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Euxapilotiscg

Mpwta arr’ 6Aa Ba ABeAd va ELXAPIOTACW TOV ETTIRAETIOVIA TNG METATITUXIOKAG
pou epyaciag, Emikovpo Kabnynt k. Zmopo Kapouydvo, yia TNV  Kadnuepivn
EVOOXOANGCN, TNV OLCIOCTIKN KaBodrynon Kal Tnv ToAUTIUN Bonbeia Tou Kad' OAn n
OIAPKEI TNG METATITUXIOKNG epyaaiag. Tov eVXaPIOTW £TTONG YIA TIC TIOAUTIPEG YVWOEIC
KOl OUMBOUAEC TOU O€ OKOAJNMUAIKA Kal OXl pHovo Bépata ka®' OAn TN JIAPKEIN TNG
guvepyaoiag pog. Mavw o’ 6Aa Guwe, ToV EVXAPIOTW YIO TNV EUTTICTOCUVN TIOU HOU
ETUOEIKVUEL.

Emiong eipon euyvopwv atoug Kadnyntég Tou tunuatog, Kabnynty K. NikoAao
ApdBa kot Kabnynt kK. Fpnyopn XaidehevoTtIouAo yia TN yvwaon TIoU POU TTapeixov
T000 O€ TIPOTITUXIOKO OCO KOl O METOTITUXIOKO ETIiMed0. EuxoploTw €Tiong Tov
NEKTOPA K. AAEEN Keppavidn yia TNV TIPOCEKTIKI avAyvwan TnNg Epyaaiag, 0TwC £Tiong
Kal Tov AvammAnpwtr] Kalnyntr] tou turuatog MoAmkwyv Mnxavikwv K. Mavayiotn
NTakoUAd yia TNV BorBsia Tou OTo TIPOYPAUHA TIETIEPACTUEVWY OTOIXEIWV Abaqus KabBwg
KOl YO TIG TIOAUTIYEC LTTOBEIEEI KOl TIOPATNPTEIC TOU.

Oa NBeAa va euxXOpPIOTOW Bepud Toug YTIOWN@IoUG AIOAKTOPEC TOU TUNMOATOG
Ka. Zwtnpia XovAlopd, ka. Matpikia Mammd kol ko. MNwpyo BapéAn yia v €TOIKO-
douNTIK ouvuTtopgn oto Epyactipio Mnxavikhng Kot AVTOoxnc¢ twv YAIKWV, yla Tnv
UTIOMOVI] TOLG KOBWC KAl yia TN YEVIKOTEPN PorBela TTou pou TIpocspepav. Euxapiotm
ETIioONC TNV Ka. lwdvva XapaAduTIoug yia TNV YPAPPATEIOKT UTTOOTNPIEN.

210 onueio autd Ba NBeAa va guXAPIOTOW OAOYUXA TOUC @iAoug pou avvn
NikoAdou, MatouAa MixaAdkn kal Matpitola Moanmd yia T¢ OTIYPES TIOU TIEPACOAUE
padi 6Aa autd Ta xpovia oto BoAo, yia 1o yeyovog OTI TOUG EviwBa TIAVTOTE dITIAO JOoU,
yla TNV aydmnn Toug Kal yia TNV GUPTIOPAcTooT TouG.

Mavw arm’ O0Aa Opwg, Ba NBeAd va €UXOAPICTOW TNV OIKOYEVEID POU YIO TNV
NOIKN KAl OIKOVOUIKA UTTOOTAPIEN TIOU POU TTapEiXav e OAn TN JIAPKEID TwV GTIOLOWV
pou. H guvexng ouUTIaPACTACT) TOUG KOl N EUTTIICTOOUVN TIOU JOU £QEIXVAV OTIOTEAECE TO
BOOIKOTEPO KivNTPO POUL Kol CLVEROAE KOBOPIOTIKA WOTE va BpioKopal CUEPO G auTO
TO onueio. Toug ELXOPIOTW KUPIWE, YIOTI TO OIKO TOUC OVEIPO YIA TNV OAOKANPWON TwWV
OTIOUdWV [OU, OTIOTEAEl TIAéOV OIKI] HOU  KANPovouid. Q¢ eAAaxIoTo  deiyua

ELYVWHOCUVNC, TOLG APIEPWVW TNV TTOPOVCA EPYOTIO.

AavinA BaacIAIKNG
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MepiAnyn

ZTNv TapoloO EPYOCio MEAETATAL N OOWIKN ELOTABEIN TWV AETTTOTOIXWV
METOAAIKWV KUAIVOpWY TIou TIEPIBAAAOVTAl AT €va EAOCTIKO UECO KOl Ol OTIoiol
UTTOKEIVTOI OE OMPOIOPOPEN EEWTEPIKN TTiEoN. MNa TNV PEAETN aAUTH avVATITUXONKE €va
OI13IACTATO POVTEAO, LTIOBETOVTOC OTI TO POPTIO KAl N TIOPAPOPPWAT dev JETARAANOVTAL
KOTA PNKOG TOU KUAIvVOpou. O KOAIVOPOC KOl TO TIEPIBAAAOV PEGO TIPOCOPOIWONKAY WE
MN-YPOUMIKA TIETIEPACHEVO  OTOIXEiO  AauBdavovtag utoyn TN PN-YPOUMIKOTNTA
VEWMETPIOG Kal UAIKOD. APXIKA HEAETAONKAV KOAIVOPOI OTIO EAACTIKO LAIKO, Ol OTToiol
TIEPIBAAOVTOL OTIO €va AKAUTITO (QTIOPOUOPPWTO) HECO, KOl TO OTIOTEAECUOTO TG
avaiuong autng emiPefaiwdnkav pe OIOBECIYUEC OVOAUTIKEG AUCEIC. TN OUVEXEID
EEETACTNKE N OTIOKPION TWV EYKIBWTIOUEVWV AETITOTOIXWV HETAAAIKWY KUAIVOPWV OF
EEWTEPIKN TTiEDN, YA OIAPOPEC TIMEC TNG APXIKAG OTEAEIOG TOU KUAIVOPOUL, TOU KevoU
METAED KUAIVOpOUL Kal PECOUL Kal TNG akauyiog Tou pEoou. Ta ATIOTEAECHOTA TNG
avaiuong Tapouacialovial oe dloypPAPOTa OPOUOL I00PPOTIIAE TIiECNG-UETATOTIIONG,
OTO OTToia TTapATNEEiTal hia paydadia TITwon TG avToXNG META TO CNUEio TNG HEYIOTNG
TTieong Tou JTIOPEi va TTAapoAdfBel 0 KOAVOPOG. ETiong HEAETATAl N KATOVOUN NG
TIAQGTIKNG TIOPAPOPPWAONG KOBWC KAl n PETABOAN TNG Tlieang €a@g KUAIVOPOUL-UECOU
KOTA TNV TIEPIPEPEID TOU KUAIVOPOU. AKOUO €EetAdetal n emidpacn ¢ EMIBOANC
KABETNC OPOoIOPOP®NC TIPOPOPTIONG COTNV MEYICTN TIECN TIOL UTIOPEI va TTAPAAAGREL 0
KOAIVOPOCG XWPIC va aoToXNOEl. TEAOC, TO ATIOTEAECUATA TNC AVAAUGNG CLYKPIVOVTal HE
MO OTIAOTIOINMEVN €K@POCN TIOU €XEl TIPOTOOEI TTAAAIOTEPA KO N oTToia Ba pTtopovoE va

XPNOIUOTIOINBE yIa TO OXESIOCUA TETOIWV KATATKEVWV.
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Stability of Confined Twin-Walled Steel Cylinders

Under External Pressure

Daniel Vasilikis

University of Thessaly, Department of Mechanical & Industrial Engineering, 2008

Advisor Professor: Dr. Spyros A. Karamanos, Assistant Professor

Abstract

The present thesis investigates the structural stability of thin-walled steel
cylinders surrounded by an elastic medium, subjected to uniform external pressure. A
two dimensional model is developed, assuming no variation of load and deformation
along the cylinder axis. The cylinder and the surrounding medium are simulated with
nonlinear finite elements that account for both geometric and material nonlinearities.
Cylinders of elastic material within a rigid boundary are considered first, and the
numerical results are compared successfully with available closed-form analytical
predictions. Subsequently, the external pressure response of confined thin-walled steel
cylinders is examined, in terms of initial out-of-roundness of the cylinder, initial gap
between the cylinder and the medium and the stiffness of the medium. Numerical
results are presented in the form of pressure-deflection equilibrium paths, which show a
rapid drop of pressure capacity after reaching the maximum pressure level. The
distribution of plastic deformation, as well as the variation of cylinder-medium contact
pressure around the cylinder cross-section are also depicted and discussed. Furthermore,
the effects of uniform vertical preloading on the maximum pressure sustained by the
cylinder are examined. Finally, the numerical results are compared with a simplified

closed-form expression, proposed elsewhere, that could be used for design purposes.
vii
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Chapter 1 - Introduction

Chapter 1

Introduction

Twin-walled elastic cylinders, when subjected to uniform external hydrostatic
pressure, under unconfined lateral conditions, buckle in the elastic range in the form of
an oval shape. Assuming isotropic elastic behavior, the corresponding critical pressure

pcr is equal to [1]

& £.T @1

Pcr =

T 1-vi\a,

where E is the Young’s modulus, v is Poisson’s ratio, D is the cylinder diameter and
t is the wall thickness. The above elastic critical pressure is valid for steel cylinders

with diameter-to-thickness ratio greater than about 40, and it is well below the yield

pressure pv, i.e. the pressure that causes full plastification of the cylinder. From thin-

walled vessel theory, and considering a von Mises yield criterion, this plastic pressure

py is readily calculated equal to

Pv=2 : (1.2)
V-V +v \Dj

where o s the yield stress of the material under uniaxial stress conditions, and factor

I/v1-v + R2 accounts for increase of yield stress in the hoop direction due to plane

strain conditions. Assuming v = 0.30 for metals, this factor is equal to 1.13. Variations
of the elastic buckling pressure formula (1.1), have been widely used for the design of
relatively thin-walled offshore pipes and tubulars, accounting for initial imperfections

and residual stresses [2], [3] and [4],
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Chapter | - Introduction

In several engineering applications, steel cylinders subjected to external pressure
are confined within a surrounding medium. Under those conditions, the cylinder may
buckle because of excessive hoop compression. Buried steel pipelines [5], and steel
liners, used to rehabilitate damaged pipelines [6], are typical examples. Furthermore,
tunnels and ducts that transport gases or liquids in power plants are often lined with
cylindrical steel shells [7], Finally, steel cylinders are also employed as casing in oil and
gas production wells [8]. In all the above applications, significant hoop stresses develop
in the cylinder wall due to either thermal effects or hydrostatic pressure conditions
because of ground water and the permeability of the surrounding medium. When these
hoop stresses exceed a critical level, the steel cylinder buckles. However, in such a case,
due to the surrounding medium, the steel cylinder is not free to deform outwards and the
critical pressure of equation (1.1) is no longer applicable. Buckling occurs in the form
of an “inward lobe”, as shown in Figure 1 at a pressure level significantly higher than

the one predicted by equation (1.1).

Figure 1 Schematic representation of a confined ring under uniform external pressure.

10
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Chapter | - Introduction

The present work, motivated by the structural response of buried pipelines
surrounded by saturated soil medium or concrete encasement, focuses on buckling of
confined cylinders under external hydrostatic pressure. When the groundwater table is
above the pipeline level, the water reaches the pipe through the permeable surrounding
soil or concrete and hydrostatic pressure conditions develop around the pipeline, which
may cause buckling of the steel pipeline wall. It should be noted that buckling under
hydrostatic pressure is quite different than buckling under thermal effects, sometimes
referred to as “shrink buckling” [9], [10], [11], [12] and [13], In “shrink buckling”, hoop
compressive force is relieved immediately after buckling occurs, whereas in hydrostatic
buckling, pressure load is always present in the post-buckling stage. For an extensive
literature review on the “shrink buckling” problem, the reader is referred to the paper by
Omara et al. [6].

Hydrostatic buckling of elastic cylinders embedded in a stiff medium has been
examined by Cheney [14] through an energy approach. The ring was considered to
consist of two portions, the “buckle portion” and the “unbuckled” portion, as shown in
Figure 1. Cheney further assumed that the cavity may move inward with the ring,
resisting outward movement of the ring wall, but not its inward displacement.
Minimization of the potential energy and solution of the corresponding differential
equations, with appropriate boundary conditions, resulted in the following expression

for the critical pressure:

+
Pch 255 © B (1.3)
l1-v- y.py
Glock [15] presented an energy formulation and solution of the hydrostatic

buckling problem of elastic cylinders, assuming no friction between the ring and the

stiff medium. It was further assumed that the cavity does not move inwards with the

11
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Chapter | - Introduction

ring. Minimization of the potential energy and assuming a constant hoop membrane
force around the cylinder cross-section, resulted in the following expression for the

buckling pressure:

(1.4)

A brief presentation of this analytical solution is offered in the Appendix. Comparisons
with experimental data, as well as with nonlinear finite element results [16] indicated
that dock’s formula (1.4) can predict quite accurately the buckling pressure of tightly-
fitted elastic cylinders. Furthermore, based on their numerical results and accounting for
the presence of initial gap between the cylinder [see Figure 2 (b) in Chapter 2] and the
rigid surrounding medium, El-Sawy and Moore [16] proposed the following empirical

analytical expression for the buckling pressure of elastic cylinders:

25+ 700(t/D) + 315(g/77?)
v0.15 + 130(t/D) + 1400(r/D)2+145(g/i?)

(1.5)

The last term within the parenthesis in the right-hand side of above equation express the
increase of the classical elastic formula for unconfined conditions [equation (1.1)] when
rigid confining conditions are imposed on the externally pressurized cylinder. In a later
publication, Boot [17] enhanced dock’s solution [15] to account for the presence of
initial gap between the cylinder and the stiff surrounding medium, and reported implicit
analytical expressions for the buckling pressure.

The above works on confined cylinder buckling refer to cylinders with elastic
material behaviour. Compared with the numerous publications on elastic cylinders,
relatively few investigations exist on the corresponding buckling problem of steel
cylinders, which is associated with elastic-plastic material behaviour. As a first

approximation, the ultimate external pressure capacity can be estimated as the pressure

12
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Chapter | - Introduction

that causes first yielding at the outer fibre of the cylinder wall. Adopting this concept,
Montel [18] used Timoshenko’s solution for thin ring deflection [see [19]] and
experimental data to develop a semi-empirical formula for the buckling pressure of

cylinders embedded in a stiff boundary, in terms of the material yield stress ov and the

cylinder geometry R/t, initial imperfection &0 and initial gap g between the cylinder

and the stiff boundary:
Pm = / (L6)

Montel [18] proposed the above equation (1.6) for 30< <170,
250 MPa <oy< 500 MPa, 0.1 <Alft <0.5, g/t <0.25 and g/R< 0.025.

Using a two-dimensional model and assuming first-yielding failure, Amstutz
[20] developed a formula for the external pressure collapse of embedded rings, which
has been widely used for design purposes. The problem was also investigated by
Jacobsen [21], assuming failure at first yielding. Jacobsen, accounting for the presence
of gap between the cylinder and the rigid medium, and considering a cosine function to
describe the single-lobe buckling shape, resulted in implicit analytical expressions for
the ultimate external pressure. A numerical solution for the ultimate pressure sustained
by a steel cylinder embedded in a rigid cavity was reported by Yamamoto & Matsubara
[22], using elastic-plastic ring analysis through beam finite elements and assuming a
uniform gap between the steel ring and the confining medium. The importance of
material nonlinearity on the cylinder response was noted, and an empirical formula,

valid for low-strength steel (ay =235 MPa) that fits well with the finite element

results, was developed through curve fitting.
A more rigorous investigation of buckling and post-buckling behaviour of

confined cylinders under external pressure, was conducted by Kyriakides & Youn [23]

13
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Chapter | - Introduction

using a semi-analytical formulation, based on nonlinear ring theory. The cylinder was
assumed inextensional in the hoop direction, and elastic-plastic behaviour was modelled
through a bilinear material curve. The results in [23] have been used to study buckle
propagation in confined long metal pipes [24] and [25]. Motivated by the structural
design of rehabilitation metal liners, El-Sawy [26] and [27] examined numerically the
buckling response of loosely-fitted and tightly-fitted cylinders respectively, surrounded
by a rigid boundary and subjected to external pressure. Parametric studies in terms of

yield stress cry and diameter-to-thickness ratio D/t have been conducted, accounting

for the initial gap between the cylinder and the surrounding stiff boundary, and the
numerical results were compared with the analytical results of Jacobsen [21]. An
empirical equation showing the border between elastic and plastic buckling has also
been proposed.

The present work, motivated by the structural behaviour of buried pipelines,
focuses on the structural stability of steel cylinders confined by a deformable medium
under uniform external pressure. The cylinders are thin-walled with diameter-to-

thickness ratio (D/t) that ranges between 100 and 300, which is typical for water

pipelines or rehabilitation liners, which may fail under external pressure (vacuum)
conditions in a “single-lobe” shape. Assuming constant pressure around the pipe, and no
variation of stress and deformation in the axial direction of the pipeline, a two-
dimensional idealized problem under plane strain conditions is considered. Both the
cylinder and the medium are modelled using finite elements, which account for inelastic
effects and large deformations. The analysis is aimed primarily at tracing the pressure-
displacement equilibrium path, and determining the maximum pressure sustained by the

cylinder for different values of D/t ratio and yield stress of steel material. The

sensitivity of buckling behaviour with respect to initial imperfections of the ring

14
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Chapter | - Introduction

geometry and the presence of a small gap between the ring and the medium are
investigated. Furthermore, the effects of elastic medium modulus E' on the buckling
response, as well as the influence of preloading on the top of the medium are examined.
Finally, the present finite element results are compared with available analytical results

[15],[16] and [18], towards better understanding of confined cylinder behaviour.

15
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Chapter 2 - Finite Element Simulation

Chapter 2

Finite Element Simulation

The response of confined cylinders under uniform external pressure is examined
numerically using nonlinear finite element tools. General-purpose finite element
program ABAQUS [28] is employed to simulate the buckling response of pressurized
confined cylinders. The analysis considers nonlinear geometry through a large-strain
description of the deformable continuum, as well as inelastic material behavior,

accounted for through a J2 flow (von Mises) large-strain plasticity model, with

isotropic hardening.

Assuming no variation of loading and deformation in the longitudinal direction,
the finite element model is two-dimensional, considering a strip of the cylinder under
plain-strain conditions. Because of the symmetry of the single-lobe post-buckling shape
of the cylinder, half of the cylinder cross-section is analyzed, applying appropriate
symmetry conditions at the < =0,m plane. Four-node reduced-integration shell
elements (type S4R) are employed for modeling of the pipe, whereas eight-node brick
elements (type C3D8R) are used to simulate the surrounding medium. A typical finite
element mesh for the elastic medium used in the present analyses is shown in Figure 2
(@). In this model, L and H are equal to 1.5 and 3 cylinder diameters respectively.
Following a short parametric study, it has been concluded that consideration of a larger
medium domain, and the use of a finer finite element mesh have negligible effect on the
numerical results. Furthermore, a total of 150 shell elements around the cylinder half
circumference have been found to be adequate to achieve convergence of solution and

accuracy of the numerical results.

16
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Chapter 2 - Finite Element Simulation

Figure 2 (a) Finite element model of embedded cylinder, (b) schematic representation of

initial gap between the cylinder and the surrounding medium.
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Chapter 2 - Finite Element Simulation

The model accounts for the presence of a gap between the medium and the steel
cylinder. The gap is introduced in the model, assuming that the circular cavity of the
medium has a radius slightly larger than the cylinder radius, and that the cylinder and
the cavity are initially in contact at ©-71t. Therefore, the maximum gap between the
cylinder and the medium occurs at © = 0, denoted as g, as shown in Figure 2 (b).

A contact algorithm is used to simulate the interface between the cylinder and
the medium. In the most of the cases, contact is assumed frictionless. However, several
analyses have been performed to examine the effects of friction, which is considered
through the friction coefficient ju, where p - tan ¢, and ¢ is the friction angle of the
interface between the cylinder and the medium.

To perform the nonlinear analysis, enable the formation of single-lobe buckle
and trace the post-buckling equilibrium path, a small initial imperfection on the cylinder
is imposed. More specifically, small downward vertical load is applied at the 0=0
location, causing a localized displacement pattern. After the load is removed and despite
the elastic rebound of the cylinder wall, the cylinder at this location contains a small
residual displacement SO0, which is considered as the initial imperfection (out-of-
roundness). Subsequently, uniform external pressure is applied around the cylinder, and

the nonlinear pressure-deflection (p-3) equilibrium path is traced (where & is the

vertical displacememt of point A at © = 0), using a Riks continuation algorithm.

18
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Chapter 3 - Numerical Results for Elastic Cylinders

Chapter 3

Numerical Results for Elastic Cylinders

The response of thin-walled elastic cylinders with D/t values between 100 and
300, calculated through the finite element simulation, is examined first, and the
response is compared with analytical solutions reported by Glock [15] and El-Sawy &
Moore [16]. The material of the cylinder is considered elastic with a modulus E equal
to 210,000 MPa and Poisson’s ratio equal to 0.3. The modulus of the confinement
medium E' has a value equal to 21,000 MPa (one-tenth of the steel material).
Considering this value of E", the confinement medium is practically non-deformable
and may be considered as rigid. A zero gap between the cylinder and the medium is

assumed (g/R =0), as well as a negligible geometric initial imperfection (<50=0).

Finally, a frictionless interface is considered between the steel cylinder and the
confinement medium.

The pressure-displacement curves are depicted in Figure 3 and show the
equilibrium path of pressure p versus the vertical displacement & of point A (Figure 1)
at 9=0, normalized by the tube radius R (&/R). All equilibrium paths are
characterized by a point of maximum (limit) pressure pmax, beyond which, the cylinder
exhibits a significant drop of pressure, indicating an unstable behavior. In all cases

examined, the computed value of maximum (limit) pressure pmax is in excellent
agreement with analytical predictions pCL obtained by Glock [15] and pEM obtained by

El-Sawy & Moore [16], expressed through the simple closed-form expressions of

equations (1.4) and (1.5), as shown in Figure 4.

19
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Q

o

CL

Figure 3 Response of tightly-fitted elastic cylinders embedded in a rigid confinement

medium.

Figure 4 Comparison between numerical results and analytical predictions from Clock’
equation [15] and ElI-Sawy & Moore equation [16] for the buckling pressure of

rigidly confined cylinders.
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Note that the value of maximum pressure pmax is 20 to 45 times larger than the value of
the corresponding elastic buckling pressure pe under unconfined conditions, expressed
by equation (1.1). The large values of the pmax/pe ratio express quantitively the very

significant effect of confinement on the buckling resistance. Furthermore, the results
offer a very good verification of the validity of dock’s analytical solution for elastic
confined cylinders. It is interesting to note that dock’s equation and, therefore, the
present finite element results are in close agreement with the experimental data reported
in [29],

Consecutive deformation configurations of the cylinder under external pressure
are shown in Figure 5 (left) and the corresponding points on the pressure-deflection path
are depicted in Figure 5 (right). The numerical results indicate that the maximum
pressure occurs at the stage where the local curvature at © =0 becomes zero (i.e. when
“inversion” of the cylinder wall occurs). This is in agreement with the analytical
solution of dock [15]. More specifically, using equations (1.3) and (1.4) of Appendix,

the maximum local curvature k0 at © - O, is calculated as follows:

~_w'(@0) _ o imv
ko (3.1)
R 2R- \y 3

Therefore, the curvature kOcr at maximum pressure stage can be obtained analytically

substituting equations (1.9) and (1.10) of Appendix into equation (3.1) to get

\/ =-1.033-t (3.2)
K R

The above analytical prediction indicates that the total instantaneous curvature at
buckling at the (9 =0 location is zero, i.e. inversion of the cylinder wall occurs, which is

verified by the numerical results in Figure 5.
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Figure 5 Consecutive deformation shapes of a tightly-fitted elastic cylinder;

configuration (2) corresponds to ultimate pressure stage.
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Chapter4

Numerical Results for Steel Cylinders
Using the above numerical models, the structural ability of externally-

pressurized confined steel cylinders is examined, assuming an elastic confinement

medium. The values of pressure p are normalized by the vyield pressure
py =(2x1.13)c t/D [see equation (1.2)], whereas the displacement & of point A at

© =0 [see Figure 1] is normalized by the cylinder radius R .

The response of a thin-walled metal cylinder with D/t =200 is shown in Figure
6, for different values of initial imperfection and assuming a frictionless interface
between the cylinder and the confinement medium. The material of the cylinder is steel,

with yield stress ov and ultimate stress au equal to 313 MPa and 492 MPa

respectively, whereas post-yield hardening is zero up to nominal strain equal to 1.5%. A
zero gap between the cylinder and the medium, and a confinement medium modulus E'
equal to 10% of E are assumed (E'= 21,000MPa). The value of E' corresponds to
practically rigid confinement (e.g. concrete encasement). The equilibrium curves in
Figure 6 represent the nonlinear relationship between the applied pressure and the
downward displacement of the cylinder point at 0 = 0. The results indicate a significant
sensitivity of the ultimate (maximum) pressure pmm sustained by the steel cylinder,
with respect to the value of initial imperfection. It is also interesting to note that the

value of the ultimate pressure pmdx for negligible initial imperfection is substantially

smaller than the yield pressure py.
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Figure 6 Response of tightly-fitted steel cylinders (g/i? =0), embedded in a rigid

confinement medium (D/t = 200).

Comparison between the numerical results from the elastic case (Figure 3) and
those shown in Figure 6 for steel cylinders shows that in steel cylinders, buckling of
steel cylinder occurs at a lower level of pressure, indicating a significant effect of
inelastic material behavior on the structural capacity of the cylinder under external
pressure. Furthermore, the finite element results indicate that buckling of elastic-plastic
(steel) cylinders occurs immediately after first yielding, which corresponds to a
deformation stage before “inversion” of the cylinder wall occurs. In Figure 7 (a), the
successive deformed configurations of the steel cylinder are depicted. A comparison
between deformed shapes from elastic and inelastic cylinder behavior (Figure 7 (b)) that
correspond to the same deflection of point A shows that the postbuckling shape of

inelastic cylinders is characterized by more abrupt changes of local curvature at the
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symmetry point A and the “touchdown” point B, and this is attributed to the

concentration of plastic deformation at those points.

(@)

(b)

Figure 7 (a) Post-buckling shapes of tightly-fitted steel cylinders with elastic-plastic

material; (b) comparison with corresponding stages of elastic cylinder.
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Upon reaching the maximum pressure pmax, the cylinder behavior is unstable,

characterized by a significant drop of pressure capacity. The reason for this unstable
behavior is the formation of a plastic collapse mechanism with one stationary plastic
hinge at symmetry point A, and two moving hinges at the two “touchdown” points B
and B’. The distribution of plastic deformation along the cylinder perimeter is depicted

in Figure 8 in terms of the equivalent plastic strain, indicating clearly plastic hinge

Figure 8 Distribution of plastic deformation, depicted in terms of equivalent plastic strain,

along the pipe section in the buckled area (E'/E = 10-1, D/t = 200).
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formation at points A and B. The unstable postbuckling equilibrium path is responsible
for a severe sensitivity of the maximum pressure value to the presence of initial
imperfections. In Figure 6, the numerical results show that initial imperfections of

amplitude less than 1% of the cylinder diameter result in a 60% reduction of the
ultimate pressure pmiiX.

The presence of a gap between the cylinder and the confinement medium may

have significant effect on the maximum pressure, as shown in Figures 9. The cylinder
has a D/t ratio equal to 200, and a steel material with yield stress ay equal to 313
MPa. The gap size, denoted as g, is the maximum distance between the cylinder and

the medium at © =0 [see Figure 2 (b) in Chapter 2], and it is normalized by the cylinder
radius R . The numerical results in Figures 9, compared with the corresponding results
of Figure 6, indicate that the presence of a rather small gap results in a reduction of the

ultimate pressure capacity pmm of the cylinder. For zero initial imperfection, the

ultimate capacity is reduced by 40% for an initial gap size equal to 0.27% of the
cylinder radius R and by 64% for a gap size equal to 0.8% of the cylinder radius R . In

both cases depicted in Figures 9, the response is sensitive to the presence of initial

imperfections (S0/R). The effects of initial gap (g/R) and initial imperfections

(50/R) on the maximum pressure (pmax/py) are summarized in Figure 10. The finite

element results indicate that for initial imperfection values S0 greater than 4% of the

cylinder radius R the value of maximum pressure is independent of the value of initial

gap g.
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Normalized Pressure (p/py)

Normalized Pressure (p/py)

Normalized Displacement (&/R)

Figures 9 Effects of initial imperfection and initial gap on the external pressure response

of a confined steel cylinder embedded in a rigid confinement medium

(E'/E = KI'1, D/t = 200).
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Figure 10 Effects of initial imperfection and initial gap (g/R) on the maximum pressure

sustained by a confined steel cylinder embedded in a rigid confinement

medium (E'/E = KI'1, D/t = 200).

Figure 11 refers to the initial cylinder response, i.e. under low levels of external

pressure, for three different values of initial gap size (g/R =0, g/R =2.7x10~3,
g/R = 8xl0"3). The pressure-displacement path for the two cases with nonzero initial

gap is characterized by an abrupt change of slope at pressure level near p/py = 0.016,

which corresponds to the critical buckling pressure pe for elastic cylinders, calculated

from equation (1.1). At this pressure level the cylinder buckles in an oval form (e.g.
[1]). Upon buckling, the cylinder very quickly accommodates itself within the
confinement boundary, and is able to sustain significant further increase of external
pressure. This is represented by the increase of pressure in all three cases, beyond the
critical pressure level (p/py=0.016). The smaller the gap size, the sooner the pressure
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increases. Under those conditions, a part of the cylinder behaves similar to an arch
subjected uniform external pressure, supported at the two “touchdown” points B and B’.
This leads to the so-called “inversion buckling”, characterized by a limit-point on the

pressure-deformation equilibrium path. The numerical results show that the maximum

pressure pmm at the limit point occurs soon after first yielding of the cylinder wall.

Furthermore, the response of the cylinder beyond the limit point is unstable,
characterized by a significant drop of pressure, similar to the case of buckled arches

[30],

Figure 11 External pressure response of confined steel cylinders with different values of

initial gap (g/R) embedded in a rigid confinement medium (E'/E = KI'1,

Djt = 200); low pressure levels.
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Figure 12 shows the response of a thicker steel cylinder (D/t =100) under

external pressure, confined within a stiff boundary. The response is similar to the one

presented in Figure 6 for the thin-walled cylinder with D/t = 200. However, the
ultimate pressure pmax for the thicker cylinder (ID/t-100) is higher than the ultimate
pressure of the thin-walled cylinder (D/t = 200 ). On the other hand, pmm is still lower
than the plastic pressure of the cylinder p , even in the absence of initial imperfections

and initial gap between the cylinder and the medium. The variation of ultimate pressure
Pmax wilh respect to initial imperfections is shown in Figure 13 for three values of D/t
ratio (D/t =100, 150, 200) and for zero gap between the cylinder and the medium. The

imperfection sensitivity is similar for all three cases, as indicated by the curves of

Figure 13.

Figure 12 Response of tightly-fitted steel cylinders (g/R = 0), embedded in a rigid

confinement medium (D/t = 100).
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Figure 13 Effects of initial imperfection and D/! ratio on the maximum pressure
sustained by a confined steel cylinder embedded in a rigid confinement

medium (E'/E =10 1, g/R =0).

The influence of medium deformability on the buckling response is shown in

Figure 14, Figure 15 and Figure 16, for three values of E'/E ratio, equal to KI'3, KI'4

and 3.3xIO"5 respectively. The last value of medium stiffness E' corresponds to rather
loose sand [31]. The results indicate that there is a substantial reduction of the pmax
value, due to the elastic deformation of the medium. This reduction is attributed to the
more pronounced deformations of the confined steel cylinder within the soft medium,

under moderate pressure levels.
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Figure 14 Response of tightly-fitted steel cylinders (g/R = 0), embedded in a

confinement medium with E'/E = KI3 (D/t = 200).

Figure 15 Response of tightly-fitted steel cylinders (g/R = 0), embedded in a

confinement medium with E'/E =104 (D/t = 200).
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Figure 16 Response of tightly-fitted steel cylinders (g/R = 0), embedded in a
confinement medium with E'JE = 3.3x 10~5 = 200).

Normalized Maximum Pressure (p max/py)

Figure 17 Effects of initial imperfection and stiffness of confinement medium (E'/E) on
the maximum pressure sustained by a confined steel cylinder (/R =0,
D/t = 200).
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Figure 18 Effects of initial imperfection and stiffness of confinement medium (E'/E) on
the maximum pressure sustained by a confined steel cylinder
(9/R =5.4xI(T\ D/t = 200).
The variation of maximum pressure with respect to initial imperfection for four different
values of the confinement medium modulus E' is plotted in Figure 17 and in Figure 18
for zero and non-zero gap respectively. The results in those Figures show that the

imperfection sensitivity is quite significant for stiff confinement medium (E'/E = KI'1),

but considerably smaller for “soft” confinement medium (small values of the E'/E
ratio).

The contact pressure developed in the interface between the cylinder and the
medium is depicted in Figure 19 in a graphical form for the case of a soft confinement
modulus E' (E'/E = 3.3xl0~5), whereas Figure 20 shows the numerical values of
contact pressure at consecutive points. Note that the maximum contact pressure occurs

at point Ai (Figure 19), which is located at the “touchdown” area with maximum plastic

deformation (see point B in Figure 8).
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point A,

Figure 19 Graphical representation of contact pressure between the steel cylinder and
the elastic medium (E'/E = 3.3x KI'5, D/t = 200); maximum contact

pressure occurs at point A2

Contact Pressure [Mpa] (CPRESS)

Figure 20 Variation of contact pressure between the steel cylinder and the elastic

medium (E'/E = 3.3x 10~5, D/t = 200).
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Figures 21 show the effects of friction between the cylinder and the medium for

two values of E' Friction is considered through the friction coefficient 1, where
p=tan@ and @ is the friction angle of the interface. In the present case, assuming a

soil material with friction angle ¢5 equal to 32°, the value of ¢ is considered equal to

10° and 16° (i.e. 1/3 and 1/2 of the value of <s), corresponding to u values equal to
0.176 and 0.287 respectively. The numerical results show that consideration of friction
results in a small increase of the ultimate capacity pmm . The friction effect is somewhat

more pronounced in the case of soft confinement medium, whereas in the case of rigid

confinement, this effect has been found to be negligible.
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Figures 21 Effects of friction between the steel cylinder and the elastic confinement

medium for E'JE = 3.3xI0~5, and for E'/E = 10~3 (D/t = 200).

The response of cylinders with different material properties are shown in Figures
22. When a stiff boundary is considered, the use of steel with higher yield strength
results in an increase of the ultimate pressure pmax. On the other hand, in the case of a
soft confinement medium, the ultimate pressure seems to be rather insensitive to the
value of yield stress. In such a case, value of pmX is quite small, due to the small
contribution of the surrounding medium. In all three cases, buckling occurs in the elastic

range and, therefore, yielding of steel material occurs after a maximum pressure occurs.

The results of Figures 22 are also depicted in Figures 23 in a dimensionless form.
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Figures 22 Response of steel cylinders (g/R — 0), embedded in a confinement medium for

E'/E =10 and for E/E = 3.3x10" (D/t = 200); pressure in [MPa] versus

normalized deflection.
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Normalized Pressure (p/py)

Figures 23 Normalized response of steel cylinders (g/R = 0), embedded in a confinement

medium for E'/E = KI'! and for E'/E - 3.3x 1CT5 (D/t = 200); normalized

pressure versus normalized deflection.
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The effect of vertical preloading on the medium-cylinder system is shown in
Figure 24 and Figure 25. Pre-loading is considered in the form of a vertical pressure q
on the top edge of the medium, which is applied first and it is kept constant while the
external pressure is increased. The values of g loading from overlying soil in a buried
pipeline of height that ranges between 0 and 15 meters, assuming a unit weight of soll

equal to 15kN/m3 . The values of vertical pressure g are normalized by the quantity

g0 - ay (R)2 (g*=q/q0)- The numerical results show that, in the case of soft

medium, preloading has a beneficial effect on the pressure capacity of the cylinder. On
the other hand, negligible effect on the response has been observed in the case of a stiff

medium.

Figure 24 Effects of uniform preloading at the top of the surrounding medium, on

pressure response of embedded steel cylinders.
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Figure 25 Variation of maximum pressure pmiX sustained by the cylinder in the presence

of pre-loading at the top of the surrounding medium (E'/E = 3.3x KI5,

D/t = 200).

Finally, the predictions of equation (1.6) proposed by Montel [18] are compared
with the present finite element results in Figure 26. The comparison shows that, despite
its simplicity, the empirical formula (1.6) can provide reliable, yet somewhat
conservative estimates of the maximum pressure sustained by the cylinder in a stiff
boundary within a good level of accuracy. It is interesting to note that the good
predictions of equation (1.6) are beyond the applicability ranges specified in the
publication of Montel [18] and, therefore, the formula can be used for the design of

buried pipelines encased in concrete or other cylinders confined within a stiff medium.
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Critical Buckling Pressure (| crit)

Figure 26 Comparison between numerical results and analytical predictions from

Montel’s simplified equation [18].
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Chapter 5

Conclusions

The behavior of thin-walled steel cylinders, surrounded by an elastic medium, is
examined in terms of their structural stability under uniform external pressure using a
nonlinear two-dimensional finite element model. Numerical results on cylinders of
elastic material are found to be in very close agreement with available closed-form

analytical predictions.  Subsequently, confined thin-w'alled steel cylinders

(100 < D/t < 200) are analyzed under external pressure. The numerical results show a

significant sensitivity of the ultimate pressure in terms of initial out-of-roundness of the
cylinder and the presence of initial gap between the cylinder and the medium. It is also
demonstrated that reduction of the medium modulus results in a substantial reduction of
the pressure capacity of the cylinder. Furthermore, the vertical preloading of the
medium results in a pronounced increase of the ultimate pressure sustained by the
cylinder. The pressure-deflection equilibrium paths indicate a rapid drop of pressure
capacity after reaching the maximum pressure level, and the post-buckling
configuration is characterized by a three-hinge plastic collapse mechanism, with one
stationary and two moving plastic hinges. The maximum contact pressure between the
cylinder and the medium occurs at the vicinity of the moving hinges. Finally, the
simplified formula proposed by Montel [18] is found to be in good agreement with the
present numerical results and could be used for the prediction of buckling pressure of

buried pipelines and other rigidly encased steel cylinders.
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Appendix

Appendix

Summary of Glock’s analytical solution [15]

Glock [15] presented a solution for external pressure buckling of elastic rings
confined with a rigid medium. The kinematics were based on the Donnell
approximations of thin-ring equations [1]. More specifically, the total hoop axial strain
is given by the following equation:

£e = £m + kz ¢-n
where the membrane and bending strain are given in terms of the radial and tangential

displacements v and w of the ring reference line at mid-thickness as follows
En = (V'_W)+RQW! (12)

k (1.3)

Ring deformation consists of two parts, the “buckled” region and the
“unbuckled” region (Figure 27). An assumed shape function w(#) for the buckled
region is assumed as follows

_ T 11O\
w(e)—S cos 2o, (1.4)

where ¢ is the angle that defines the border between the “buckled” and the “unbuckled”

ring portions, so that -¢(<6 <@ .
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Appendix

Figure 27 Schematic representation of dock’s model [15]; the cylinder is divided in two

parts, a buckled portion and an unbuckled portion.

Forming the total potential energy N of the ring, assuming a constant hoop axial
force Nae around the ring, and requiring minimization of 'l with respect to both & and
@, closed-form expressions for the pressure p, the amplitude of buckled shape & and

the axial force N are obtained in terms of angle ¢ :

4
A A
0. ¢ + 10 (@ (1.5)
R EI \T[J K1t J
PR. T 4,1 by 80T El (1.6)
El o 6V 3 EARI \0j
5 El
N ~1-1 1.7)
3 RIK®)
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Appendix
Subsequently, minimization of pressure in terms of angle ¢, results in final

closed form expressions for the critical pressure pGL, the corresponding angle ¢(Y, and

the corresponding amplitude of the buckling shape:

27

_ EAR:
PgIRY =0 969 (1.8)
El v El
fo (EAR? \

=0.856 _ (1.9)
\D)r { El ]

2/5

(5 =2.819{ El ) (1.10)
[Ria EAR?

For the case of a ring under plane-strain conditions, equation (1.8) can be written in the

form of equation (1.4) of Chapter 1.
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