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Diploma Thesis

On Quantum Solvers for Linear Algebraic Systems
Nikos Papagiannis

Abstract

Solving large-scale linear systems is an integral part of many scientific disciplines, such as
machine learning or circuit analysis. Problems of this kind take as input a matrix A and
a vector b and aim to find a vector # such that A7 = b. Classical linear solvers have a
polynomial time complexity and it seems impossible to further improve their performance.
This fact has directed scientific research to the study of corresponding quantum algorithms,
which promise even exponential acceleration compared to existing methods. In this thesis
I present and analyze some of the most important results of this research. In particular, I
present a method which relies on Grover’s algorithm, the HHL and WZP algorithms based
on the eigendecomposition of the matrix A, the row and column iteration methods, as well
as two hybrid algorithms that require the cooperation of a classical and a quantum computer,
namely an algorithm that uses random walks and the VQLS algorithm. The latter is also
examined from an experimental standpoint using the Qiskit open-source framework and a

suitable quantum circuit is proposed which can enhance its performance.

Keywords:
quantum computing, linear systems, Grover’s algorithm, HHL, WZP, row and column itera-

tion methods, random walks, VQLS, Qiskit
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H enilvon ypopukodv cuotnudtov peyding kAipokog ivatl avardonaoTo KOUUATL TOAADY
EMOTNUOVIKOV KAAO®V, OTmg 1 unyovikn udbnon 1 n avaivon kukiopdtov. To tpofin-
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KOl GTOYXEVOVY GTNV EDPESN VOGS SLOVOGHOTOG X TETOOL MOOTE AT = b. Ot KLaowKol emihv-
TEG YPOUUUIKDOV GUOTNUATOV EYOVV TOAV®VUUIKY] YPOVIKT TOAVTAOKOTNTO KOl QOAVETOL TG
deV UTOPOVV Vo, BEATIOCOVY TEPALTEP® TNV AOO0GT TOVS. To yeYovog anTod £yl oTpéyeL TV
EMIGTNHOVIKN £pEVVA GTN HEAETN avTIoTOWY®V KPOVTIKAOV adlyopiBuwmv, ot omoiot vTdcyovToL
péEYPL Ko EKOETIKN €MTAYLVON G GYEON UE TIC VITApPYovoeg peBodovs. o mAaiclo avThg
NG SUTAMUATIKNG EPYOCIOG AVOAD® HEPTKA OTO TOL GNLOVTIKOTEPO, ATOTEAEGLLOTO, VTNG TNG
£peVVoC. ZuyKekpléva Topovstdlm pia pébodo Paciopévn otov adydpiBo tov Grover, Tovg
alyopiBpovg HHL kou WZP mov Bacifovratl otnyv 181061d6macn tov wivako A, Tig emovoin-
TTIKEG PeBOOOVE YpapUNG Ko 6THANG, KaBmg kot dvo VPPLOKOHS ahyopiBovg ot omoiot Tpo-
vmoBéTouv T cvvepyacia evog KAaokoD kat evog KPavTikod vToAoyiot): évov aikydpiOpo
Tov ypnotonolel Tvyaiovg mepmdrovg kat tov aryopiBuo VQLS. O tedevtaiog eetdleton
EMIONG A0 TEWPOUATIKT GKOTLH YPNCILOTOLOVTOG TO AOYIGHIKO avoryTov kKmdtka Qiskit kot

TPOTEIVETAL VAL KATOAANAO KPOVTIKO KOKA®UO TOV Umopel va BeEATIOGEL TNV 0rdd0GN TOV.

AgEarc-kreona:
KBovTIKN VTOAOYIOTIKTY, YPOUKA cuoThpata, aAyoptBupog tov Grover, HHL, WZP, enava-

InmTiKég néBodot ypapung Kot 6THANG, Tuoyaiot mepimator, VQLS, Qiskit






Table of contents

A cknowledgements

[epiinyn

[Table of contents

1 Introduction and Motivation

[[.1 Presentation of the subjec{ . . .. ... ... ....

[[.2 Thesis Organization . . . . . . . . . o v v v v\ ..

2 Background

2.1 Introduction to Quantum Mechanicq

P.2  Quantum states and bra-ket notation

3 Thequbif . ... ... . ... .. ..

2.4 Measurement of thequbit . . . . . . ... ... ...

R.5 Geometrical representation of quantum states

P.6 Quantum systems of n qubits

P.7 Quantum gates and unitary operators

P.8 Relation of Hermitian and unitary matrices

R.9 Universality of quantum gates

2.10 Implementation of functions and quantum parallelism

2.11 Inner products and the swap test

.12 The Hadamardtes! . . . .. ... . ... ... ...

ix

Xii

xiii

XV

Xix

O O o0 9 N n W



XVi Table of contents

2.13 Pure and mixed states, density operators . . . . . . . .. ... .. .. ... 19
2.14 Quantum Fourier Transform| . . . .. . ... .. ... ... ........ 21
R.15 Phase estimation) . . . . . . . . . . ... 22
R.16 Grover’salgorithm . . .. .. ... ... ... ... ... ......... 23
B Literature Review 27
B.1 Introduction . . . . . . . . . ..o 27
B.2 Quantum linear system problem . . . ... ... ... ... ........ 27
B.3 Grover’s algorithm solutionmethod . . . . .. . ... ... ... ..... 28
B.3.1 Descriptionand mainresults . . . . . . . . . . . . . ... ..... 28

B.3.2 Review of the algorithm . . . .. ... ............... 31

B.4 The HHL solutionmethod . . . ... ... ................. 32
B.4.1 _The conception of the algorithm . . . . ... ... ......... 32

B.4.2 Description of the algorithm| . . . . ... ... ........... 33

B.4.3 Review of thealgorithm| . . . . ... ... ............. 35

B.5 WZP method for dense matrice§ . . . . . . . ... 36
B.5.1 Quantum singular value estimation . . . . . . . .. ... ..... 36

B.5.2 Description of the algorithm| . . . . ... ... ... ... ..... 40

B.5.3 Review ofthe algorithm . . . . .. ... ... ... ... ..... 41

B.6 Row and column iteration methods . . . . . . . . . . ... ... ... ... 42
B.6.1 _ Theoretical presentation of the algorithmg . . . . . ... ... ... 42

B.6.2 Quantum row iterationmethod . . . . . . . ... ... ... .... 44

B.6.3 Quantum column iteration method . . . . . . ... ... ...... 46

B.6.4 Review of thealgorithmg . . . . . ... ... ... ......... 49

B.7 Variational quantum linearsolver . . . . . . . . . . . . . . ... ... 50
B.7.1 Outline of the algorithm . . . . . . .. . ... ... ... ..... 50

B.7.2 Implementationdetail§ . . . . . . . . . . . . . ... ... ... .. 52

B.7.3 Review of the algorithm . . . . . . ... ... ... ... ..... 53

B.8 Randomwalkssolver . . . .. ... ... ......... .. ....... 54
B.8.1 Classicalrandomwalks. . . . .. .. ... ............. 54

B.8.2 Outline of the algorithm . . . . . .. ... ............. 55

B.8.3 Review of the algorithm| . . . . ... ... ............. 57

B.9 Further research resources, summary and comparison of the algorithms . . 58




Table of contents Xvii
4 Experimental Results 61
U1 Introduction . . . . . . . . v 61
4.2 Discussion of theresults . . . . . . . . . . . 62
5 Synopsis and Prospects 69
‘: D ) Y 71






List of figures

2.1 Geometrical 2D representation - measurement ofaqubi{ . . . . . ... .. 8
2.2 TheBlochspherd . . . . ... ... ... ... ... .. ..., 9
2.3 CNOT, Toffoli and SWAP gate circuit symbolg . . . . .. .. ....... 15
R4 SwapTes . . . . v v v e 18
2.5 Hadamard Test . . . . . . .. .. ..ot 19
P.6 Implementation of the Quantum Fourier Transform . . . . . .. . ... .. 22
2.7 Phase Estimation Algorithm| . . . . . .. ... .. ... .......... 23
P.8 The effect of the application of the Oracle operator (left) and the Diffusion

pperator (right) . . . . . .. ... 25
2.9 Geometrical representation of Grover’s algorithm . . . . . ... ... ... 25
B.1 Circuit implementation of U7 ([11) . . . . . . . . . o o o o i i 30
B.2 The density matrix of the solution state vector (left), additive error of the

glements of the density matrix(right) ([17} . . . . . . . . .. . .. .. ... 31
B.3 Schematic representation of the HHL algorithm ([2]) . . . . ... ... .. 35
B.4 Row iteration method forn =2 ([3]) . . ... .. ... .. ... ..... 43
B.5 Diagram of the VQLS algorithm ([4]) . . . . . .. ... .. ... ..... 51
B.6 4-node graph with the Hamming cube structure ([5]) . . . . .. ... ... 56
“4.1 Inner product circuits for (®|®) (left) and | (b|P) |* (richt) . .. ... ... 63
“.2 Inital ansatz structure (R,, CZ gates) . . . . ... ... .. ........ 63
“.3 The convergence of the optimizery . . . . . . . . . . . . . .. ..., 64
4.4 The cost function outputs of the optimizers (left) and the corresponding resid

pals b-Ax| (right) . . . . . .. ... .. 64
4.5 Density matrix of the COBYLA quantum solution vectorl . . . . . . . . .. 65
4.6 Proposed ansatz structure (U gates) . . . . . .. ... vv ... 65

XX



XX

List of figures

4.7 Density matrix of the quantum solution vector produced by the proposed ansat4 66

“.8 Comparison of the ansatz structures (A = 0.551 + 0.457Z.) . . . . . . . .. 66

4.9 Comparison of the ansatz structures (A = 0.3%Z; +0.475) . . . . . . . . .. 66




Chapter 1

Introduction and Motivation

1.1 Presentation of the subject

Linear algebra is the field of mathematics which deals with sets of linear equations of the

form:
(

1171 + Q12T + *++ + ATy = bl

9121 + A99%o + - - - + Gop T, = by

[ @m1T1 + Q2T + -+ ATy = b

where x; are the unknown variables that need to be calculated, whereas the elements a;; and
b; are known in advance. In linear algebra terminology, an equivalent representation for such
linear sets of equations is Ax = b where A is a matrix which contains all the a;j, while b and

Z are two vectors which contain the elements b; and x; respectively:

11 Q12 - Qip by X1

Q21  A22 - A2p - by o o)
A= b= T =

Am1 Am2 - Omn bm Ty

A special case of linear sets of equations concerns an equal number of equations and unknown
variables, thus m = n. The algorithms which are presented in this thesis mainly focus on this
case and the goal of the problem that they are trying to solve, which is commonly referred
to as Linear Systems Problem (LSP), is to find the solution vector Z for which 7 = A~1p,

where A~ is the inverse of the matrix A.
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It is common knowledge that linear algebra and linear equations play a significant role in

almost all fields of science and engineering. Some indicative such fields are the following:
* Cryptography - encoding and decoding of messages
* Analysis of networks and graphs
+ Circuit analysis

* Machine learning and Artificial Intelligence - applications for data classification, clus-

tering, regression and so on
+ Ranking algorithms in search engines, like Google
* Analysis of economic models
* Statistics

This list could be extended with a lot more examples, as the applications which illustrate the
importance of linear algebra are countless. In fact, linear sets of equations either constitute
the core of such applications or they are a subroutine of larger algorithms. In either case they
often include enormous amounts of data and as a result, the value of n increases arbitrarily.
This has mainly to do with the fact that nowadays data are produced in large quantities and
need to be collected and analyzed. The question which arises is how fast these linear systems
can be solved. This question is crucial if we consider their size. There is a variety of classical

methods for the LSP with different time complexities:

* Methods like Cholesky decomposition and Gaussian elimination, which are suitable

for dense matrices, have a time complexity of O(n?).

* The conjugate gradient descent which is used for sparse matrices, namely for matrices
which have at most s non-zero elements per row with s < n, has a time complexity
of O(n+/k). Here k is the condition number of the matrix A and it increases when A
tends to become non-invertible. Its value varies from linear system to linear system -

it may have a logarithmic, polynomial or even exponential dependence on n.

In general, all these classical linear solvers are polynomial to n. Further improving their per-
formance in a classical computer seems impossible. For this reason, in the past few years,

researchers have turned their attention to algorithms which can be implemented in quantum
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computers and can solve the LSP fast and efficiently. Quantum computing is a fascinating
scientific research and development area still at its early stage of development. Currently,
there are only intermediate-scale quantum computers which are also noisy. At the moment
this thesis is written, the largest quantum computer globally, which was developed by IBM,
consists of 433 qubits (the counterpart of classical bits for quantum computers). Although
the company will probably surpass the 1000 qubit mark soon [6], complete quantum systems
with millions of qubits are definitely not expected to be developed in the short run. Despite
that, the unprecedented potential that quantum computing offers has been widely accepted
mainly through the study of several R&D use cases in disciplines such as financial technol-
ogy, medicine, and data science. In particular, this study has shown that quantum computers
can perform a lot of calculations much faster than classical computers by exploiting certain
principles and properties of quantum mechanics. For example, they can factor large numbers
much more quickly than classical computers [7], which is an important task in cryptography.
Taking this into consideration, it is evident that quantum computing is a promising field that
has the potential to revolutionize many areas of science and technology.

The objective of this thesis is first to survey the peer review literature in order to examine
if quantum computing is suitable for numerical linear algebra and then to propose and discuss
certain paths to further elucidate the issues raised. The thesis mainly discusses this subject
from a theoretical standpoint, however, it also proceeds to the analysis of a few practical
experiments using Qiskit, an open-source SDK for working with quantum computers. There
are several research projects in that direction, even so, this research area has yet to attract

considerable attention and there are definitely a lot of ideas to reflect on.

1.2 Thesis Organization
The rest of this thesis is organized as follows:

* In Chapter 2 I present the necessary theoretical background of quantum mechanics and
quantum computing and mainly focus on the fundamental concepts which are related

to the motivation of my study.

* In Chapter 3 I provide some insight into the existing results in the area of quantum

numerical linear algebra and review these results.
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« In Chapter § I discuss my experimental results on a hybrid quantum-classical linear

solver and propose a quantum circuit which enhances the performance of the algorithm.

* In Chapter j I summarize the contents of this thesis, make some concluding remarks

and draw some conclusions.



Chapter 2

Background

2.1 Introduction to Quantum Mechanics

Quantum mechanics is an important field in Physics which examines the nature from
the perspective of elementary particles - atoms or subatomic particles. The preconceived
classical physics theory only focuses on macroscopic phenomena and deals with subjects
such as Mechanics and Thermodynamics, so quantum mechanics is complementary to it, as
it tries to explain the microscopic aspects of nature which were previously unknown.

The main feature of quantum mechanics is the fact that quantities like energy and mo-
mentum are “quantized”, namely they can only take discrete values. Another fundamental
concept of quantum mechanics is wave—particle duality according to which quantum entities
cannot be described merely as particles or waves because they have characteristics of both
particles and waves.

The exact behavior of quantum systems is impossible to predict, as Heisenberg’s uncer-
tainty principle confirms. According to it, we cannot predict simultaneously the exact position
and momentum of a quantum particle even under special experimental conditions. Mathemat-

ically this is expressed with the inequality:

Oy Op =

DO | St

where o, is the standard deviation of the position, o), is the standard deviation of the momen-
tum and / is the reduced Planck constant (h = %).
For this reason, the study of quantum systems is based on probabilistic models. These

models rely on wave functions which are mathematical expressions that assign probability



6 Chapter 2. Background

amplitudes to every point in space that a quantum entity can be found. They are usually
denoted by the Greek letter ¢). The Born rule [8] states that the square of the probability
amplitudes of a wave function are proportional to the probability density of a quantum system
being in a specific quantum state. As a consequence, the set of all the available probability
amplitudes can form a probability density function (PDF) which estimates how likely it is to
find a quantum particle in a specific position.

The wave function — and by extension the probability amplitudes — of a quantum system
change over time. The Schrédinger equation is a differential equation which approaches these

changes:

L0 A
ihs () = H (1) @1

In this equation, £ is the reduced Planck constant, H is a Hamiltonian operator, namely an
operator that expresses the total energy of a quantum system, and |¢/(¢)) is a wave function
written with bra-ket notation (more about it in Section R.2). If H is assumed constant, the

solution of the equation is:

—iHt

() = e [4(0) (22)

The Schrodinger equation and its solution is the most prominent result of quantum mechanics
and has played a significant role in the development of the field. In fact it is considered by

physicists the conceptual counterpart of Newton’s second law in classical Physics.

2.2 Quantum states and bra-ket notation

Quantum states, which occur from the corresponding wave functions, can be described
with state vectors in a Hilbert space [9] that express the polarization of the quantum particles.
These vectors can possibly be written with typical vector notation, but quantum computing
conventionally uses the bra-ket notation which was introduced by Dirac. As its name sug-
gests, bra-ket deploys two types of symbols, bra and ket. Ket is a column vector |x) and on
the other hand bra is a row vector (x| which is the conjugate transpose of |z).

The typical Euclidean vector space requires a set of orthonormal vectors to form its basis.
The same applies for the Hilbert space described here — for example a two dimensional com-

plex Hilbert space needs two basis vectors, namely |0) and |1). The equivalent representation
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of these vectors with the conventional notation is:

1 0
0y =| |, [1)=
0 1
Respectively in the case of an arbitrary quantum state a |0)+b |1) with a, b € C, the equivalent

vector 1S:

1 0 a
al0)+b|l) =a- +b- =
0 1 b

A Hilbert space is an inner product space, so the operation (z||y) = (z|y) between two

quantum states is defined:

n

Y2 * * *
(zly) = |at a3 - = Ty1 + 252 + - T Yn

Yn

As the basis vectors are orthonormal, the following properties hold:
(0]0) = (1]1) = 1,(0[1) = (1]0) =0

The outer product |x) (y| of two quantum states can also be expressed mathematically. In this

case, the result of the operation is a matrix of the form:

T Ty, TiYs o T1y,
M) Toyy Tays Ty,
) (y| = T T e
1 Yo Yn

2.3 The qubit

For the rest of this thesis I will refer to the elementary quantum particles used in quantum
computing tasks as quantum bits or qubits. A qubit is the unit of quantum information and is
the counterpart of the bit in conventional computers. It corresponds to a changeable quantum
state and in cases where this state is |0) or |1) it resembles the classical bit which stores
binary information. However, in contradiction to a bit, a qubit can be in a special quantum
state which is a “superposition” of the basis states |0) and |1), that is a linear combination

of these two states to form another valid state. In this case the qubit is in a state |¢)) =
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a |0)+0|1) with a, b € C, where a, b are normalized according to the formula |a|* + |b|> = 1.
This can also be expressed with the inner product (¢)|¢)) = 1. The capability of the qubit to
be in such quantum states enables parallelism which accelerates a lot of algorithms. This is
the main reason why quantum computing has great prospects and is studied thoroughly by

many researchers.

2.4 Measurement of the qubit

Although qubits can be in superposition, it is not feasible to extract their states and this is
the main limitation of quantum computing. Measurements of a quantum system are possible,
however, they can only output |0) or |1) and they lead to the collapse of the quantum state
which cannot be recovered afterwards. More specifically, the measurement of a qubit [¢)) =
a|0) + b|1) produces |0) with probability Pr(|0)) = |a|* and |1) with probability Pr(|1)) =
|b|?. Geometrically this means that the probability of a qubit being measured in the state |0)

or |1) is equal to the projection of the state vector on the respective basis vector.

'L‘::I

Figure 2.1: Geometrical 2D representation - measurement of a qubit

From the above it follows that despite the fact that a qubit can be in infinitely many states,
only binary information can be obtained from it - similar to a classical bit. Furthermore, it
should be noted that unknown quantum states cannot be cloned, which means that it is impos-

sible to create copies of the state of a qubit and approximate it with multiple measurements.
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2.5 Geometrical representation of quantum states

As stated above, the general state of a qubitis a |0) +b |1) with a, b € C. This is translated
into four independent real number variables (Re(a), IJm(a), Re(b), IJm(b)), so the visual
representation of quantum states does not seem possible. However, exploiting the fact that a
phase shift of a quantum state does not change its physical properties, we find by transforming

to polar coordinates:
1) = a0) +b[1) = |¢) =714 - P 41y - e
which can alternatively be expressed as follows:
[y =rq +1p - e (Pe—0a) — [0) =74 + 1y - € Where ¢ = ¢y — ¢, ¢ € [0,27) .

This reduces the independent variables to three, so the quantum state can be represented
in a three dimensional space. The variables can even be diminished to two, if we write the

quantum state in the form:

0 0
1)) = cos = + sin 3" e'® where 6 = 2 cos™*

5 Te = 2sin" 'y, 0 € [0, 7] (2.3)

The final formula is used to describe the quantum state of a single qubit as a radius of a unit

sphere called Bloch sphere, as the following figure illustrates:

11}

Figure 2.2: The Bloch sphere

2.6 Quantum systems of n qubits

A significant element that shows the power of quantum computing is the fact that a n-

qubit system formulates a 2" dimensional state space, so the number of its independent basis
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states is exponential to the size of the system. On the other hand, a n-bit classical system
generates a 2n dimensional vector space. This means that to create, for instance, a vector
space of dimension 22°, 219 bits are required, whereas 20 qubits are sufficient.

The quantum state of a n-qubit system is equal to the tensor product of the quantum states
of the individual qubits. The same applies for the basis of the state space of the quantum
system, as it is calculated from the tensor product of the basis that corresponds to each qubit

(which consists of |0) and |1)). For example, the basis of a 2-qubit system is the set:
{10) ®10),10) @ 1), [1) @]0), [1) @ [1)} = {[00) , |01) , [10), [11)}

Similarly the quantum state of a 2-qubit system that stems from the tensor product of the

quantum states of 2 qubits is:
(CL1 ’0> + b1 ‘1)) X (a2 ‘O) -+ bQ ’1>) = a10Q2 ’00) -+ a1b2 |01> -+ blag ‘10> + b1b2 ‘11>
This can also be verified using typical vector notation and the properties of tensor products:

(a1 [0) + b1 1)) ® (ag_ |O_> :1— by |%>) =

a9 a1a9
3]
aq asy by a1by
= ® — L - — —
by by a2 bias
by
by b1ba

= Q10Q9 |00> + (llbg |0].> + b1a2 |10> + blbg |]_1>

Generally all quantum states that have the form [¢)) = x [00)+y [01)+2 [10)+w |11) with
z,y,2,w € C are valid provided that the normalization |x|? + |y|* + |z|* + |w]* = 1 is
true. However, it is not always possible to decompose a 2-qubit state into the states of its
two qubits - This is equivalent to calculating the values of ay, as, b1, by of the above for-
mula. For example, decomposing the state —[00) + 5 [11) leads to the conclusion that
biby = ayas # 0 = ay # 0,as # 0,by # 0,by # 0, while concurrently a,by = asb; = 0 is
true which contradicts the previous statement.

The above observations are not only valid in the case of 2-qubit systems, but can easily
be extended to an arbitrary number of qubits. For instance, the basis of a 4-qubit system is
the set:

{]0000) , |0001) , |0010) , - - - |1110) , |1111)}

which for simplicity reasons is written in the form:

{10),11),12) -+ [14) . [15)} = {Jz) [0 <= < 2" — 1}
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2.7 Quantum gates and unitary operators

The ’base’ of a classical computer are large circuits that include appropriate configura-
tions of logic gates, like AND, OR , NOT. These gates take one or more input bits and pro-
duce an output bit. Similar to that, the functionality of a quantum computer relies on quantum
circuits which consist of several quantum gates. These quantum gates, as well as the mea-
surement of qubits, are the available resources that one has to solve a problem using quantum
computing.

Quantum gates are not capable of changing the physical properties of the qubits. In fact,
what they do is rotate the basis vectors of the state space and this way they modify the quantum
state and affect the result of a possible measurement. A unitary operator corresponds to each
quantum gate. This is a square matrix A which, when it is multiplied with the vector of the
input quantum state of a quantum gate, produces the vector of the output quantum state. As
this matrix is unitary, it needs to meet the requirement AA" = ATA = I. This property is
very important, as it guarantees the preservation of the inner product of two quantum states

when an operator A is applied to both of them:
(Az|Ay) = 2T AT Ay = 2Ty = (z]y)

This also affirms that a state vector |z) remains normalized after its transformation from an
operator A:

(Az|Az) = (x]z) =1

In addition, it should be noted all quantum gates are reversible, so their operators also need

to be reversible, which can easily be confirmed:
ATA=AAT =T = A1 = AT

The most simple quantum gates are the single qubit gates. They act on a qubit and lead

to a change of its quantum state:
al0) +b[1) 5 a0y +b'[1)

or alternatively in matrix/vector notation:
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Therefore, the operator A that corresponds to a single qubit gate is a 2 x 2 matrix. Its first
column defines how the ’coefficient’ of |0) is modified - geometrically this represents the
rotation of the basis vector |0). Similarly its second column defines how the coefficient’ of
|1) changes, which represents the rotation of the basis vector |1).

The most trivial gate is the identity gate I, which does not affect the quantum state of a

qubit:
10
1=10) 0] +[1) (1] = = [0) = [0),]1) — [1)
0 1
The Pauli X, Y and Z gates cause a rotation of 7 radians around the x, y and z axes of the
Bloch sphere respectively:

* The X gate is the counterpart of the NOT gate, as it transforms |0) to |1) and vice versa:
0 1
X =10) (1 + 1) (0] = - —[0) = [1), 1) = |0)

» The Y gate maps |0) to ¢ |1) and |1) to —i |0):

0 —1
Y =—i|0) (1] +4|1) (0] = . — [0) —i|1),|1) — —i|0)

* The Z gate just flips the direction of |1) :
1 0
Z =10) 0] = 1) (1] = . = [0) = [0),[1) — — 1)

Another single qubit gate which plays a significant role in most quantum computing imple-
mentations is the Hadamard gate. When its input is the state |0) or |1), it creates a superpo-
sition where a measurement may produce |0) or |1) with equal probabilities. Basically this
simulates a fair coin flip experiment. Geometrically the Hadamard gate first includes a 7
radians rotation around the y axis and afterwards a 7 radians rotation around the x axis:

1 _ 1 _
ﬁ(|0> +[1) =[+),[1) = E(|0> - 1) =1-)

The phase shift gates P are a family of quantum gates that do not affect the basis state |0),

1
H=— — 0) —

but shift the phase of the basis state |1) by an angle ¢:

1 0 A
P(¢) = | =10) = 0),]1) = 1)
0 e

Some examples of these gates are:
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* The S gate and its inverse:

1 0 1 0
S=P(n/2) = ST = P(—7/2) =
0 ei?‘(/? 0 e—iﬂ'/Q
* The T gate and its inverse:
1 0 1 0
T = P(n/4) = Tt = P(—m/4) =
0 ei7r/4 0 e—iﬂ'/4

¢ The Pauli Z gate which was presented above, as Z = P(r).

Another category of single qubit quantum gates are the rotation gates which rotate the quan-

tum state around the x, y and z axes of the Bloch sphere:

R.(0) = cos(0/2)  —isin(0/2) Ry(0) = cos(0/2) —sin(0/2)
—isin(6/2)  cos(0/2) —sin(0/2)  cos(6/2)
671'0/2 0
RZ(Q) - 0 61'9/2

To conclude the analysis of the single qubit gates, it is important to mention that the general

formula of their operators is:

cos(0/2)  —esin(6/2)

U6\ ¢) =
( ?) e sin(0/2) e cos(6/2)

As a result, infinitely many gates can be created by tuning the parameters 6, A, ¢. All the
above gate categories can also be described with this general operator. For instance, for the
phase shift gates P(¢) = U(0, 0, ¢) is true.

Although this is not always the case, multiple qubit gate operators can often be expressed
as the tensor product of single qubit gate operators. An example is the n-qubit Hadamard
gate which stems from the tensor product of n single qubit Hadamard gates. It has a similar
impact as the respective single qubit gate, as it creates an equal superposition of all the 2"

basis states of the n-qubit state space when its input qubits are all set to |0):

=(0)+ 1) ® —=(0) + 1)) @+ ® —=(0) + |1)) =

(HeH® @ H)|00...0) = — 7 7

Sl

- =3I 2.4)
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An important two-qubit gate is the SWAP gate which swaps two qubits:

000

010

SWAP = — |00) — [00),[01) — |10, [10) — [01), [11) — |11)
100
1

o O =

0
000

Another noteworthy two-qubit gate is the controlled NOT or CNOT gate. This gate performs
an if-else operation: The first qubit plays the role of the control qubit and in case it is in the
state |1), the second qubit flips its quantum state from |0) to |1) or vice versa, otherwise its

state remains unchanged:

0 0 O

1 00

ONOT = — [00) — [00), |01) — [01), [10) — [11),[11) — |10)
1
0

o O =

0 0
0 01

The Toffoli or CCNOT gate is the same as the CNOT gate, but it acts on three qubits, so
there are two control qubits and both of them need to be in the state |1) for the third qubit to

flip its state:

CCNOT =

o O o o o o =
o o o o o = O
o o o o = o O
o o o = o o o©

o O O = O o o o
o O = O o o o o
- o O o o o o o

- o O O o o o

0000 0
The Toffoli gate is universal for classical computing, as it can be used to implement both

NOT and AND gates:
* NOT gate: CCNOT'|1,1,z) = |1,1, ~x)
* AND gate: CCNOT |z,y,0) = |x,y,z A y)

The following figure demonstrates the circuit symbols of the aforementioned multiple
qubit gates. As far as the CNOT and Toffoli gates are concerned, the control qubits are dis-

tinguished because they have a dot mark:



2.8 Relation of Hermitian and unitary matrices 15

|ay = |a}
CNOT gate
& lathb)
f | [ iKY
b —D— o) —Sf—
SWAP gate
irr:- —— |a) (B ;.r [ah
|B) —— | b}
Toffoli gate
c) —-E}_i'l 35 r.l.!:-:_

Figure 2.3: CNOT, Toffoli and SWAP gate circuit symbols

2.8 Relation of Hermitian and unitary matrices

In quantum computing there are two types of matrices that are widely used:

 Unitary matrices that were presented in the previous section, whose inverse is equal to

their conjugate transpose: AAT = ATA =T
+ Hermitian matrices, which are equal to their conjugate transpose: H' = H

An important property of both of these categories is that their matrices are diagonalizable,

hence they can be expressed by the formula:
M ="\ fug) (u]
J

where \; are the eigenvalues of the matrix M and u; are the corresponding eigenvalues. This
property reveals the form of the eigenvalues of Hermitian and unitary matrices. In particular,

it can be easily be proved that:

* The eigenvalues of unitary matrices have a magnitude of 1, as A; A} = 1 V. Therefore,

they can alternatively be written in the form %%,
* The eigenvalues of Hermitian matrices are real numbers, as A\; = A} V.

The above observations lead to the conclusion that it is always possible to map a Hermi-
tian matrix to a unitary matrix. This just requires retaining the eigenstates of the initial matrix

and exponentiating its eigenvalues. Mathematically the relation between the two matrices is:

AzeiH
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2.9 Universality of quantum gates

In classical computing there are two universal gates, NAND and NOR. They are called
universal because they can construct any Boolean circuit without the need to use any other
gates. The concept of universality exists in quantum computing as well. However, in this case
there is no single quantum gate that can generate the rest of the gates, so universality refers to
a set of quantum gates which can generate any quantum system independent from the number
of qubits this system consists of.

The set of gates that achieves universality is not unique, but there are a few such sets like

the following:

* The set consisting of the Toffoli and the Hadamard gates
* The set consisting of the rotation gates and the phase gates

* The set consisting of the Hadamard, CNOT, S and T gates. The first three gates are

known as the Clifford set.

2.10 Implementation of functions and quantum parallelism

A function f(z) of the form f: x — y = f(x) cannot be implemented in quantum
computing similar to classical computing, because mapping = values to y values is not a
unitary operation and often it is not even reversible. Therefore, to follow the basic principles
of quantum computing, the implementation of functions f(z) is based on gate arrays” Uy

which perform unitary transformations:
Up:lz,y) = |v,y @ f(2))

where @ is the bitwise xor operation.
Typically a gate array is a (m + n) qubit operation - The first m qubits correspond to the size
of the input x in bits and the last n qubits correspond to the size of the output f(z) in bits.

The latter are initialized to |0) so that the transformation that takes place is:
Uy« |, 0) = |z, f(x))

This transformation can easily be reversed, as the inverse of a gate array is the gate array

itself:
UpUg |2, y) = |2,y @ f(z) @ f(2)) = |2, 9)
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The fundamental difference between gate arrays and functions implemented in classical
computers is the fact that the former enable parallelism, as they can evaluate multiple input
values = simultaneously. These values need to be expressed as an appropriate superposition
in the first m qubits of the input of the gate array. Uy acts as a linear transformation, so a
superposition of values x in the input will create a superposition of values f(z) in the output.
To illustrate that, an indicative example involves using qubits initialized to |0), creating an
equal superposition of all basis states by applying the Hadamard gate and finally calculating

the outputs of a function for all values between 0 and 2™ — 1:

2m 1 2m_1
0.0) %~ 32 000 4 3 I @)

This example shows the strength of quantum parallelism, however, it should be noted that in

practice only one value of f(x) can be extracted from the resulting state, as a measurement

leads to its collapse. It is not even possible to select an output value of interest, although there

are algorithms which can amplify a specific value, so that it can be extracted with higher

probability.

2.11 Inner products and the swap test

Although inner products of arbitrary quantum states (x|y) are used in many mathematical
formulas of quantum computing, in practice it is impossible to accurately calculate them.
However, it is important to approximate them, as these inner products express how similar
quantum states are - two identical states produce an inner product equal to 1, while the inner
product of orthogonal states is equal to 0. Apart from that, inner products could be used to
extract an element of a state vector. For instance, assuming that we have a quantum state of
the form:

|) = oo |00) + agy [01) + a10[10) + a1 [11)

the element agy could theoretically be computed with the operation:
<(L’|00> = Qo <00|00> + ap1 <01|00> + aqg <10|00> + aqq <11|00> = Qpo

For the estimation of inner products a probabilistic implementation called swap test is
used. The swap test is based on a quantum circuit which consists of three registers, two
of them are the input quantum states whose inner product is approximated and the remain-

ing register is the output qubit which is initialized to |0). The circuit includes three gates: a
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Hadamard gate acting on the output qubit, a controlled SWAP gate acting on the input states
- which swaps the states of these two states if the output qubit register is in the state |1) - and
a second Hadamard gate. These gates are followed by a measurement of the output qubit, as

the figure below shows:

Figure 2.4: Swap Test

The transformation of the quantum state of the registers is expressed mathematically as

follows:

> C—-SWAP

H 1 1 H
0,z,y) — — 0, z,y) + — |1,y,z) —
0,2,y) \/5| Y) ﬁ| Y, T)

1 1
= O,ZE, + —= 1,1‘,
\/§| y) \/§| y

g 1 1 1 1 1 1

After the measurement occurs, the probabilities of the output qubit being in the state |0) or

|1) can easily be calculated:

Pr(|0)) = 5 (el + (2l (1, 9) + 9 2)) =2+ 5 +2- Ul = 5 + Slaly)l

2
1 1 9
Pr(|1)) = 1~ Pr(|0)) = 5 — 5 (aly)]
The output of the circuit can be considered as a Bernoulli random variable which produces
|1) with probability  — £ |(x|y)|?. The results of multiple iterations of this experiment can be

gathered in order to estimate the value of |(x|y)| based on their mean. It has been proved that

to restrict the additive error of the estimation to a value e, O(e%) such iterations are required.

2.12 The Hadamard test

Another quantum circuit which specializes in the calculation of inner products is the
Hadamard test. It computes a value of the form SRe((¢)|U|1))), where U is a unitary operator
and |4} is an arbitrary quantum state. It consists of Hadamard gates, a controlled U-operator

and a measurement of the output qubit as the figure below illustrates:
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Figure 2.5: Hadamard Test

The input quantum state of the circuit evolves as follows:

L (0) + ) @ [v) <Y Yo U ly)

1 1
— 10 — 0
5 7! 7!

By 210 [0t g 1) 345 10) U ) =5 1) U ) = £ 0@ (4+0) )42 (D@ (T —U) |4}

10) ® ) ) ® ) +

Sl

After the measurement occurs, the probabilities of taking |0) or [1) from the output qubit can

be estimated:

Pr(0)) = (0 (1 + U+ D)) = § (1 (L + U1+ U + U0 ) =

= 1@+ WU + (TR = £ (14 Re((IU]4)))
Pr(|1)) = 1~ Pr(|0)) = 5(1 ~ Re(({U1))

Following the same concept as the one used for the swap test, the output of the Hadamard test

circuit is a Bernoulli random variable which produces | 1) with probability 1 (1—Re({(y|U]¢)))).

Taking this into consideration, collecting multiple such outputs is sufficient to approximate

Re((Y|U[)).

2.13 Pure and mixed states, density operators

Quantum states are divided into two categories:

* Pure states, which are all the states that have been used in the previous sections and can
be sufficiently represented with a vector |z) in braket notation. They can be defined
precisely with no uncertainty even when they are complex superpositions of the basis

states.

* Mixed states, which include some uncertainty about the quantum state. For this reason,

these quantum states are a probabilistic combination of multiple pure states.
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The density operators p are matrices which are designed to express both pure and mixed

states:

* For pure states they are defined as the outer product of the quantum state:
p = |z} (x| (2.5)

+ For mixed states that consist of a set of pure states |z ;) with probabilities of occurrence
D) (Zj p; = 1), they are defined as the weighted sum of the outer products of these

pure states:

p=> pjla) (x| (2.6)
j

Density operators are used to mathematically express how mixed quantum states change

when unitary operators U are applied, as the formula below shows:

p—ZpJ |75) (] _>P —ZPJ|U% (Uz;] _ZPJU|$J ) (x| UT = UpUT (27)

J J

They have a lot of important properties which are worth mentioning:

1. Their trace, namely the sum of their diagonal elements, is 1:

") = Y=
J

2. Their diagonal elements p;; express the probability of the occurrence of the corre-

sponding pure state |z;).

3. They are positive definite matrices. If we select an arbitrary state |x), we find:
(x|p|lx) = Zp] (x|x;) (z)|z) = Zp] (z|z)?

4. They are Hermitian matrices: p = p'

5. The trace of p? reveals the purity of a quantum state. In particular:
For pure states: Tr(p?) = 1

For mixed states: 77 (p*) < 1
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2.14 Quantum Fourier Transform

In general, the Fourier transform is a mathematical procedure which converts a function
from the time domain to the frequency domain. A special case of the Fourier transform is the
discrete Fourier transform (DFT) which handles functions that consist of finite equally spaced
samples and produces an output of the same size in the frequency domain. The counterpart of
the DFT in quantum computing is the Quantum Fourier Transform (QFT). In comparison to
the classical DFT, a special characteristic of the QFT is the fact that its input sequence always
includes a total number of samples - quantum states - which is a power of 2. The formula of

the QFT is the following:

2n—1

ﬂ—n Z ) (2.8)

In a n-qubit quantum system, the QFT transforms a basis state |z) to a superposition of all
possible 2" basis states where a measurement can produce any of them with equal probability.

An important property of the resulting state in (2.§) is that it is unentangled, thus it can
be expressed as the tensor product of the states of single qubits. In particular, by writing x

and y in binary form:

r=2"1o; +2" 20y + .- 20, 1 + 2%,

y=2""1y +2" 2y + - 20y, ) + 2%,

and by exploiting the equality below:

27'r7,zy

5n |y1y2 Y > 627ri(0.xn)y1 |y1> eQm‘(O.a:n,lxn)yg |y2> L. 627ri(0.x1x2.--xn) |yn> (29)

it is possible to factorize the state of (2.§) as follows:

2" —1

ﬂ—n Z ) =

1 . )
(|0> 27rz (0.zn)y1 |1>)(|0> + €2m(0.xn,1xn Y2 |1>> L (’O> + 62m(0.ac1m2...zn)yn |1>)

(2.10)

With the help of (2.10) the QFT can be implemented in a quantum system which consists of

Hadamard gates and phase shift gates, as the figure below illustrates:
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) —@-B-®-O-® 5 (10 + exnioas-= )

\ 1 I\ (7 \ 27i[0.29...70] |1)
) . (H)—Ry)—-- 7 ([0) +e 1))

ry) . - 7 (10) + e?i0xs-aal 1))

* @ kl._-' [ 0) 4 p2mil0.x, 1:.‘]

Figure 2.6: Implementation of the Quantum Fourier Transform

The Ry gates which are used in the above circuit are phase shift gates of the form:

27 L 0
ner(3) |,

The inverse of the QFT can easily be implemented: the inverse of the Hadamard gates are
the Hadamard gates themselves, whereas the inverse of the phase shift gates P(¢) are the
phase shift gates P(—¢). This implementation is of vital importance, as it can take an input
state which is a superposition of the form of (2.§) and can produce the corresponding value

of the basis state |x) = |z122- - 2,). A significant application of the QFT is presented in

section 2.15.

2.15 Phase estimation

The term “quantum phase estimation” is used to describe a problem which focuses on
an unknown unitary operator U that has an eigenvector |¢)) with a corresponding eigenvalue
e?™% (0 < ¢ < 1) and acts on n-qubit quantum systems. Although the form of U is undeter-
mined, the problem assumes the availability of gates that perform controlled U 2 operations
(k € N). The purpose of this problem is to calculate the value of ¢ - and by extension the

eigenvalue of U. Its solution is based on the following circuit:
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Figure 2.7: Phase Estimation Algorithm

According to known properties of eigenvectors and eigenvalues, the equality U 2" ) =
(emd’)k |4b) is true. Therefore, when a Hadamard and a controlled U2" operator are applied
to one of the qubits of the circuit which are set to |0), the resulting state is:

H 1

0) 10 2 —=(10) ) + 11} [4) L

L0y )11y €20 ) =

V2

1

\/§(|0>+62’”2 ))ely)

2.11)

Uzk 1 2k

— —(|0 + 1)U =
\/5(| Y+ U™ [))

We can observe that the qubit register which contains [¢) remains unchanged. Using E.11)

for all the qubits of the circuit, the subsequent state of the quantum system before the inverse

QFT is applied is the following:

2" —1

(10) + €2 1)) ([0) + 2™ |1)) - (J0) + 27O 1)) = > T ) (2.12)

i=0

As the quantum state of (2.12)) resembles the one of (2.8), if ¢ can be written with < n
binary decimals (¢ = 0.a;as - - - a,,), the inverse QFT can produce the precise value of ¢. On
the other hand, in cases where this is not possible, it has been proved that the phase estimation

algorithm outputs a best n-bits approximation of the value of ¢ with probability > %.

2.16 Grover’s algorithm

One of the most well-known algorithms which attracted a lot of interest in the field of
quantum computing is Grover’s algorithm. This is an unstructured search algorithm, namely
given a black box function f, its purpose is to find the unique x among a set of m possible
values, so that f(x) takes a specific value. Moreover, no information is known in advance

about the structure of the set of candidate values.
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The classical counterpart of Grover’s algorithm has a time complexity of O(m), as in
the worst case all the m values need to be evaluated in order to find the solution. Grover’s
algorithm leads to a polynomial acceleration of this approach, as it solves the same problem
with time complexity O(y/m).

Mathematically in quantum terms the problem that Grover’s algorithm solves includes an
operator O - which is called Oracle - that acts on n qubits and transforms the 2™ basis states
according to the rule:

Olz) = = |z),|z) = |a*)
O lr) = [2) ,]a) # |o*)
The target of the algorithm is to find the unique basis vector |z*).

Grover’s algorithm includes a specific sequence of steps:

1. Initially a superposition of all 2" basis states is prepared using the Hadamard gate:

00 - - - \/Q_HZ |z)

2. After that, the Oracle operator is applied to the resulting superposition:

Fr e ((Zm)-)

3. The next step is called inversion about the average which is a transformation of the

form:
2n—-1 2n—-1
D ailiy = Y (2M —a;) i)
1=0 =0

where M is the mean value of all the a,. This transformation is achieved with a unitary

operator called Diffusion operator which has the form:

2 2 2
o o
2 2 2
271/ 271/ 271/
D =
2 2 2
T o g — 1

4. The algorithm continues with repeating the application of the Oracle and Diffusion

operators 7/ 2" times in total.

5. The process concludes with the measurement of the n qubits which will output the

value of z*.
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Intuitively the purpose of the use of the Oracle and the Diffusion operators is not obvious.
In fact their combination iteratively increases the amplitude of |2*) and reduces all the other

amplitudes, as the following figures illustrate:

RS

R R AN RN R U

Figure 2.8: The effect of the application of the Oracle operator (left) and the Diffusion oper-

ator (right)

When the algorithm concludes, all the amplitudes tend to 0 except for the amplitude of
|z*) which tends to 1, so the measurement produces the expected basis vector with high
probability.

Alternatively Grover’s algorithm can also be explained with its geometrical representa-

tion which is based on the 2D plot that is shown below:

& %)

Figure 2.9: Geometrical representation of Grover’s algorithm

The axis of |s*) corresponds to all basis vectors except for |z*), |s) is the superposition of
all basis vectors - which is the result of step 1 of the algorithm - and 6/2 is the angle between
|s) and |s*). The result of step 2 is O |s) which is actually a reflection of |s) about the axis of
|s*). After that the result of step 3 is DO |s) which basically reflects the previous result about
|s). In total the gain of the use of the Oracle and Diffusion operators is the rotation of the
initial vector |s) by an angle of /2 towards the axis of |x*). After k iterations of steps 2 and
3, the respective total rotation is k6/2. It can be proved that for k& = E\/Q_” the vector finally

identifies with the axis of |x*), so a measurement takes place and the algorithm finishes.






Chapter 3

Literature Review

3.1 Introduction

In this chapter I analyze and provide some insight into the research that has been done
on quantum linear system solvers over the last few years. First of all, in I describe the
quantum mechanical version of the linear system problem. In B.3 I present a preliminary
method which utilizes Grover’s algorithm as its main tool. Afterwards I discuss the main
eigenvalue quantum methods for linear systems. In particular, in B.4 I focus on the most
well-known quantum solver, the HHL algorithm, and in I analyze the WZP algorithm
which is similar to the HHL algorithm and can be efficiently applied both to dense and sparse
matrices. In B.6 I discuss the iterative solution algorithms and in particular I describe the
row and column iteration methods. In B.7 I focus on the variational quantum linear solver
which is a hybrid method that requires both a classical and a quantum computer in order to
compensate for the flawed nature of the current quantum computers. Finally, in B.§ I present
another hybrid algorithm which is based on random walks. To complete this chapter, in B.9 I

summarize and compare the algorithms which were analyzed in the previous sections.

3.2 Quantum linear system problem

In the introduction of this thesis I defined the Linear Systems Problem (LSP) which has
the form AZ = b, where A € R™® and b € R® are known and the objective is to find
the unknown vector # € R™ such that # = A~'b. The quantum mechanical version of this

problem, which is commonly referred to as Quantum Linear Systems Problem (QLSP), has

27
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the form:

Alz) = [b)

where A is a quantum operator, while |x) and |b) are quantum states represented by quan-
tum vectors. The operator A and the vector |b) are given and the purpose of the QLSP is to

construct a quantum state |x) such that:
lz) = A71|b).

Contrary to the classical LSP, |z) is not the exact solution of the linear system, because such
quantum vectors are normalized by default. In fact, |z) is proportional to the actual solution

vector:
Syl
V Z?:l |z ]2

For a quantum linear solver to be successful, given a precision parameter ¢ > 0, the produced

|z) =

quantum state p, needs to satisfy the following inequality for the trace distance D, ,:

1
Dy, z= §TT‘px — |z} (]| < e

3.3 Grover’s algorithm solution method

3.3.1 Description and main results

One of the most simple and accessible ways to solve a linear system with a quantum
algorithm was proposed by Maji in [1]]. In this paper she introduces an approach that deploys
Grover’s algorithm to solve n x n sets of equations of specific form using total resources of
[log, n| qubits. More specifically, this algorithm is applicable to systems AZ = b where the
matrix A is unitary:

AAT =T

The vectors &, b either have a length of 1 or they are normalized, so that they can be repre-
sented as quantum state vectors. To find the solution vector  that satisfies the set of equations,
Maji tries to find a unitary operator U for which UA = [. This is actually the inverse of A

and satisfies the relation:

UA=T=UAT=F=Ub=17
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To achieve this, she represents the columns of matrix A as quantum states |1);):

A= ) [9) -~ )]

which means that:
UA=[U o) Uln) U ii)] = 1

As a consequence, the matrix-vector multiplication U |1);) needs to be equal to the i-th column
of the identity matrix.

Maji suggests utilizing Grover’s algorithm to calculate U. She uses the unknown solu-
tion vector as the target vector |z*) and afterwards she aggregates the Oracle and Diffusion
operators which are used during the iterations of the algorithm. To illustrate the idea of this

algorithm, she presents the solution of the following 4 x 4 set of equations:

l’1+$2+$3+$4:2
$1—$2—I3+I4:0
I1—5E2+I3—[E4:0

$1+$2—SL’3—I4:0

In order to get a unitary matrix A and a normalized vector b, all equations have to be divided

by 2. The resulting A and b are shown below:

12 1/2  1/2  1/2
12 —1/2 —=1/2 1/2
12 -1/2 1/2 -1/2
/2 1/2 -1/2 -1/2

o o o =

The application of Grover’s algorithm shows that U = A and the solution vector is calculated

to be: o
1/2

o 1/2

r=Ub= /

1/2

1/2

The circuit which is used for the multiplication of U with b appears in the following figure:
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Figure 3.1: Circuit implementation of Uy ( [[1]])

The input to the circuit corresponds to the vector b= [1000} ' = |00), whereas the quan-
tum gates form the operator U. The notation A, j;; expresses the permutation of the equations
- for example, A;243 means that the third and forth equations of the linear system are per-
muted at this point. The circuit contains explicitly Hadamard and CNOT gates. The latter are
shown with the symbol that contains a ”+” in the figure and their role is just to permute the

equations. The two Hadamard gates at the beginning of the circuit are in fact sufficient to

f0rmA1342:
1/2 1/2  1/2  1/2
1|11 1|11 1/2 —1/2 1/2 —1/2
Appp=H® H=— ® —= = / / / /
V21 -1l V21— 1/2 12 —1/2 —1/2
1/2 —1/2 —1/2 1/2

For the experiments which are presented in the paper, the IBM quantum simulator was used.
The accuracy of the results was evaluated with fidelity [[10], which measures the similarity
between the calculated solution vector and the theoretical solution vector and is equal to the
absolute value of the inner product of the two vectors, if these vectors represent pure quantum
states. The paper mentions a fidelity of 0.9878 for the above set of linear equations. In addition

to that, it cites the following plots that concern the density matrix of the solution state vector:
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Figure 3.2: The density matrix of the solution state vector (left), additive error of the elements

of the density matrix(right) ( [L])

3.3.2 Review of the algorithm

Although the approach of Maji includes interesting ideas, it seems to have some important
limitations which cannot be overlooked. First of all, there is probably no need to compute the

unitary matrix U, as its form is known in advance:
UA=1=UAA'= AT = U = A
The above example also contains only real numbers, so U is just the transpose of A:
U=A"1=A"

In addition, the use of Grover’s algorithm does not seem to comply with the description
which was given in where an equal superposition of all basis states is rotated to find an
unknown basis vector. The algorithm can be extended to cases where the target vector is not
just a basis vector, but a superposition of multiple basis states, however, even in this case it
does not allow us to compute complex quantum state vectors of arbitrary form.

The resources that the approach of this paper needs should also be taken into consid-
eration. More specifically, it should be noted that apart from the qubits that are required, a
reconfigurable quantum processing unit is needed which can adjust the quantum circuit ac-
cording to the form of the linear equations. Finding the structure of the quantum circuit is also
a substantial challenge. The example of the paper includes only two types of quantum gates,
however, other linear systems may require more complex combinations of gates. A similar

challenge occurs during the preparation of vector b= |b) in quantum form. In the example
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of the paper |b) = |00), so this step is omitted. Nevertheless, other linear systems may need
the selection of some gates which will transform |00) to the quantum state that corresponds
to |b).

To conclude, the work of Maji is very interesting and serves as an introduction to the
field of quantum solvers for linear systems. Its dependence on Grover’s algorithm implies an
approximate time complexity of O(y/n) which translates to a quadratic speed-up in compar-
ison to the fastest classical algorithms. However, it seems to have some restrictions and it is

limited to few sets of equations of specific form.

3.4 The HHL solution method

3.4.1 The conception of the algorithm

The most prominent quantum solution method for linear systems of equations was pro-
posed by Harrow, Hassidim and Lloyd [[11]]. Their approach, which is commonly referred to
as HHL in bibliography, involves n x n linear systems of the form Ax = b where the matrix
A is Hermitian and the vectors &, b have a length of 1 or they are normalized, so that they can
be represented as quantum states. The algorithm can be extended for non-Hermitian matrices,

by transforming a linear set of equations as follows:

0 Al . of = b
A = N =
AT 0 z 0
After this transformation, the new matrix A’ is Hermitian, as A" = A’, and A'z’ = Y is also
satisfied.

Hermitian matrices have some special properties and this is the reason why they are used

for this algorithm. More specifically, a Hermitian matrix A can be decomposed as follows:
A= |ug) (ug]
i=1

where )\; are its eigenvalues and |u;) are its corresponding eigenvectors. To find the inverse

of A we just need to substitute the eigenvalues \; with \; *:

AT = ZAfl |us) (wil
=1



3.4.2 Description of the algorithm 33

Therefore, if we express the vector |b) o bso that it is a linear combination of the eigenvectors

of A:
) = bi|u;)
=1

we can find the solution of the linear system using the formula:
) = A7) = > ATy fui)
i=1

The HHL algorithm relies on this idea and it is explained in more detail in the next subsection.

3.4.2 Description of the algorithm

The purpose of the HHL algorithm is to produce an output solution quantum state of the
form |2) = 37" @, |i) so that the elements z; are proportional to the ones of the solution
vector. Harrow et al suggest that not all elements of this vector are extracted, because this
would require at least n iterations of their implementation (measurements of the output qubits
lead to the collapse of the quantum state, so the whole procedure needs to be repeated). There-
fore, the writers propose the estimation of an operator 1 M7 instead which requires only one
iteration of the algorithm and can reveal a variety of features and properties about 7.

The qubit requirements of the algorithm of Harrow et al are the following:

« m qubits of working space initialized in [0)®""

* [log, n| qubits which host the vector |b)

« an ancilla (supplementary) qubit initialized in |0)

The paper does not include an analytical explanation about how to prepare the vector |b) as
a quantum state, but proposes the work of Grover et al [[12] as a tool which can be used for
this reason. Using the eigenvectors |u;) as the basis of the state space, |b) can be represented

as follows:
) =D B lus) (3.1)
i=1
where 3; = (u;|b). The HHL solution method can be divided into three steps:

1. Initially the algorithm contains a phase estimation step where the working space qubits
play the role of the control qubits and the unitary operator which is used is the condi-

tional Hamiltonian evolution [|13]:
T-1
U= Z |]€> <k‘| ® eiAkto/T‘

k=0
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An analytical explanation of this operator is beyond the scope of this thesis. In a few
words its purpose is to construct the exponentiated e’* for a superposition of different
values of ¢ which is then applied to |b), as an operator of this form is suitable for
mapping the eigenvalues of A on the working space. The parameter ¢, takes a value
O(k/€) - where  is the condition number of the matrix A and ¢ is the additive error of
the solution vector - and in some experimental applications ( [2], [[14]) it is set equal
to 2. On the other hand, 7" is equal to 2 (m is the number of qubits in the working

space). The resulting state after the first step of the algorithm is:

> Bilui) IN) - (3.2)
=1

where \; are the eigenvalues of A represented with a precision of m bits.

. The second step of the algorithm includes a controlled rotation process R(\; ') which

is applied on the ancilla qubit. As A is Hermitian, \; * are the eigenvalues of the inverse
of A. These eigenvalues need to be incorporated in the state (3.2). To achieve this, the
values of \; first need to be extracted mechanically in order to calculate the angle 6;

of the rotation, for which sin(6;) = /\Q with C' € R. The state that occurs from this

. |2 C
> Bilu) M,->< 1—?|0>+y|1>> ,C €R. (3.3)
i=1 i !

process is:

. The final step is the reverse of the first step, so the qubits of the working space are reset

to |0) and the resulting state is:

. C? C
> Bifus) ( vV |1>) . (34)
i=1 ¢ !

The algorithm terminates with a postselection on the ancilla qubit being in the state |1).
This means that we condition on the outcome of the measurement of this qubit being

|1), so the quantum state that occurs from this process is:

—~ 5
1210/\_@' |wi)

which is proportional to the theoretical solution. A schematic diagram which summa-

rized the steps of the HHL algorithm is shown below:
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Figure 3.3: Schematic representation of the HHL algorithm ( [2])

3.4.3 Review of the algorithm

The performance of classical linear solvers varies, but most of them solve a linear system
with an approximate time complexity of O(n?), which means that it scales polynomially
with the size of the system. On the other hand, the corresponding complexity of the proposed
quantum HHL algorithm is O(s*x?logn/e) if the matrix A is s-sparse, namely if it has at
most s non-zero elements per row. This means that its runtime scales logarithmically with
the size of the system and an exponential speed-up is achieved in comparison to the classical
algorithm, provided that A is not very dense. The density of the matrix is not the only factor
that may reduce the performance of the algorithm though. We need to take into consideration
that x sometimes scales polynomially or even exponentially with n. In this case it is doubtful
that HHL can be faster than its classical counterparts. For this reason, it is important to control

the scaling of x which could possibly be achieved in two ways according to the paper:

* By processing only the well conditioned part of A:

>N B lug) fwelly + Y By uy) [ill)
j’)‘j<1/'€ jv)‘jzl/H
* By applying preconditioners in order to improve the condition of the matrix before

proceeding with the algorithm.

Moreover, it is important to note the dependence of the complexity of HHL on the precision
parameter €. This is mainly related to the use of the phase estimation routine as part of the
algorithm and could reduce its performance significantly if high accuracy of the solution is
required. Finally we should take into account that there are some possible sources of failure.
First of all, phase estimation can produce wrong results under certain circumstances as it

is explained in R.15. Apart from that, postselection is not a process which is guaranteed to
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succeed. According to the paper, if the constant C' is O(1/k) then O(k) repetitions of the
routine including the postselection step seem to be enough to produce the desired result.

To conclude, the HHL algorithm is a breakthrough in the field of quantum linear solvers
although it has some limitations. This work is definitely a significant contribution to the
research of quantum computing and this is illustrated by the fact that the solvers which were

developed later where mainly inspired by it.

3.5 WZP method for dense matrices

Another notable quantum solution method for linear sets of equations is that proposed
by Wossnig, Zhao and Prakash [[15] which is commonly referred to as WZP in bibliography.
This algorithm has some similarities with the HHL algorithm and its main advantage is that
it can work well both for dense and sparse matrices.

The algorithm focuses on n x n linear systems of the form Az = b where A is Hermitian.
However, this is not actually a restriction, as a general form matrix can be transformed to a

Hermitian matrix using the formula that was described in the case of the HHL algorithm.

3.5.1 Quantum singular value estimation

The WZP algorithm relies on a procedure called quantum singular value estimation (QSVE)
which was proposed by Kerenidis and Prakash [[16] in their implementation of a quantum rec-
ommendation system. QSVE is a factorization method which helps calculate the eigenvalues
of the matrix A. More specifically, it takes as an input a state of the form ) ", a; |v;) where v;
are the singular vectors of A and transforms it to a state of the form ) _, a; |v;) |5;) where &;
are approximations of the singular values of A. This process is based on two matrices P and

() which are defined as follows:

« The i-th column of the matrix P € R"*" is equal to e; ® ”3—?” with 1 < ¢ < n, where

A; is the i-th row of the matrix A. This means that P has the following form:

Al .«
fan 0 0
A
p_| 0 T 0
Am
| 00 TAnT
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« The j-th column of the matrix Q € R"**" is equal to —£— ®e; with1 < 5 < n, where

HAII

Ar € R" is a vector which contains the Frobenius norms of the rows of the matrix A

and || A| 7 is the Frobenius norm of the matrix A. This is equivalent to:

A
iar 0 0
A
0= Oy 0
A
| 00 Al |

From the the above matrices, it is clear that P and () are orthogonal, as PP = I, and

Q'Q = I,,. Moreover, the following equalities hold:

|Pe;) = i, A;) = HAHZA”’” 1<i<n (3.5)

|Qe;) = 1Ar, j) = ||A|| ZHAII i.4) 1< <n (3:6)

and for the implementation of the these quantum states a data structure is used which performs

the mappings:

4,0y — |i, Ay) |A||ZAU|ZJ

4 . IR -
v 10,) = [Ap,j) = mZHAiH /i, 7)
=1

An analytical presentation of this data structure is beyond the scope of this thesis, but an
interested reader can find more details in [[16]. Combining (8.3) and (B.6) to calculate the
(i, 7)-th element of the matrix P'() we find:

Ay Ay . Ajj

(P1Q)us = (i AddeJ) = T3 1A = TAlls

Therefore, the matrices P and () can be used to factorize a normalized version of the matrix

A:
A
Al

Based on the matrices P and (), two other matrices U and V' are defined:

PIQ = (3.7)

U=2PP" — =2Q0Q" —
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These are the reflections in the column space of P and () respectively. This is due to the fact

that for any vector Z that does not belong to the column space of P:
UZ = (2PP' — i = -7

and in addition to that, U does not change a vector which belongs to the column space of P,

because:

UP=(2PP' - )P =2P - P =P.

A similar proof shows that V' is a reflection in the column space of (). The matrix which

occurs from the multiplication of U with V' is denoted by W:
W =UV

and it a significant part of the QSVE algorithm. In particular, it can be proved that given a
singular vector v; of A with singular value o;, Qu; is an eigenvector of W with eigenvalue
% where cos 0;/2 = o; /|| A||r.

This result stems from the research on bipartite quantum walks [[1 7] and its proof is worth
mentioning. A preliminary element of this proof is the fact that an orthogonal projection
which maps a vector Qv of the column space of () to the column space of P is based on the

orthogonal projector PP, as:

(PPHQu = PAv.

1Al F
Similarly mapping a vector Pw to the column space of () is based on the orthogonal projector
QA"

NP — Y oAt
(QQ")Pw HAHFQA w.

Given a singular value o; of A with right singular unit vector v; and left singular unit vector

u;, we have:
Av; = oqu; = PPTQu; = 2 pu, (3.8)
[All
Al

It can be observed that (3.8) transforms Qu; to Pu;, thus it transforms a vector from the
column space of Q to the column space of P. On the other hand, (B.9) does the opposite

process. Furthermore, it is easy to see that:

|sz‘| =\ UJQTQ%‘ =\ UZ%‘ = |Uz|
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and similarly we can find that | Pu;| = |u;|. Taking these observations into consideration, it
is evident that | AT |< 1, so we can define an angle 6;/2 such that:
0;
cos (0;/2) = ——.
Al

Geometrically 6, /2 is equal to the angle between Pu; and Qu;, as:

T 1 g;

1
T pt _ _ T _
u, PTQu; = u; Av; = U o =

= cos (0;/2).
We can alternatively express (B.8) and (B.9) as follows:
PP'Qu; = cos (0;/2) Pu;

QQ'Pu; = cos (0;/2)Qu.

The subspace with basis { Pu;, Qu;} can be either 1-dimensional or 2-dimensional, but
here we focus on the non-trivial 2-dimensional case. This subspace is invariant under the
action of the matrix WW. In fact, W is a reflection in the column space of () followed by a
reflection in the column space of P which in the case of the aforementioned 2-dimensional
space translates to a reflection on axis (QQu; followed by a reflection on axis Pu,. The total
effect of these two reflections is a rotation by an angle that is double the angle between the
axes, which is equal to ; /2 as mentioned above. Therefore e is an eigenvalue of W and the

following equality holds:
W(Qu;) = ¢ (Qui)
Having explained the main idea behind QSVE, the rest of this subsection analyzes the

different steps of this routine for a matrix A € R™*":

1. First of all we prepare the quantum state of an arbitrary vector which can be expressed

using a basis of the vector space that consists of the singular vectors v; of A:
) = ai|vi).
i
2. We transform the previous quantum state using a () operator:

Q2) =3 a;|Quy)

and append [logon| qubits initialized in |0) to the resulting state. These qubits will be

useful for the next step.
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3. We perform Phase Estimation for /. This requires the preparation of operators of the
form 172", The eigenvectors which are needed are included in the state |Qx). The qubits
which were previously initialized to |0) will output an approximation 6;, where @; is an
estimation of the eigenvalues of 1. The resulting state of this step is the following:

Zai |Qvi79_i>

7

4. Knowing 6,, it is easy to transform the state in order to approximate the singular values

o; of A. This is achieved using the formula:

&; = cos(0;/2)||Al| -

5. To complete the routine, we need to reverse the effect of the operator () which was
used during step 2 and reach the final state:

> ailv) o)

3.5.2 Description of the algorithm

The above routine is a significant part of the proposed WZP method. As the algorithm
works with Hermitian matrices, the knowledge of the approximations &; of the singular values
of A translates to the knowledge of the absolute value of the eigenvalues of A, thus ; =
|Xi\. This facilitates the solution of a linear system, however, the signs of the eigenvalues of
A remain to be found. This is achieved during the following complete routine of the WZP
method which assumes that A has been scaled so that \; € [—1,—1/k] U [1/k, 1] (k is the

condition number of A):

1. Initially we prepare the state of an arbitrary vector and express it as a linear combination

of the singular vectors v; of A:
) => " Bilv)

2. We use the QSVE routine for the matrices A and A + p with ¢ = 1/k. The matrix
A + pI has the same eigenvectors as A and its eigenvalues are equal to o + A;. The

resulting state of this step is the following:

Zﬁi vi) A 1A 5 11X + 11l)
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The notation A, B, C' divides the generated quantum state into individual registers. The
values of the registers B and C reveal the sign of the eigenvalues \;. More specifically,
if \; > 0 then |\; + p| > ||, so the value of register C' is larger than the value of

register B. On the other hand, if \; < 0 we have:
Ni<—=1l/k=XN<—-p=>X\N+p<0
because of the aforementioned scaling of A. Thus, this means that:
N <N+ p= =N < =N+ = ] > G+

and, as a consequence, in this case the value of register B is larger than the value of

register C'.

3. At this point we need an additional ancilla register D which is set to |1) if register B
contains a larger value than register C', namely when \; < 0. We apply a conditional
phase gate so that the state that occurs is the following:

D VI B o) A 1N g I + ) 1)
4. Finally we add another ancilla register and apply a controlled rotation by v = O(1/k)

conditioned on the register B. After that, the registers B, C, D are not necessary for

the result, so we uncompute them, namely we reset them to |0), and reach the state:

Sl | 0+ 1—(%) 1)

i
To obtain a state |z) proportional to the solution of the linear system, we postselect on
the register which was added in this step being in state |0). The choice of the value of
7 is such that the measurement produces |0) with high probability, so in any case not

too many iteration should be necessary.

3.5.3 Review of the algorithm

Similar to the previous quantum linear solvers, the WZP method proves quantum supremacy
and achieves an exponential speed-up in the size of a linear system, while it works quite well
for dense matrices. More specifically, the complexity of the algorithm is O(x? log n|| Al ¢ /€)

where « is the condition number of the matrix A and and n is the size of the linear system.
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According to the paper, in many cases the Frobenius norm of A is bounded so that ||A||r =
O(y/n) and as a result, the complexity of the algorithm is approximately O(x? log n/n/¢).
This is comparable to the other linear solvers which are presented in this thesis.

The WZP method has some resemblance to the HHL algorithm, mainly because it is
based on the eigenvalues of A in order to calculate the solution vector. In addition, both
algorithms use phase estimation as part of their routines. However, this can significantly
increase their cost, as phase estimation is an expensive procedure when high accuracy is
required. On the other hand, WZP has an important advantage over HHL. In particular, HHL
requires the preparation of suitable Hamiltonians which are difficult to implement in order
to appropriately represent A, whereas WZP relies on a treelike data structure which seems
easier to construct. Therefore, it would be justified to prefer WZP over HHL under certain

conditions.

3.6 Row and column iteration methods

3.6.1 Theoretical presentation of the algorithms

The use of iteration methods as quantum solvers for linear sets of equations has been
studied extensively during recent years, as the potential of quantum parallelism can lead to a
speed-up in comparison to the corresponding classical algorithms. In general classical itera-
tive methods are widely used nowadays for large scale linear systems, because they are faster
than the direct methods, especially in cases where not a very precise solution is required. The
complexity of these classical algorithms is approximately O(7'n) where 7 is the total num-
ber of iterations and n is the size of a system Az = b. On the other hand, quantum iterative
algorithms achieve an exponential acceleration in n, however, their main limitation is that 7’
significantly reduces their performance - some of them even have an exponential dependence
on it. This is mainly due to the requirement on multiple copies of the approximation x;, of the
solution, which is calculated during the k-th iteration, in order to proceed to the (k£ + 1)-th
iteration. The no-cloning theorem states that creating copies of quantum states is impossible,
so the algorithms need to restart repeatedly from x for an exponential number of times until
the desired number of copies of x, is reached.

Current research indicates that it is probably not feasible to implement a quantum algo-

rithm that can outperform classical iterative solution methods both in n and 7". An exponential
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speed-up in n is definitely possible, however, a polynomial complexity in 7" is the best we
can expect at the moment.

An interesting work towards that direction was presented by Shao et al [3]. Their proposed
algorithm is based on the row and column iteration methods which are used in a lot of large
scale data science applications nowadays. The main advantage of these methods is that for
every iteration not the whole matrix A is needed, but only one of its rows or one of its columns.

More specifically the two methods are defined as follows:

* The row (or Kaczmarz) iteration method selects in each iteration a row with index
1 <7 < n with probability proportional to the norm of the rows of the matrix. If we
denote the i-th row of A as a; and the i-th element of the vector b as b;, the (k + 1)-th
approximation of the solution of the system is calculated according to the following

formula:

T
@iy, Tk bik ) @iy,
Th+1 = Tk — ( - (3.10)
AR AV

Geometrically a step of the row iteration method is equivalent to the orthogonal pro-
jection of the vector xj, on the plane aim = b,, . For example, for a small linear system
with n = 2, this process can be represented in a 2D plane, as the following figure

illustrates:

Figure 3.4: Row iteration method for n = 2 ( [3]])

* The column (or coordinate descent) iteration method selects in each iteration a column
with index 1 < j, < n with probability proportional to the norm of the columns of the
matrix. If we denote the j-th row of A as ¢; and the j-th column of the identity matrix
as ej, the (k + 1)-th approximation of the solution of the system is calculated according
to the following formula:

ci (b— Axy)

e 112

e, (3.11)

Tpy1 = Tp +
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If we denote the residual of the k-th iteration as 7, = b— Axy, the expression of (B.11))

can be written as follows:
T
SR 1L (3.12)
l‘k"i‘l xk‘ ||C ||2€jk7 *
Tk

where the residual also follows an iterative scheme:

cﬁ’rk CjijTk
Thy1 =b— Az =b— Az — A 5Cj, = Tk — 5Tk (3.13)
||Cjk|| ||Cjk||

3.6.2 Quantum row iteration method

The quantum algorithm of Shao et al assumes the existence of a QRAM [|18] which is
responsible for preparing a row a; in the form of a quantum state. This means that the QRAM

plays the role of a unitary operator V; which performs the transformation:
Vi]0) = lar) -

As |a;) is a unit vector, all the rows of A are supposed to be scaled to ||a;|| = 1 so that they
can be represented as quantum states. As far as the solution unit vector approximations |zy)
are concerned, for the purpose of the algorithm they are included in quantum states | Xy),

such that:
[ Xk) = VP10) lze) + /1 =pl1)]--).
The basic idea of the algorithm first of all involves preparing a quantum state of the form:

B10) [ Xk} + (1) [0) |ar) , with 5% + 7 = 1.

Applying a SWAP gate between the first two qubits of such a state we get:

10) (BVP10) |2x) + v [1) la)) + B/ 1 = p[1) 0} |--) (3.14)

For the next step the algorithm deploys the following unitary operator:

Iy —lag) (]  ae) (ad
lag) (ae] I — |ag) {aq

Ut:

An equivalent expression for this operator is the following:
Uy =1 ® (In — |ar) (a:|) + X @ (Jar) (ar]) (3.15)
By substituting the below equality:

Vi]0) = la) = lae) {ae| = Vi [0) (O] V]
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the expression (8.19) can alternatively be written as follows:
Uy = (L& V) (B @ (I, = [0) (0]) + X @ |0) (0]) (L @ V) (3.16)

Using (B.19), we find that the application of the operator U, on the first part of the quantum
state of (B.14) produces the quantum state which is calculated below:

U (BvP10) [ak) +7 1) ar)) =

= 10) ® (Bvp (In — lar) {asl) [zx) + 7 |ar) {ae| |ar)) +
+11) @ (By/plae) (arl [ax) + (In — (ae| [ar)) lar)) =
=10) © (Bv/p (In — lar) (ar]) [z1) +v]ar)) + [1) © (Bv/p {ael k) |ar)) (3.17)

From the definition of the row iteration method in (B.10) it can be observed that in terms

of quantum states:

|h1) o k]l (In = lae) (@) ) + be |ar)

and this expression resembles the first part of (3.17) if the values of /3, v are chosen appro-
priately. For example, the values 3 = ||z} || and v = b;,/p are two possible options.

The above analysis is a quite intuitive explanation of the concept of the quantum row
iteration algorithm. The subsequent part of this subsection includes an analytical presentation

of the sequence of steps of this algorithm. In this regard:

1. As this is an iterative algorithm, an initial approximation |zo) of the unit vector of the
solution is selected. The iteration number k is set to 0 and a variable vy, is set to 1. The

state of the quantum system is expressed as follows:

1X) = % 0)% [} + [0 --) (3.18)

2. The row with index ¢, € {1,---,n}, which is used for each iteration, is chosen in

order to prepare a state of the form:

Vi) = By, [0) 1X0) + 76, 11)10) " Jar,)

2
2Uk P
V103,

where 37 = and 77, = 1 — f37,. To implement this state, the transformation
|00) — (B, |0) + 72, 1)) |0) is achieved with a suitable rotation operator, whereas

| X&) and |a, ) are incorporated using appropriate controlled operations.
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3. A SWAP operator exchanges the first with the (k + 1)-th qubit of |Y}) and an operator
of the form I$* ® U,, is applied:

| Xir1) = (I$F @ U, )swapy i,y [Yi) =
Xes) = (15 @ Ui swap, 1 (B 10) 15 + 70, 11007 a)) =

By ||1'k|| k k ®(k+1)
kvk 10)°%10) |k} + 7, [1)10)*" Jag, ) + [0T) ) ) =

Xoss) = (I$*0U, Jswap, 4. (

Xip) = |o>®<’€+”®(w (I — las,) {an ) [22) + 7o, (Jas,) {an ] ratk>)+|oL>®“““’ )=

Vg

B, || k41
X0 = 1070 (Bl 1, o o) 3 ) ) #1057
(3.19)

2

2 b
: 2 VL 2 1 _ Q2 _ tg 2 Q2 __
From the previous step we have 37 = T andv; =1-0; = > 5O b Bi, =
Btibyy,

VR vE = Y, = == As a result, (B.19) can alternatively be written as follows:

k
X . Btk ®(k+1) I 1\ ®(k+1)
| Xky1) = U—k|0> Q([|exl| (In — lag,) {ag]) |2x) + by, |ag,))+107) ) =

i R(k+1 . v
Xopr) = 12l o) 1y ony D | ith 0y = 2

Vk+1 B_tk
It can be observed that the produced state has the form of (B.18), thus an iteration of the

algorithm is completed at this point. To proceed to the next iteration of the algorithm,

we just need to set £ = k£ + 1 and go to step 2.

3.6.3 Quantum column iteration method

Similarly to the row iteration method, for the column iteration method we assume that
there is a unitary operator S; which is appropriate for the preparation of the column vectors
[

ST = les)
These columns are scaled to ||c;|| = 1 so that they can be represented as quantum states. The
first step of the algorithm requires an approximation of the solution zy which is also used
for the calculation of the initial residual ry = b — Ax,. Afterwards the algorithm updates the

respective quantum states |z) and |ry) as follows during each iteration:

[Zrr1) o< ||we|l [2r) + l7ll [Ee) (coolrr) = llzwll zr) + [|7ell [Ek) (Ek] St l7)
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i) o [[7al|(In = lew) {ea]) [7a) (3.20)

Throughout the algorithm |zy) and |ry) are included in quantum states | X) and | R) respec-

tively which have the form:

[Re) = [l 100" [re) + 05 - )

T 2k
[Xi) = ,!—+”1 0)5% ) + (07 |-+) (3.21)

The update of |ry) is achieved with a combination of a SWAP operator which exchanges the
first with the (k + 1)-th qubit and a 3" ® U, operator. These operators are actually applied

to the state |0) | R) as illustrated below:
|Rpi1) = ([§®k ® Utk) swap; 41 |0) | Ry) =

®(k+1)
R} = (00 | (I — [ea,) (en]) ) +10%) ) =
®(k+1)
[Ri1) = i 10)5) i) + [0*) =)

This resembles the update of the solution vector |z) in the row iteration algorithm if we
set v, = 1. On the other hand, the update of |x;) in the column iteration algorithm follows a
different procedure. To illustrate this, we assume that the initial approximations of the solution

and the residual are represented as follows:

|Re) = llrell [0) Sty Iy +107) |--+)

126 10) ) + 104y -+

| X)) =

Using two ancilla qubits we combine these quantum states in a state of the form:
|61) = 5100) [Xi) +[10) [Ry) with 8° +~% =1
At this point we apply a W, operator, where:

I, 0 0
We=10 L—1[l [t)
0 [ L.—1t) ¢

as well as a SWAP operator which exchanges the second with the third qubit. The resulting

state is:

|pa) = swap, s Wi, |¢1) =
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92) = swap, s We, (#100) | Xe) +7[10) [ i) )

62) = swap, s (5100) | Xi) + 7 [01) t4) (1] 1) +[10) |--)) =
Bl

6a) = 100 (

The first part of |¢,) is similar to (3.20),but in order to compute |1 ) we need to rotate its

10) k) + Yllrell 1) [6) (el Sty |m>> + 105 -)

third qubit with an appropriate rotation operator of the form:

C S . 9 9
G = withc +s5° =1
—S C

This leads to the following state:
93) = (14 ® G, ® I,) |p2) =

o) = 1000) (2L oy b o) (50 ) + 10971 @)

Combining (8.20) and (B.21)), we expect the quantum state of | X%11) to be:

1 ®(2k+2)
[ Xit1) = 7 (lzwll low) + Il 1te) (tel Selre)) +10%) )
k+2
Comparing this state with (8.22)) and setting v = k + 1, we find that - k:_+1 =57 = ﬁ
Shao et al propose ¢ = § = @/’Izjg and s = v = /15 +2 for the implementation of their
algorithm.

At this point the reader should have sufficient understanding of how the quantum column
iteration algorithm works. The rest of this subsection summarizes and analyzes its main steps.

In particular:

1. The algorithm begins with an initial approximation |x() of the unit vector of the solu-
tion. Based on that, an initial residual vy = b — Ax is calculated. The iteration number

k is set to 0 and the quantum states | X}) and | Ry,) are prepared.

2. The column with index ¢, € {1,--- ,n}, which is used for each iteration, is chosen in

order to prepare a state of the form:

kE+1

() [10) (1°% ® 5,,) 10)*" | Ry)

|%0) = 100) [Xk) +

k+2

3. Two SWAP operators exchange the second with the (k + 2)-th qubit and the first with
the (k + 1)-th qubit of the state |1)g). Afterwards, in order to update | X}), an operator of
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the form (If @) @ G ® In) (I5°% ® Wy,) is applied. To provide more insight into

this process, by substituting | X;) and | Ry) we can alternatively write |t)g) as follows:

kE+1
[th0) =4/ k:j: |00) (/!T"l 1052 |2) + [0 .. .>> i

2k
g 10) (Il 1052 3, i +105°% )

The use of the SWAP gates leads to the state |¢/;):

k+1 |z

R2k
K2kt Wmuo&wm0+wﬂ )

The operator I5°%* © W, transforms the previous state to a new state |t):

kE+1 Ha}kH 1 ®(2k—+1)
=0 ( B LI )y g 1) 1) Gl ) #1042
(2k+1)

Finally the operator /. f

R ol [FT1 1
_\©(2k+2) k
[43) = |0) ®< ok Vi |zr) + ) k—I—QHTkH [tr) (tel St Ire)

® Gy ® I, leads to a state |1)3) with the form:

i |0L>®(2k+2) ) =
o = 10°24% @ (2 ) 4 ) el

®(2k+2)
+107) |-++)

and it can be observed that [13) = | Xx11) .

4. The state of | Ry) is updated as it is explained above, namely using the same operators
which are used for the update of | X};) in the row iteration algorithm. At this point, an

iteration of the algorithm is completed, so we set k = k + 1 and go to step 2.

3.6.4 Review of the algorithms

The row and column iteration algorithms are an interesting idea for a quantum linear
solver. Their main advantage compared to the other iterative methods which are known from
classical computing is the fact that in order to solve a linear system of the form Ar = b
neither the whole matrix A nor the vector b need to be represented in quantum states. On the

contrary, every iteration requires only one row or one column of A and one element of b.
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Moreover, the algorithms only need a QRAM for the preparation of the quantum states and
unlike the HHL algorithm there are no requirements for Hamiltonian simulations or phase
estimation.

The performance of the quantum row and column iteration algorithms is approximately

O (k2(logn)log 1) ~ O(T logn), where , is the scaled condition number:
ks = |AlFI A7

and || A|| is the Frobenius norm of A:

IAllF =

This is comparable to the other quantum solvers like HHL and also shows the supremacy of
the algorithms in comparison to their classical counterparts whose performance is approxi-
mately O (k2nlog?).

On the other hand, the algorithms also have one limitation, namely their dependence on
ancilla qubits which are used during step 2 of both row and column algorithms. It can be
observed that this leads to a linear increase of the qubit requirements with the number of
iterations, which might be a problem if a lot of iterations are necessary in order to achieve

high accuracy.

3.7 Variational quantum linear solver

3.7.1 Outline of the algorithm

All the previous quantum linear solvers involve quantum supremacy and promise to solve
linear systems faster than their classical counterparts. However, in practice they have not been
implemented in actual quantum computers for large-scale systems of equations. This is due
to the fact that currently only noisy intermediate-scale quantum (NISQ) computers have been
created which contain a limited number of qubits and are susceptible to quantum decoherence,
which means that they tend to deviate from the standard theory of quantum mechanics. This
is a significant limitation, especially when error correction methods cannot easily be applied
to such quantum systems.

Large-scale quantum computers are not expected to emerge soon, so we are forced to

lower our expectations concerning the immediate application of the aforementioned quantum
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algorithms for linear systems and resort to more realistic options. In this regard, Bravo-Prieto
proposed the variational quantum linear solver (VQLS) [4], a hybrid quantum - classical
algorithm which current quantum computers can handle. The concept of this algorithm is to
incorporate classical computations in order to reduce the complexity of the quantum circuits
which are used.

In this subsection I focus on a short description of the structure of the VQLS algorithm

which is summarized in the following figure:

Figure 3.5: Diagram of the VQLS algorithm ( [4])

Considering a linear system of the form Ax = b, the input to the algorithm is a combi-
nation of gates U such that U [0) = |b), where |b) is proportional to b. In addition, the input
includes the matrix A in the form of a linear combination of unitary matrices A;:

L

A=) A, qeC.

1=1
The target is to find |x) that is proportional to the solution Z by using an ansatz - an educated
guess - for the combination of gates V' (a) which are used for an approximation of the solution
|z(a)) such that:

|z(a)) = V(a)[0).

The parameters a are inputs from the classical computer to the quantum computer and the
latter calculates |z(a)), as well as the value of a cost function C'(a). The calculated C'(a) is
sent to the classical computer which runs an optimization algorithm that changes the values
of a in order to minimize the cost function. The new a is sent to the quantum computer and the
whole process is repeated until an optimal value a = a,, 1s found which leads to a sufficient

approximation of the solution:

[2) = |2(aopt)) = V(aop) |0)

and also C'(a,,) < 7 is satisfied where  is a termination parameter that acts as a threshold.
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3.7.2 Implementation details

In this subsection more details about the implementation of the VQLS algorithm are dis-
cussed. First of all, the form of the cost function needs to be defined. In particular, it is
designed to measure the component of |®) = A |x) which is orthogonal to |b). The authors

of the paper propose four different cost functions:

1. The global cost functions include two similar cost functions:

Ce = Tr(|2) (2] (I - |b) (b)) = (x| Hel)

where the matrix H is defined as follows:
He = A'(I — [b) (b])A
» The second cost function is a normalized version of the previous one:
Cq = Ce/ (2|®)

2. The local cost functions also include two cost functions:

Cp = (x| Hlw)

where the matrix H; is defined as follows:

1 n
H =AU [1-= 0)(0:| @ |UTA
p ( nZ!jMJ!@])

j=1
and |0;) is the zero state on the j-th qubit, whereas /; is the identity matrix which

excludes the j-th qubit.

 The second cost function is again a normalized version of the previous one:
Cp = Cr/(P|P)

All the above cost functions are suitable for the solution of a n x n system, but according
to the writers, the local cost functions lead to better convergence for large values of n. It can

be proved that:
2 2
€ 1e
CG Z 9 CL Z - 2
K nk
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where « is the condition number of the matrix A and e is the precision parameter. The right
part of these inequalities can be used to define the termination parameter .
As far as the gate sequence V' (a) is concerned - which is used to compute |z(a)) -, math-

ematically it can be expressed as follows:
Vi(a) = G, (a1)Ghry(a2) - - Giy (@)

where k1, ko etc. correspond to the gate types and their position in the quantum circuit. In cases
where k; = ko = --- = k;, the quantum circuit has a fixed structure and the optimization
only adjusts the values of the parameters a. This is a simple strategy, however, according
to the paper it does not work well for large-scale systems, so it should be avoided. As an
alternative, the paper proposes dividing the circuit into layers and performing layer-by-layer
optimization.

Finally another noteworthy element of the VQLS method is the training algorithm that
the classical computer uses in order to minimize C'(a). There are a few different approaches
to achieve that. For example, the writers propose a method which in each iteration ran-
domly selects a direction w in the parameter space and solves the optimization problem

minserC(a + sw) in order to find the most suitable value for s.

3.7.3 Review of the algorithm

The performance of the VQLS algorithm was evaluated by the writers by solving up to
1024 x 1024 linear systems using Rigetti’s Quantum Cloud Services. Thus, the complexity of
the algorithm which I present here is based on experimental data and not theoretical formulas.
According to the results of the paper, the time that a linear system needs to be solved has
a close to linear dependence on the condition number x, a logarithmic dependence on the
inverse of the precision parameter % and a logarithmic dependence on the size n of the system.
Therefore, the overall complexity of the algorithm is approximately O(x log(1) log n).

Although the calculated complexity is not so reliable, as it is based on a limited number of
specific experiments, it is sufficient to show that VQLS leads to an exponential speed-up in n
compared to the classical solvers of linear systems. This result is important and impressive if

we consider that it can be achieved using implementations in the currently available flawed

quantum computers.
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3.8 Random walks solver

3.8.1 Classical random walks

The use of random walks is a quite different approach for the solution of linear systems
than the ones which were presented before. The systems which this method handles have the
form Z = HZ + b where H is an x n matrix. This is equivalent to the classical form A7 = b

if we set A = [ — H. From the well-known Neumann series, if || /|| < 1, then:
I+H+H2+H3+-~-:iH": (I-H)'=A4"1
=0
and as a result, the solution vector can be calculated as follows:
T=A"=(—-H) b= i H'b. (3.23)

The implementation of the random walks relies on Markov chains which help with the
estimation of the solution vector. These Markov chains are expressed with a n X n matrix
whose element P;; is equal to the probability of the transition from the ¢-th row to the j-th row.
Mathematically this means that given a random walk v = (ig, i1, - - , i) Which terminates
after k steps, then:

P(ini1 = jlin=1,n<k) = P

There are a few ways to construct the matrix P and to define how the corresponding random

walk terminates:
* Neumann and Ulam [19] suggested that the matrix P meets the following requirements:
Py >0,y Py <1,Hj;#0— Py #0.
J

In addition, a vector 7" is defined which contains the termination probabilities:
T=1-) Py
J

After a random walk v = (ig, 41, - - , %) finishes, an approximation of the iy-th ele-
ment of the solution vector can be calculated using the formula:

Hiiy - H;
Pigi, -+ P

k—likbik

T;

Tiy =
0?1 k—1%k " 1k
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|Hij |
> [ Hizl”
v = (4o, 71, - - ), there are no termination probabilities, but some weights W; are used

* Dimov et al [20] proposed that F;; =

In this case, given a random walk

instead, such that:

H; ; H, .
W :1 W :W&... Wn:an Z'rLfl’ln.
0 ) 1 OHOil 5 1PZ,

n—1%n
The random walk finishes after its k-th step if |1V | < €, where € is a predefined toler-
ance. After that an approximation of the i(-th element of the solution vector is calcu-

lated as follows:

k
Tiy = E W,b;,
n=0

3.8.2 Outline of the algorithm

A hybrid classical-quantum linear solver which utilizes random walks was proposed by
Chen et al [5]. This algorithm implements the random walks in a quantum computer and
performs the computations of the approximations of the solution vector in a classical com-
puter. This subsection does not include an analytical explanation of this method, but a general
description of its structure.

Given a n x n linear system, A7 = b, the proposed algorithm diverges a little from the
random walk methodology described in the previous subsection, as an additional parameter
~ is inserted, such that:

A=1—-~vP0<y<1

where P is a Markov chain transition matrix that satisfies ; > 0,3, Fj; = 1. Conse-

quently, (B.23)) is transformed as follows:
7= f: ~*Pb (3.24)
5=0
To approximate the I;-th element of z, a truncated version of (B.24)) is used that has the form:
2 = Z o zn: Prn - Pr,_,1bi, (3.25)
5=0

I, Iz, 1s=1

The proposed algorithm is based on this formula, which is evaluated by a quantum random
walk on a graph consisting of n nodes. As far as the value of ¢ is concerned, it inserts an

error of O(+°) in the calculation of Z. Thus, given a tolerance of ¢, ¢ should be selected to be

approximately log (%) log (%) .
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Contrary to the previous quantum solvers which were presented in this thesis, the form of
this algorithm does not require the vectors & and b to be represented as quantum states, thus
these data can remain as classical data. Only the matrix A - or equivalently the matrix P -
needs to be appropriately inserted in quantum registers. The writers of the paper suggest the
Hamming cube structure [21]] to encode the n-node graph that corresponds to the transition
matrix P. In a few words, this means that they use m = log, n qubits for this graph by
associating each node J € {0,1,--- ,n — 1} with a binary string |J) = |j-1," -, J1, Jo)>
where j; is a binary digit. For example, 2 qubits are sufficient for n = 4, as the following

figure illustrates:

Figure 3.6: 4-node graph with the Hamming cube structure ( [5])

Apart from the m qubits that are needed for the construction of the graph, the proposed
implementation requires an additional qubit which acts as a coin register. Given a node rep-
resented as a m-bit binary string (j,,—1, - , j1, jo), the initial quantum state of the algorithm
is:

|1/}0,J> - |O><> & ‘jm—b e 7j17j0>q = |0><> & |‘]>q

The transitions from a node of the graph to another during the different steps of a random
walk are achieved by flipping the bits j; with appropriate probabilities. This functionality is
based on the coin register; starting with j, and continuing with the rest of the graph qubits in
sequence, the coin register is rotated by an angle ¢, and then a CNOT gate is applied to the

graph qubit which is processed. Mathematically this is expressed with the operator:

m—1

U= 1130} (0L, ® L+ 1), (1], © Xi) (U(ur) @ 1)

k=0

where the first parenthesis includes the expression for the CNOT gate, the second parenthesis

includes the expression for the coin register rotation and the operator U is the general single
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qubit gate:
cos(0/2)  —esin(0/2)
e sin(0/2) e cos(6/2)
After flipping the coin register once for all the graph qubits, the resulting quantum state is

the following:

m—1
Z/{ W)O,J> - Z H U ul 41,01 ‘Zm 1> ® |im—1 @jm—la e 72.1 @jhio @j0>q

im—1,"",00=0 [=0

where 7_; = 0. Based on this state, the transition probabilities can be calculated as follows:

3

m—1 6
Py = [T 10w, | H | cos®(+ |1 i TT [sin®(5) [
= l

I
o

where |I), = lim_1, -+ ,41,10), can be derived from | J') = |I), @ |J),. The calculation of
these transition probabilities can be extended for multiple applications of the operator I/, but
this leads to complex formulas whose thorough analysis is beyond the scope of this thesis.
For a concise description of these formulas the interested reader can read [3].

The corresponding transition matrix for the graph shown in B.€ is the following:

b cos? (£) cos? (&) sin® (%) cos? () cos? (£)sin® (£)
cos? (%) cos? (&) sin® (2)sin® (%)
cost () s (4)

where the missing elements are omitted due to the symmetry of the matrix. It can be proved
that P cannot be written as a tensor product of two independent 2 x 2 matrices, which means
that the two qubits of the graph are entangled, hence the probability that the one flips depends
on the probability that the other one flips. This observation can be extended for graphs that
consist of more qubits. This is a key difference between this algorithm and its counterparts

that run in a classical computer.

3.8.3 Review of the algorithm

The proposed random walks solver is a creative approach to solve a linear system using
a quantum computer, as it exploits the probabilistic nature of the quantum states in order
to implement a Markov chain structure. There are several reasons to opt for this type of

algorithm. First of all, it does not have extravagant space requirements, as 1 + log n qubits
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are sufficient. In addition, according to the writers the time complexity for the computation of
an element of the solution vector is O(log n). It seems that they have probably not taken into
account the additional cost of the classical operations, however, the algorithm still seems
to outperform the classical methods, especially when we are interested only in part of the
solution. Finally, contrary to the other quantum solvers, it is important to note that the output

of this solver is classical data, so it more accessible and we can easily extract and read it.

3.9 Further research resources, summary and comparison
of the algorithms

Apart from the already mentioned algorithms, there is a plethora of other resources related
to linear systems and quantum computing and the interested reader can refer to them in order
to acquire a more global view of the subject [22-43]. As far as the quantum solvers which
are presented in this thesis are concerned, as the following table illustrates, all of them imply

supremacy compared to the best performing classical linear solvers.

Algorithm Complexity
Grover ’s solver O(y/n)

HHL algorithm O(s?k%logn/e)
WZP algorithm O(k?*lognl||Al|r/e€)
Row and column iteration methods | O (kZlognlog?!)
VQLS algorithm O(k lognlog %)
Random walks algorithm > O(logn) per x;

Table 3.1: The complexity of the quantum solvers

More specifically, all of them except for the Grover’s solver theoretically achieve an ex-
ponential speed-up in the size of the linear system. However, a lot depends on the condition
number « of the matrix A which sometimes scales polynomially with the size of the linear
system. As a result, if A is ill-conditioned, the quantum algorithms may even be slower than
the classical methods. This problem can partially be solved using several approaches like pre-
conditioners, however it is often impossible to restrict x in a scale logarithmic to the number

of equations. Moreover, the dependence of the complexity of the algorithms on the preci-
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sion parameter € should also be taken into consideration. Expecting very accurate solutions
is definitely not recommended, as this can lead to an arbitrary increase in the runtime of the
algorithms.

The aforementioned observations can lead to some skepticism about the effectiveness
of the quantum linear solvers, but their performance is anyway undoubtedly impressive. It
is also encouraging that some of them, like the VQSL algorithm, have been tested, so this
confirms that these solvers are not limited to theoretical studies which can not be practically

implemented in quantum computers.






Chapter 4

Experimental Results

4.1 Introduction

In this chapter I present and analyze a practical implementation of the hybrid quantum -
classical VQLS algorithm which was discussed in B.7. The requisite mathematical formulas

which are the fundamental components of this implementation are the following:

.

L
A:ZClAl,CZ eC
=1

|z(a)) = V(a)|0)
@) = Alz(a))

(U 10) = [b)

As it was explained in B.7, given a quantum linear system of the form A |z) = |b), the ma-
trix A has to be written as a linear combination of unitary operators A;, as the first formula
indicates. The second formula introduces the ansatz V' (a) which transforms a set of qubits
initialized to |0) to an approximation of the solution |z(a)). The goal of the VQLS algorithm
is to construct the best possible V' (a) by finding the optimal a. The third formula calculates
a quantum state |®) which stems from the multiplication of A with the approximate solu-
tion |z(a)). Finally the last formula includes the operator U which is responsible for the
preparation of |b) starting from a set of qubits initialized to |0). As far as the cost function is

concerned, the one used for this implementation is the following:

o = (LI 10) () |®) _ (@[P) — (B[b) (b]®) _ | (D]®) [
(®|®) (®|®) (D|D)

61
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To calculate this in practice using a quantum computer, we have to decompose the terms

(®|P) and | (b|®) |? as follows and apply the Hadamard test:
* (2|0) = (x(a)] ATA|z(a)) = (0] V(a)ATAV(a) [0) = 32, 3=, chen (0] V(a) AT, A,V () [0)
* [ (0]2) P = [ {plAx(a)) * = [{0]UTAV(a)|0) [* = (0]UT AV (a)|0) (0]V ()T ATU0) =
=D > enen (0[UT AV (@)]0) O]V (a)' AU 0)
Given that all the involved operators exclusively include real numbers, the equality
(O[T AV (a)[0) = {0V ()" A}U0)
can be exploited, which simplifies the required calculations.

For the presented experiments, the coding for the quantum computation routines relies
on the Qiskit open-source framework which was developed by IBM and allows access to
both simulators and cloud-based quantum processors. Qiskit supports Python 3.7 or later
versions and for the purposes of this thesis the included Aer simulators were used. The main
inspiration of this part of my research has been the Qiskit tutorial focusing on applied quantum
algorithms [44]]. Similar to this tutorial, I try to solve simple 8 x 8 linear systems utilizing
the VQLS algorithm. The main contributions of my work compared to the aforementioned

tutorial are the following:

1. By coding and constructing quantum operator blocks, I reduce the qubit requirements
for the inner product calculations compared to the corresponding circuits presented in

the tutorial.

2. T utilize different optimizers included in the scipy Python library and compare them in
order to discover which one produces the optimal a and by extension the best ansatz

V(a).

3. I propose an alternative ansatz structure to the one mentioned in the tutorial [44] and

the paper [4] and achieve better convergence results for the examined linear systems.

4.2 Discussion of the results

First of all, the tutorial features Hadamard test circuits that include an ancilla qubit in order

to efficiently incorporate the controlled operations. Coding the V' (a), U and A; operators



4.2 Discussion of the results 63

by constructing block operators as illustrated in the figure below, this additional qubit can
be omitted. In cases of more complex linear systems more than one ancilla qubits may be
omitted using this technique, which is definitely a considerable improvement if we take into

account the current small-scale quantum systems.

Figure 4.1: Inner product circuits for (®|®) (left) and | (b|P) |? (right)

The paper explains that the ansatz can take many different forms and presents an indica-
tive fixed ansatz structure which includes alternating 12, gates with controlled-Z gates, as it

1s shown below:

Ry R R
qU_lT ] IV 1'_
o fli——l—+—8

- — & o B0
o 1§ B x

Figure 4.2: Inital ansatz structure (R,, C'Z gates)

The question which arises is which optimizer is the most appropriate for the calculation
of the optimal values of a, at least provided that the ansatz has the above form. To answer this,
I try to solve a linear system such that A = 0.551 + 0.45Z3, where I is the identity operator
and Zs is an operator which includes a single qubit Z gate that acts on the third qubit, and
U = H®3, thus [b) = H®?|000). The optimizers which I experiment with stem from the scipy
Python library and an interested reader can discover details about their theoretical background

in [45-52]. The convergence of these optimizers is shown in the following plot:
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Figure 4.3: The convergence of the optimizers

It is evident that the best performing algorithm is the COBYLA optimizer. In a few words,
this optimizer performs constrained optimization using linear approximation when the deriva-
tive of the target function is unknown. The Powell optimizer produces comparable results,
but it requires a lot more iterations to achieve them and its behavior is very unstable. Fur-
thermore, the accuracy of its calculated solution vector is not sufficient, as the residual plot

below indicates:

Figure 4.4: The cost function outputs of the optimizers (left) and the corresponding residuals

|b-Ax| (right)

On the other hand, the use of the COBYLA optimizer leads to a quantum state that is
a much better approximation of the solution. Its density matrix can be seen in }.3 - white
squares indicate positive values and black squares correspond to negative values, whereas

the size of the squares is proportional to the magnitude of the values.
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Figure 4.5: Density matrix of the COBYLA quantum solution vector

Further improving the performance of the VQLS algortithm largely depends on the struc-
ture of the ansatz. For this reason, I propose an ansatz consisting of four gates for each qubit
-alU(0,0,0),aU(0,0,7),aU(0,7,0)and a U(f,w, ) gate, where U is the general single
qubit unitary gate:

cos(0/2)  —esin(6/2)

U6\ ¢) =
( ?) e sin(0/2) e cos(6/2)

Figure 4.6: Proposed ansatz structure (U gates)

The values 6 are the parameters which are tuned by the optimizer. This structure is suitable
for linear systems that explicitly contain real numbers, as the selected gates cover all the
single qubit gate cases whose operators do not include complex numbers. Trying to solve the
aforementioned linear system using this ansatz, the resulting density matrix is illustrated in

the following figure:
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Figure 4.7: Density matrix of the quantum solution vector produced by the proposed ansatz

The results indicate a clear improvement in the performance of the algorithm, since the

cost function converges much more efficiently:

Figure 4.8: Comparison of the ansatz structures (A = 0.551 + 0.45Z3)

The same applies for most of the linear systems which were tested. For instance, if we

modify the above linear system so that A = 0.3Z; + 0.4Z,, we find comparable results:

Figure 4.9: Comparison of the ansatz structures (A = 0.3Z, + 0.47Z>)
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Consequently, it seems that the proposed ansatz is worth considering for the solution
of linear systems using the VQLS algorithm, as it serves as a reliable alternative to other

quantum circuit structures which have been examined in practice and in theory.






Chapter 5

Synopsis and Prospects

The question arising from this research is whether the algorithms studied will possibly
replace the well-known classical linear solvers, such as the Gaussian elimination. Much de-
pends on whether the scientific community will be able to build universal quantum computers
consisting of millions of qubits, and whether error correction techniques will be able to ensure
the stability of these systems under all conditions.

The performance of these quantum linear solvers is undoubtedly promising, as they achieve
even exponential speed-up in the size of the linear system compared to their classical coun-
terparts. The dependence of most of them on the condition number of the involved matri-
ces raises some concerns though. Therefore, possible future research efforts should focus on
limiting or even eliminating this dependence. In addition, the inability to extract the whole
solution vector from the output quantum states is something that cannot be overlooked.

The study of the presented algorithms is also still at a theoretical level and minimal practi-
cal implementations have been published which mainly concern small linear systems. In this
regard, my thesis attempts to contribute to the enhancement of the performance of the VQLS
algorithm from an experimental perspective by solving 8 x 8 linear systems using the Aer
Qiskit simulators. The question is if these methods will successfully be extended in practice
for large-scale systems. This is by no means certain, however, the current indications allow

us to be optimistic.
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