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Περίληψη

Στην παρούσα εργασία μελετάται η δομική ευστάθεια των λεπτότοιχων 

μεταλλικών κυλίνδρων που περιβάλλονται από ένα ελαστικό μέσο και οι οποίοι 

υπόκεινται σε ομοιόμορφη εξωτερική πίεση. Για την μελέτη αυτή αναπτύχθηκε ένα 

διδιάστατο μοντέλο, υποθέτοντας ότι το φορτίο και η παραμόρφωση δεν μεταβάλλονται 

κατά μήκος του κυλίνδρου. Ο κύλινδρος και το περιβάλλον μέσο προσομοιώθηκαν με 

μη-γραμμικά πεπερασμένα στοιχεία λαμβάνοντας υπόψη τη μη-γραμμικότητα 

γεωμετρίας και υλικού. Αρχικά μελετήθηκαν κύλινδροι από ελαστικό υλικό, οι οποίοι 

περιβάλλονται από ένα άκαμπτο (απαραμόρφωτο) μέσο, και τα αποτελέσματα της 

ανάλυσης αυτής επιβεβαιώθηκαν με διαθέσιμες αναλυτικές λύσεις. Στη συνέχεια 

εξετάστηκε η απόκριση των εγκιβωτισμένων λεπτότοιχων μεταλλικών κυλίνδρων σε 

εξωτερική πίεση, για διάφορες τιμές της αρχικής ατέλειας του κυλίνδρου, του κενού 

μεταξύ κυλίνδρου και μέσου και της ακαμψίας του μέσου. Τα αποτελέσματα της 

ανάλυσης παρουσιάζονται σε διαγράμματα δρόμου ισορροπίας πίεσης-μετατόπισης, 

στα οποία παρατηρείται μια ραγδαία πτώση της αντοχής μετά το σημείο της μέγιστης 

πίεσης που μπορεί να παραλάβει ο κύλινδρος. Επίσης μελετάται η κατανομή της 

πλαστικής παραμόρφωσης καθώς και η μεταβολή της πίεσης επαφής κυλίνδρου-μέσου 

κατά την περιφέρεια του κυλίνδρου. Ακόμα εξετάζεται η επίδραση της επιβολής 

κάθετης ομοιόμορφης προφόρτισης στην μέγιστη πίεση που μπορεί να παραλάβει ο 

κύλινδρος χωρίς να αστοχήσει. Τέλος, τα αποτελέσματα της ανάλυσης συγκρίνονται με 

μια απλοποιημένη έκφραση που έχει προταθεί παλαιότερα και η οποία θα μπορούσε να 

χρησιμοποιηθεί για το σχεδίασμά τέτοιων κατασκευών.
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Stability of Confined Twin-Walled Steel Cylinders 

Under External Pressure

Daniel Vasilikis

University of Thessaly, Department of Mechanical & Industrial Engineering, 2008 

Advisor Professor: Dr. Spyros A. Karamanos, Assistant Professor

Abstract

The present thesis investigates the structural stability of thin-walled steel 

cylinders surrounded by an elastic medium, subjected to uniform external pressure. A 

two dimensional model is developed, assuming no variation of load and deformation 

along the cylinder axis. The cylinder and the surrounding medium are simulated with 

nonlinear finite elements that account for both geometric and material nonlinearities. 

Cylinders of elastic material within a rigid boundary are considered first, and the 

numerical results are compared successfully with available closed-form analytical 

predictions. Subsequently, the external pressure response of confined thin-walled steel 

cylinders is examined, in terms of initial out-of-roundness of the cylinder, initial gap 

between the cylinder and the medium and the stiffness of the medium. Numerical 

results are presented in the form of pressure-deflection equilibrium paths, which show a 

rapid drop of pressure capacity after reaching the maximum pressure level. The 

distribution of plastic deformation, as well as the variation of cylinder-medium contact 

pressure around the cylinder cross-section are also depicted and discussed. Furthermore, 

the effects of uniform vertical preloading on the maximum pressure sustained by the 

cylinder are examined. Finally, the numerical results are compared with a simplified 

closed-form expression, proposed elsewhere, that could be used for design purposes.
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Chapter 1 - Introduction

Chapter 1

Introduction

Twin-walled elastic cylinders, when subjected to uniform external hydrostatic 

pressure, under unconfined lateral conditions, buckle in the elastic range in the form of 

an oval shape. Assuming isotropic elastic behavior, the corresponding critical pressure 

pcr is equal to [1]

Pcr =
2 E

1-v2
f-T
\d,

(1.1)

where E is the Young’s modulus, v is Poisson’s ratio, D is the cylinder diameter and 

t is the wall thickness. The above elastic critical pressure is valid for steel cylinders 

with diameter-to-thickness ratio greater than about 40, and it is well below the yield 

pressure pv, i.e. the pressure that causes full plastification of the cylinder. From thin- 

walled vessel theory, and considering a von Mises yield criterion, this plastic pressure 

py is readily calculated equal to

Pv=2
Vf- v + v \Dj

(1.2)

where σ is the yield stress of the material under uniaxial stress conditions, and factor

l/vl-v + R2 accounts for increase of yield stress in the hoop direction due to plane 

strain conditions. Assuming v = 0.30 for metals, this factor is equal to 1.13. Variations 

of the elastic buckling pressure formula (1.1), have been widely used for the design of 

relatively thin-walled offshore pipes and tubulars, accounting for initial imperfections 

and residual stresses [2], [3] and [4],
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Chapter 1 - Introduction

In several engineering applications, steel cylinders subjected to external pressure 

are confined within a surrounding medium. Under those conditions, the cylinder may 

buckle because of excessive hoop compression. Buried steel pipelines [5], and steel 

liners, used to rehabilitate damaged pipelines [6], are typical examples. Furthermore, 

tunnels and ducts that transport gases or liquids in power plants are often lined with 

cylindrical steel shells [7], Finally, steel cylinders are also employed as casing in oil and 

gas production wells [8]. In all the above applications, significant hoop stresses develop 

in the cylinder wall due to either thermal effects or hydrostatic pressure conditions 

because of ground water and the permeability of the surrounding medium. When these 

hoop stresses exceed a critical level, the steel cylinder buckles. However, in such a case, 

due to the surrounding medium, the steel cylinder is not free to deform outwards and the 

critical pressure of equation (1.1) is no longer applicable. Buckling occurs in the form 

of an “inward lobe”, as shown in Figure 1 at a pressure level significantly higher than 

the one predicted by equation (1.1).

Figure 1 Schematic representation of a confined ring under uniform external pressure.
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Chapter 1 - Introduction

The present work, motivated by the structural response of buried pipelines 

surrounded by saturated soil medium or concrete encasement, focuses on buckling of 

confined cylinders under external hydrostatic pressure. When the groundwater table is 

above the pipeline level, the water reaches the pipe through the permeable surrounding 

soil or concrete and hydrostatic pressure conditions develop around the pipeline, which 

may cause buckling of the steel pipeline wall. It should be noted that buckling under 

hydrostatic pressure is quite different than buckling under thermal effects, sometimes 

referred to as “shrink buckling” [9], [10], [11], [12] and [13], In “shrink buckling”, hoop 

compressive force is relieved immediately after buckling occurs, whereas in hydrostatic 

buckling, pressure load is always present in the post-buckling stage. For an extensive 

literature review on the “shrink buckling” problem, the reader is referred to the paper by 

Omara et al. [6].

Hydrostatic buckling of elastic cylinders embedded in a stiff medium has been 

examined by Cheney [14] through an energy approach. The ring was considered to 

consist of two portions, the “buckle portion” and the “unbuckled” portion, as shown in 

Figure 1. Cheney further assumed that the cavity may move inward with the ring, 

resisting outward movement of the ring wall, but not its inward displacement. 

Minimization of the potential energy and solution of the corresponding differential 

equations, with appropriate boundary conditions, resulted in the following expression 

for the critical pressure:

Pch 2.55 E ί±Λ 
v-Dy1 -v- (1.3)

Glock [15] presented an energy formulation and solution of the hydrostatic 

buckling problem of elastic cylinders, assuming no friction between the ring and the 

stiff medium. It was further assumed that the cavity does not move inwards with the
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Chapter 1 - Introduction

ring. Minimization of the potential energy and assuming a constant hoop membrane 

force around the cylinder cross-section, resulted in the following expression for the 

buckling pressure:

A brief presentation of this analytical solution is offered in the Appendix. Comparisons 

with experimental data, as well as with nonlinear finite element results [16] indicated 

that dock’s formula (1.4) can predict quite accurately the buckling pressure of tightly- 

fitted elastic cylinders. Furthermore, based on their numerical results and accounting for 

the presence of initial gap between the cylinder [see Figure 2 (b) in Chapter 2] and the 

rigid surrounding medium, El-Sawy and Moore [16] proposed the following empirical 

analytical expression for the buckling pressure of elastic cylinders:

The last term within the parenthesis in the right-hand side of above equation express the 

increase of the classical elastic formula for unconfined conditions [equation (1.1)] when 

rigid confining conditions are imposed on the externally pressurized cylinder. In a later 

publication, Boot [17] enhanced dock’s solution [15] to account for the presence of 

initial gap between the cylinder and the stiff surrounding medium, and reported implicit 

analytical expressions for the buckling pressure.

The above works on confined cylinder buckling refer to cylinders with elastic 

material behaviour. Compared with the numerous publications on elastic cylinders, 

relatively few investigations exist on the corresponding buckling problem of steel 

cylinders, which is associated with elastic-plastic material behaviour. As a first 

approximation, the ultimate external pressure capacity can be estimated as the pressure

(1.4)

25 + 700(t/D) + 315(g/7?)
(1.5)

v0.15 + 130(t/D) + 1400(r/D)2+145(g/i?)
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Chapter 1 - Introduction

that causes first yielding at the outer fibre of the cylinder wall. Adopting this concept, 

Montel [18] used Timoshenko’s solution for thin ring deflection [see [19]] and 

experimental data to develop a semi-empirical formula for the buckling pressure of 

cylinders embedded in a stiff boundary, in terms of the material yield stress σν and the

Montel [18] proposed the above equation (1.6) for 30 < < 170,

250 MPa <σγ< 500 MPa , 0.1 < A0 ft < 0.5 , g/t < 0.25 and g/R< 0.025.

Using a two-dimensional model and assuming first-yielding failure, Amstutz

[20] developed a formula for the external pressure collapse of embedded rings, which 

has been widely used for design purposes. The problem was also investigated by 

Jacobsen [21], assuming failure at first yielding. Jacobsen, accounting for the presence 

of gap between the cylinder and the rigid medium, and considering a cosine function to 

describe the single-lobe buckling shape, resulted in implicit analytical expressions for 

the ultimate external pressure. A numerical solution for the ultimate pressure sustained 

by a steel cylinder embedded in a rigid cavity was reported by Yamamoto & Matsubara 

[22], using elastic-plastic ring analysis through beam finite elements and assuming a 

uniform gap between the steel ring and the confining medium. The importance of 

material nonlinearity on the cylinder response was noted, and an empirical formula, 

valid for low-strength steel (ay = 235 MPa) that fits well with the finite element

results, was developed through curve fitting.

A more rigorous investigation of buckling and post-buckling behaviour of 

confined cylinders under external pressure, was conducted by Kyriakides & Youn [23]

cylinder geometry R/t, initial imperfection δ0 and initial gap g between the cylinder

and the stiff boundary:

5cry
Pm = (1.6)

13
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Chapter 1 - Introduction

using a semi-analytical formulation, based on nonlinear ring theory. The cylinder was 

assumed inextensional in the hoop direction, and elastic-plastic behaviour was modelled 

through a bilinear material curve. The results in [23] have been used to study buckle 

propagation in confined long metal pipes [24] and [25]. Motivated by the structural 

design of rehabilitation metal liners, El-Sawy [26] and [27] examined numerically the 

buckling response of loosely-fitted and tightly-fitted cylinders respectively, surrounded 

by a rigid boundary and subjected to external pressure. Parametric studies in terms of 

yield stress cry and diameter-to-thickness ratio D/t have been conducted, accounting

for the initial gap between the cylinder and the surrounding stiff boundary, and the 

numerical results were compared with the analytical results of Jacobsen [21]. An 

empirical equation showing the border between elastic and plastic buckling has also 

been proposed.

The present work, motivated by the structural behaviour of buried pipelines, 

focuses on the structural stability of steel cylinders confined by a deformable medium 

under uniform external pressure. The cylinders are thin-walled with diameter-to- 

thickness ratio (D/t) that ranges between 100 and 300, which is typical for water 

pipelines or rehabilitation liners, which may fail under external pressure (vacuum) 

conditions in a “single-lobe” shape. Assuming constant pressure around the pipe, and no 

variation of stress and deformation in the axial direction of the pipeline, a two- 

dimensional idealized problem under plane strain conditions is considered. Both the 

cylinder and the medium are modelled using finite elements, which account for inelastic 

effects and large deformations. The analysis is aimed primarily at tracing the pressure- 

displacement equilibrium path, and determining the maximum pressure sustained by the 

cylinder for different values of D/t ratio and yield stress of steel material. The 

sensitivity of buckling behaviour with respect to initial imperfections of the ring

14
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Chapter 1 - Introduction

geometry and the presence of a small gap between the ring and the medium are 

investigated. Furthermore, the effects of elastic medium modulus E' on the buckling 

response, as well as the influence of preloading on the top of the medium are examined. 

Finally, the present finite element results are compared with available analytical results

[15],[16] and [18], towards better understanding of confined cylinder behaviour.

15
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Chapter 2 - Finite Element Simulation

Chapter 2

Finite Element Simulation

The response of confined cylinders under uniform external pressure is examined 

numerically using nonlinear finite element tools. General-purpose finite element 

program ABAQUS [28] is employed to simulate the buckling response of pressurized 

confined cylinders. The analysis considers nonlinear geometry through a large-strain 

description of the deformable continuum, as well as inelastic material behavior, 

accounted for through a J2 flow (von Mises) large-strain plasticity model, with 

isotropic hardening.

Assuming no variation of loading and deformation in the longitudinal direction, 

the finite element model is two-dimensional, considering a strip of the cylinder under 

plain-strain conditions. Because of the symmetry of the single-lobe post-buckling shape 

of the cylinder, half of the cylinder cross-section is analyzed, applying appropriate 

symmetry conditions at the <9 = 0, π plane. Four-node reduced-integration shell 

elements (type S4R) are employed for modeling of the pipe, whereas eight-node brick 

elements (type C3D8R) are used to simulate the surrounding medium. A typical finite 

element mesh for the elastic medium used in the present analyses is shown in Figure 2 

(a). In this model, L and H are equal to 1.5 and 3 cylinder diameters respectively. 

Following a short parametric study, it has been concluded that consideration of a larger 

medium domain, and the use of a finer finite element mesh have negligible effect on the 

numerical results. Furthermore, a total of 150 shell elements around the cylinder half 

circumference have been found to be adequate to achieve convergence of solution and 

accuracy of the numerical results.

16
Institutional Repository - Library & Information Centre - University of Thessaly
24/04/2024 09:21:57 EEST - 3.145.5.48



Chapter 2 - Finite Element Simulation

L

Figure 2 (a) Finite element model of embedded cylinder, (b) schematic representation of 

initial gap between the cylinder and the surrounding medium.
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The model accounts for the presence of a gap between the medium and the steel 

cylinder. The gap is introduced in the model, assuming that the circular cavity of the 

medium has a radius slightly larger than the cylinder radius, and that the cylinder and 

the cavity are initially in contact at θ-π. Therefore, the maximum gap between the 

cylinder and the medium occurs at Θ = 0, denoted as g , as shown in Figure 2 (b).

A contact algorithm is used to simulate the interface between the cylinder and 

the medium. In the most of the cases, contact is assumed frictionless. However, several 

analyses have been performed to examine the effects of friction, which is considered 

through the friction coefficient μ, where μ - tan φ, and φ is the friction angle of the 

interface between the cylinder and the medium.

To perform the nonlinear analysis, enable the formation of single-lobe buckle 

and trace the post-buckling equilibrium path, a small initial imperfection on the cylinder 

is imposed. More specifically, small downward vertical load is applied at the 0 = 0 

location, causing a localized displacement pattern. After the load is removed and despite 

the elastic rebound of the cylinder wall, the cylinder at this location contains a small 

residual displacement S0, which is considered as the initial imperfection (out-of- 

roundness). Subsequently, uniform external pressure is applied around the cylinder, and 

the nonlinear pressure-deflection (ρ-δ) equilibrium path is traced (where δ is the 

vertical displacememt of point A at Θ = 0), using a Riks continuation algorithm.
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Chapter 3

Numerical Results for Elastic Cylinders

The response of thin-walled elastic cylinders with D/t values between 100 and 

300, calculated through the finite element simulation, is examined first, and the 

response is compared with analytical solutions reported by Glock [15] and El-Sawy & 

Moore [16]. The material of the cylinder is considered elastic with a modulus E equal 

to 210,000 MPa and Poisson’s ratio equal to 0.3. The modulus of the confinement 

medium E' has a value equal to 21,000 MPa (one-tenth of the steel material). 

Considering this value of E', the confinement medium is practically non-deformable 

and may be considered as rigid. A zero gap between the cylinder and the medium is 

assumed (g/R = 0), as well as a negligible geometric initial imperfection (<50=0).

Finally, a frictionless interface is considered between the steel cylinder and the 

confinement medium.

The pressure-displacement curves are depicted in Figure 3 and show the 

equilibrium path of pressure p versus the vertical displacement δ of point A (Figure 1) 

at 9 = 0, normalized by the tube radius R (δ/R). All equilibrium paths are 

characterized by a point of maximum (limit) pressure pmax, beyond which, the cylinder 

exhibits a significant drop of pressure, indicating an unstable behavior. In all cases 

examined, the computed value of maximum (limit) pressure pmax is in excellent

agreement with analytical predictions pCL obtained by Glock [15] and pEM obtained by

El-Sawy & Moore [16], expressed through the simple closed-form expressions of 

equations (1.4) and (1.5), as shown in Figure 4.

19
Institutional Repository - Library & Information Centre - University of Thessaly
24/04/2024 09:21:57 EEST - 3.145.5.48



Chapter 3 - Numerical Results for Elastic Cylinders

roQ.

CL)i_3(0incuL.
CL

Figure 3 Response of tightly-fitted elastic cylinders embedded in a rigid confinement 

medium.

Figure 4 Comparison between numerical results and analytical predictions from Clock’s 

equation [15] and El-Sawy & Moore equation [16] for the buckling pressure of 

rigidly confined cylinders.
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Note that the value of maximum pressure pmax is 20 to 45 times larger than the value of

the corresponding elastic buckling pressure pe under unconfined conditions, expressed 

by equation (1.1). The large values of the pmax/pe ratio express quantitively the very

significant effect of confinement on the buckling resistance. Furthermore, the results 

offer a very good verification of the validity of dock’s analytical solution for elastic 

confined cylinders. It is interesting to note that dock’s equation and, therefore, the 

present finite element results are in close agreement with the experimental data reported 

in [29],

Consecutive deformation configurations of the cylinder under external pressure 

are shown in Figure 5 (left) and the corresponding points on the pressure-deflection path 

are depicted in Figure 5 (right). The numerical results indicate that the maximum 

pressure occurs at the stage where the local curvature at Θ = 0 becomes zero (i.e. when 

“inversion” of the cylinder wall occurs). This is in agreement with the analytical 

solution of dock [15]. More specifically, using equations (1.3) and (1.4) of Appendix, 

the maximum local curvature k0 at Θ - 0, is calculated as follows:

k0
_ w'(0) _ δ

R 2 R-
ίπν

\ψ J
(3.1)

Therefore, the curvature k0cr at maximum pressure stage can be obtained analytically

substituting equations (1.9) and (1.10) of Appendix into equation (3.1) to get

V =-1.033-t
K R

(3.2)

The above analytical prediction indicates that the total instantaneous curvature at 

buckling at the (9 = 0 location is zero, i.e. inversion of the cylinder wall occurs, which is 

verified by the numerical results in Figure 5.
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Figure 5 Consecutive deformation shapes of a tightly-fitted elastic cylinder; 

configuration (2) corresponds to ultimate pressure stage.
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Chapter 4

Numerical Results for Steel Cylinders

Using the above numerical models, the structural ability of externally- 

pressurized confined steel cylinders is examined, assuming an elastic confinement 

medium. The values of pressure p are normalized by the yield pressure

py =(2x1.13)σ t/D [see equation (1.2)], whereas the displacement δ of point A at 

Θ = 0 [see Figure 1] is normalized by the cylinder radius R .

The response of a thin-walled metal cylinder with D/t = 200 is shown in Figure 

6, for different values of initial imperfection and assuming a frictionless interface 

between the cylinder and the confinement medium. The material of the cylinder is steel, 

with yield stress σν and ultimate stress au equal to 313 MPa and 492 MPa

respectively, whereas post-yield hardening is zero up to nominal strain equal to 1.5%. A 

zero gap between the cylinder and the medium, and a confinement medium modulus E' 

equal to 10% of E are assumed (E' = 2l,000MPa). The value of E' corresponds to 

practically rigid confinement (e.g. concrete encasement). The equilibrium curves in 

Figure 6 represent the nonlinear relationship between the applied pressure and the 

downward displacement of the cylinder point at 0 = 0. The results indicate a significant 

sensitivity of the ultimate (maximum) pressure pmm sustained by the steel cylinder, 

with respect to the value of initial imperfection. It is also interesting to note that the 

value of the ultimate pressure pm3x for negligible initial imperfection is substantially

smaller than the yield pressure py.
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Figure 6 Response of tightly-fitted steel cylinders (g/i? = 0), embedded in a rigid 

confinement medium (D/t = 200).

Comparison between the numerical results from the elastic case (Figure 3) and 

those shown in Figure 6 for steel cylinders shows that in steel cylinders, buckling of 

steel cylinder occurs at a lower level of pressure, indicating a significant effect of 

inelastic material behavior on the structural capacity of the cylinder under external 

pressure. Furthermore, the finite element results indicate that buckling of elastic-plastic 

(steel) cylinders occurs immediately after first yielding, which corresponds to a 

deformation stage before “inversion” of the cylinder wall occurs. In Figure 7 (a), the 

successive deformed configurations of the steel cylinder are depicted. A comparison 

between deformed shapes from elastic and inelastic cylinder behavior (Figure 7 (b)) that 

correspond to the same deflection of point A shows that the postbuckling shape of 

inelastic cylinders is characterized by more abrupt changes of local curvature at the
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symmetry point A and the “touchdown” point B, and this is attributed to the 

concentration of plastic deformation at those points.

(a)

(b)

Figure 7 (a) Post-buckling shapes of tightly-fitted steel cylinders with elastic-plastic 

material; (b) comparison with corresponding stages of elastic cylinder.
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Upon reaching the maximum pressure pmax, the cylinder behavior is unstable,

characterized by a significant drop of pressure capacity. The reason for this unstable 

behavior is the formation of a plastic collapse mechanism with one stationary plastic 

hinge at symmetry point A, and two moving hinges at the two “touchdown” points B 

and B’. The distribution of plastic deformation along the cylinder perimeter is depicted 

in Figure 8 in terms of the equivalent plastic strain, indicating clearly plastic hinge

Figure 8 Distribution of plastic deformation, depicted in terms of equivalent plastic strain, 

along the pipe section in the buckled area (E'/E = 10-1, D/t = 200).
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formation at points A and B. The unstable postbuckling equilibrium path is responsible 

for a severe sensitivity of the maximum pressure value to the presence of initial 

imperfections. In Figure 6, the numerical results show that initial imperfections of 

amplitude less than 1% of the cylinder diameter result in a 60% reduction of the 

ultimate pressure pmiiX.

The presence of a gap between the cylinder and the confinement medium may 

have significant effect on the maximum pressure, as shown in Figures 9. The cylinder 

has a D/t ratio equal to 200, and a steel material with yield stress ay equal to 313 

MPa. The gap size, denoted as g, is the maximum distance between the cylinder and 

the medium at Θ = 0 [see Figure 2 (b) in Chapter 2], and it is normalized by the cylinder 

radius R . The numerical results in Figures 9, compared with the corresponding results 

of Figure 6, indicate that the presence of a rather small gap results in a reduction of the 

ultimate pressure capacity pmm of the cylinder. For zero initial imperfection, the

ultimate capacity is reduced by 40% for an initial gap size equal to 0.27% of the 

cylinder radius R and by 64% for a gap size equal to 0.8% of the cylinder radius R . In 

both cases depicted in Figures 9, the response is sensitive to the presence of initial 

imperfections (S0/R). The effects of initial gap (g/R) and initial imperfections

(50/R) on the maximum pressure (pmax/py) are summarized in Figure 10. The finite

element results indicate that for initial imperfection values S0 greater than 4% of the 

cylinder radius R the value of maximum pressure is independent of the value of initial 

gap g.
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Chapter 4 - Numerical Results for Steel Cylinders

Normalized Displacement (δ/R)

Figures 9 Effects of initial imperfection and initial gap on the external pressure response 

of a confined steel cylinder embedded in a rigid confinement medium

(E'/E = ΚΓ1, D/t = 200).
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Figure 10 Effects of initial imperfection and initial gap (g/R) on the maximum pressure 

sustained by a confined steel cylinder embedded in a rigid confinement 

medium (E'/E = ΚΓ1, D/t = 200).

Figure 11 refers to the initial cylinder response, i.e. under low levels of external 

pressure, for three different values of initial gap size (g/R = 0, g/R = 2.7x 10~3, 

g/R = 8xl0“3). The pressure-displacement path for the two cases with nonzero initial 

gap is characterized by an abrupt change of slope at pressure level near p/ py = 0.016 , 

which corresponds to the critical buckling pressure pe for elastic cylinders, calculated 

from equation (1.1). At this pressure level the cylinder buckles in an oval form (e.g.

[1]). Upon buckling, the cylinder very quickly accommodates itself within the 

confinement boundary, and is able to sustain significant further increase of external 

pressure. This is represented by the increase of pressure in all three cases, beyond the 

critical pressure level (p/py= 0.016). The smaller the gap size, the sooner the pressure
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increases. Under those conditions, a part of the cylinder behaves similar to an arch 

subjected uniform external pressure, supported at the two “touchdown” points B and B’. 

This leads to the so-called “inversion buckling”, characterized by a limit-point on the 

pressure-deformation equilibrium path. The numerical results show that the maximum 

pressure pmm at the limit point occurs soon after first yielding of the cylinder wall.

Furthermore, the response of the cylinder beyond the limit point is unstable, 

characterized by a significant drop of pressure, similar to the case of buckled arches 

[30],

Figure 11 External pressure response of confined steel cylinders with different values of 

initial gap (g/R) embedded in a rigid confinement medium (E'/E = ΚΓ1,

Djt = 200); low pressure levels.
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Figure 12 shows the response of a thicker steel cylinder (D/t = 100) under 

external pressure, confined within a stiff boundary. The response is similar to the one 

presented in Figure 6 for the thin-walled cylinder with D/t = 200. However, the 

ultimate pressure pmax for the thicker cylinder (D/t-100) is higher than the ultimate 

pressure of the thin-walled cylinder (D/t = 200 ). On the other hand, pmm is still lower 

than the plastic pressure of the cylinder p , even in the absence of initial imperfections 

and initial gap between the cylinder and the medium. The variation of ultimate pressure 

Pmax wilh respect to initial imperfections is shown in Figure 13 for three values of D/t 

ratio (D/t =100, 150, 200) and for zero gap between the cylinder and the medium. The 

imperfection sensitivity is similar for all three cases, as indicated by the curves of 

Figure 13.

Figure 12 Response of tightly-fitted steel cylinders (g/R = 0), embedded in a rigid 

confinement medium (D/t = 100).
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Figure 13 Effects of initial imperfection and D/1 ratio on the maximum pressure 

sustained by a confined steel cylinder embedded in a rigid confinement 

medium (E'/E = 10_1, g/R = 0).

The influence of medium deformability on the buckling response is shown in 

Figure 14, Figure 15 and Figure 16, for three values of E'/E ratio, equal to ΚΓ3, ΚΓ4

and 3.3xlO"5 respectively. The last value of medium stiffness E' corresponds to rather 

loose sand [31]. The results indicate that there is a substantial reduction of the pmax 

value, due to the elastic deformation of the medium. This reduction is attributed to the 

more pronounced deformations of the confined steel cylinder within the soft medium, 

under moderate pressure levels.
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Figure 14 Response of tightly-fitted steel cylinders (g/R = 0), embedded in a 

confinement medium with E'/E = ΚΓ3 (D/t = 200).

Figure 15 Response of tightly-fitted steel cylinders (g/R = 0), embedded in a 

confinement medium with E'/E = 10“4 (D/t = 200).
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Chapter 4 - Numerical Results for Steel Cylinders

Figure 16 Response of tightly-fitted steel cylinders (g/R = 0), embedded in a 

confinement medium with E'j E = 3.3x 10~5 = 200).

Figure 17 Effects of initial imperfection and stiffness of confinement medium (E'/E) on 
the maximum pressure sustained by a confined steel cylinder (g/R = 0 ,
D/t = 200).
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Figure 18 Effects of initial imperfection and stiffness of confinement medium (E'/E) on 
the maximum pressure sustained by a confined steel cylinder
(g/R = 5.4xl(T\ D/t = 200).

The variation of maximum pressure with respect to initial imperfection for four different 

values of the confinement medium modulus E' is plotted in Figure 17 and in Figure 18 

for zero and non-zero gap respectively. The results in those Figures show that the 

imperfection sensitivity is quite significant for stiff confinement medium (E'/E = ΚΓ1), 

but considerably smaller for “soft” confinement medium (small values of the E'/E 

ratio).

The contact pressure developed in the interface between the cylinder and the 

medium is depicted in Figure 19 in a graphical form for the case of a soft confinement 

modulus E' (E'/E = 3.3xl0~5), whereas Figure 20 shows the numerical values of 

contact pressure at consecutive points. Note that the maximum contact pressure occurs 

at point Ai (Figure 19), which is located at the “touchdown” area with maximum plastic 

deformation (see point B in Figure 8).
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point A,

Figure 19 Graphical representation of contact pressure between the steel cylinder and 

the elastic medium (E'/E = 3.3x ΚΓ5, D/t = 200) ; maximum contact 

pressure occurs at point A2.

Figure 20 Variation of contact pressure between the steel cylinder and the elastic 

medium (E'/E = 3.3x 10~5, D/t = 200).
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Figures 21 show the effects of friction between the cylinder and the medium for 

two values of E'. Friction is considered through the friction coefficient μ, where 

μ = tan φ and φ is the friction angle of the interface. In the present case, assuming a 

soil material with friction angle φ5 equal to 32°, the value of φ is considered equal to 

10° and 16° (i.e. 1/3 and 1/2 of the value of <ps), corresponding to μ values equal to 

0.176 and 0.287 respectively. The numerical results show that consideration of friction 

results in a small increase of the ultimate capacity pmm . The friction effect is somewhat 

more pronounced in the case of soft confinement medium, whereas in the case of rigid 

confinement, this effect has been found to be negligible.
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Figures 21 Effects of friction between the steel cylinder and the elastic confinement 

medium for E'jE = 3.3xl0~5, and for E'/E = 10~3 (D/t = 200).

The response of cylinders with different material properties are shown in Figures 

22. When a stiff boundary is considered, the use of steel with higher yield strength 

results in an increase of the ultimate pressure pmax. On the other hand, in the case of a 

soft confinement medium, the ultimate pressure seems to be rather insensitive to the 

value of yield stress. In such a case, value of pmiX is quite small, due to the small

contribution of the surrounding medium. In all three cases, buckling occurs in the elastic 

range and, therefore, yielding of steel material occurs after a maximum pressure occurs. 

The results of Figures 22 are also depicted in Figures 23 in a dimensionless form.
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Figures 22 Response of steel cylinders (g/R — 0), embedded in a confinement medium for 

E'/E = 10“' and for E’/E = 3.3xl0“5 (D/t = 200); pressure in [MPa] versus 

normalized deflection.
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Chapter 4 - Numerical Results for Steel Cylinders

Figures 23 Normalized response of steel cylinders (g/R = 0), embedded in a confinement 

medium for E'/E = ΚΓ1 and for E'/E - 3.3x 1CT5 (D/t = 200); normalized 

pressure versus normalized deflection.
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The effect of vertical preloading on the medium-cylinder system is shown in 

Figure 24 and Figure 25. Pre-loading is considered in the form of a vertical pressure q 

on the top edge of the medium, which is applied first and it is kept constant while the 

external pressure is increased. The values of q loading from overlying soil in a buried 

pipeline of height that ranges between 0 and 15 meters, assuming a unit weight of soil 

equal to 15kN/m3 . The values of vertical pressure q are normalized by the quantity

q0 - ay (t/R)2 (q*=q/q0)· The numerical results show that, in the case of soft

medium, preloading has a beneficial effect on the pressure capacity of the cylinder. On 

the other hand, negligible effect on the response has been observed in the case of a stiff 

medium.

Figure 24 Effects of uniform preloading at the top of the surrounding medium, on 

pressure response of embedded steel cylinders.
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Figure 25 Variation of maximum pressure pmiX sustained by the cylinder in the presence 

of pre-loading at the top of the surrounding medium (E'/E = 3.3 x ΚΓ5,

D/t = 200).

Finally, the predictions of equation (1.6) proposed by Montel [18] are compared 

with the present finite element results in Figure 26. The comparison shows that, despite 

its simplicity, the empirical formula (1.6) can provide reliable, yet somewhat 

conservative estimates of the maximum pressure sustained by the cylinder in a stiff 

boundary within a good level of accuracy. It is interesting to note that the good 

predictions of equation (1.6) are beyond the applicability ranges specified in the 

publication of Montel [18] and, therefore, the formula can be used for the design of 

buried pipelines encased in concrete or other cylinders confined within a stiff medium.
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Figure 26 Comparison between numerical results and analytical predictions from 

Montel’s simplified equation [18].
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Chapter 5

Conclusions

The behavior of thin-walled steel cylinders, surrounded by an elastic medium, is 

examined in terms of their structural stability under uniform external pressure using a 

nonlinear two-dimensional finite element model. Numerical results on cylinders of 

elastic material are found to be in very close agreement with available closed-form 

analytical predictions. Subsequently, confined thin-w'alled steel cylinders 

(100 < D/t < 200) are analyzed under external pressure. The numerical results show a

significant sensitivity of the ultimate pressure in terms of initial out-of-roundness of the 

cylinder and the presence of initial gap between the cylinder and the medium. It is also 

demonstrated that reduction of the medium modulus results in a substantial reduction of 

the pressure capacity of the cylinder. Furthermore, the vertical preloading of the 

medium results in a pronounced increase of the ultimate pressure sustained by the 

cylinder. The pressure-deflection equilibrium paths indicate a rapid drop of pressure 

capacity after reaching the maximum pressure level, and the post-buckling 

configuration is characterized by a three-hinge plastic collapse mechanism, with one 

stationary and two moving plastic hinges. The maximum contact pressure between the 

cylinder and the medium occurs at the vicinity of the moving hinges. Finally, the 

simplified formula proposed by Montel [18] is found to be in good agreement with the 

present numerical results and could be used for the prediction of buckling pressure of 

buried pipelines and other rigidly encased steel cylinders.
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Appendix

Appendix

Summary of Glock’s analytical solution [15]

Glock [15] presented a solution for external pressure buckling of elastic rings 

confined with a rigid medium. The kinematics were based on the Donnell 

approximations of thin-ring equations [1]. More specifically, the total hoop axial strain 

is given by the following equation:

£e = £m + kz (!·!)

where the membrane and bending strain are given in terms of the radial and tangential 

displacements v and w of the ring reference line at mid-thickness as follows

Em =T(V'_W)+^W'2R R
(1.2)

k (1.3)

Ring deformation consists of two parts, the “buckled” region and the 

“unbuckled” region (Figure 27). An assumed shape function w(#) for the buckled 

region is assumed as follows

w(e)=s cos f πθλ
κ2φ,

(1.4)

where φ is the angle that defines the border between the “buckled” and the “unbuckled”

ring portions, so that -φ<θ <φ .
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Appendix

Figure 27 Schematic representation of dock’s model [15]; the cylinder is divided in two 

parts, a buckled portion and an unbuckled portion.

Forming the total potential energy Π of the ring, assuming a constant hoop axial 

force Nave around the ring, and requiring minimization of ΓΙ with respect to both δ and 

φ, closed-form expressions for the pressure p , the amplitude of buckled shape δ and 

the axial force N are obtained in terms of angle φ :

δ_
R El

ίφΛ 4

+ 10
(φλ

\π J Κπ J
(1.5)

pR_
EI

π

.Φ,

1 L· 80 f El1±-, 16------
6 V 3 EAR2 \Φ J

(1.6)

N 5 EI_ 
3 R2

f-1
ΚΦ)

(1.7)
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Appendix

Subsequently, minimization of pressure in terms of angle φ, results in final 

closed form expressions for the critical pressure pGL, the corresponding angle φ(Ύ, and 

the corresponding amplitude of the buckling shape:

,2^5
PglR3 =

El
0.969

V

EAR-
El

(1.8)

f \π ( EAR2 λ
= 0.856

\Φ) cr { El j
(1.9)

( 5^ { El \= 2.819
[RJ cr t EAR2 J

2/5

(1.10)

For the case of a ring under plane-strain conditions, equation (1.8) can be written in the 

form of equation (1.4) of Chapter 1.
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