig, 7 -> [T'6+4,2]10° q 86CT

} (seaixa %u1% ,218.,) # L6TT
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} (se3xa %u1% ,ISIY,) #
(((onsneis 4o} Jeassiu asuapyuo) diseg, Jaised)ajinds+
(J1eqiousa”woad+((ZA = xewA ‘TA = ulwA Disiyess)sae ‘[ ‘g+1,z]10q)jojdd8)junid (3nyL==1eq) y
(WU\, ‘i=das ([T's+1,2)07q [T'§+,Tl0Tq

3S% 45°%l.)punds ‘ , fonsiess ¢, |, 4,104 |BAIBIU| 3DUBplUO) Isegq,,)ied
(onsneis’z:1’ Ju q)puigd ->17q
(.019,)2 -> ansners
[T'S+a,z]sapuenb - 219,z -> [2'a+1,2]0 g
[2'+d4z]salnuenb - D19, -> [T'G+4,7]0 7 q

} (sedxa %ui% ,019,) #

(((or3sn3e3s ‘, Joj [eadaju] asuapyuo) Jisegd, )aised)aInd8+

()1eqiouia " woad+((zA = xewA ‘TA = uiwA 213sneis)sae ‘[ ‘p+4,2)10 gpojd38)uud (Inyl==1eq) y
(WU\, “wu=das ([Ty+,2]07 Q[T+, 70 g

LBS% 15°9%],)3uuds ¢ 0, oisiels ¢, L ¢, 404 |BAISIU| @dUBpiju0D) Jiseq, )ied

(onsneas‘{z:t* 1o q)puiga -> 197

(Lo1v,)2 ->onsners

[T'p+sT]saluenb - D1,z -> [TV +, ]P0 g

[¢'y+dyT]sanuenb - D1,z -> [T+, ]P0

} (sed1xa %1% DIV.,) #!
}((sed3x@ %u1% ,Zvi,)i ) 3
{

(({on3sneis ‘104 |leasaju| 2duaplyuo) diseq, )aised)a s+
()1eqiou13” Woad+({(ZA = xewA ‘TA = uiwA ‘Onsnes)sse ‘[ ‘g+1,z)10 q)1o)d33)und (INYL==4eq) )i
(WU\,, ‘=025 ([2'S+14Z]10 q “[T's+44 2]
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‘35°% “45'%),)uuds ¢,z ‘ansnels ¢, |, ¢, 40} |BAI3U| 20uapiuo) diseq, )1ed
(onsneas’[z:1*Jp7q)puigd -> 107 q
(,3SIAY,)2 -> d1asnels
[T'G+a,Z]sainuenb - ISNYLT -> [2'S+4, 7] 4
[2's+1,2]sajnuenb - ISNYLT -> [TG+1,T]1P7g
} (seaaxa %1% ,ISNY,) )
({(onsneis “, 403 |eAs21U| 22UaplU0) JIseq,, )aysed)andd+
()4equoisa” woad+((ZA = xewA ‘TA = utwA ‘ansnelsjsae ‘[ v+, z]12 q)io|d88)und (InYlL==1eq) }I
(WU\y, “=das “([Tp+1,2]07q [Ty+T]
‘35°% “15'%),)unds ¢, 1, onsnels ‘|, ‘404 [eAIR1U| 22Uapuo) diseq, )ied
(onsness’[z:T o q)puigd -> 107q
(.219.)2 ->2nsners
[Tv+diz]sauenb - 5ig,z -> [Z'y+4, 210 q
[2'p+izis|uenb - 218, 7 -> [T'p+4,2] 7 q
} (seqaxa %uig ,014,,) J!
}((seax@ %u1% DIV, )
{

(((onsne1s ‘, 1oy [eadaiu] 2ouapyuo) diseq, Joi1sed)a 188+

(Meglossa” woad+((zA = XewA ‘TA = ulwA ansneis)sae ‘[ ‘9+1,zln q)1o|d38)1und (InyYl==leq) §
(WU\a ‘=035 “([2°9+1, 2] 7q [T°9+, 2]

‘35% I5°%].)unds 4 o, onsnels ‘|, ¢, 40) [BAIRIU| 3dUlpluo) Jiseq,,)1ed

(onsnels’(z:T* 1" q)puigd -> 127 q

(,3SWY,)? ->dnsners

[1°9+,Z]sa|nuenb - ISNYLZ -> [2'9+4,2]107q

[¢‘9+1,z]saluenb - ISNYLZ -> [T'9+4,2]0° q
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