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Abstract

An isotropic elastic-plastic model with hydrogen effects: Application to the
problem of Mode-I fracture of a blunting crack

Naris Konstantinos

Supervisor: Professor N. Aravas

This work is concerned with the development of an isotropic constitutive model for metallic
materials with hydrogen effects. The model takes into account the coupling between the
mechanical and mass transfer phenomena and can be used for the numerical simulation of
the well-known problem of hydrogen embrittlement. Computationally, two user subroutines
have been developed in both ABAQUS/Standard and ABAQUS/Explicit (UMAT and VU-
MAT) while the model has been tested in the problem of Mode-I fracture under small-scale
yielding hypothesis. Through the FEM simulations we investigate the effects of trapping on
hydrogen transport using Oriani’s equilibrium theory to relate the hydrogen in traps with
the hydrogen in the lattice. Finally, we perform a comparative study between 2D and 3D
simulations in ABAQUS/Explicit with appropriate boundary conditions.
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Introduction

For a long time, hydrogen has been known to cause the degradation of the mechanical
performance of metals, and this degradation is considered as a key technological challenge in
many industrial applications. Hydrogen Embrittlement (HE) is a severe environmental type
of failure and refers to mechanical damage of a metal due to the penetration of hydrogen into
the metal causing loss in ductility and tensile strength. At specific temperatures hydrogen
atoms can be absorbed into the metal lattice and diffuse through the grains. These hydrogen
atoms may be present either as an atomic or combined molecular form. Regardless of the form
hydrogen forms small bubbles at metal grain boundaries. Metals and alloys are degraded in
the presence of hydrogen and the levels of loads these materials can afford are usually lower
compared to those that hydrogen free materials can sustain.

From a mechanics point of view, extensive studies have been done to determine the mech-
anisms that are responsible for HE. One of them is the mechanism of Hydrogen-Enhanced
Localized Plasticity (HELP). Observations showed that in a range of temperatures and strain
rates, there is increased dislocation mobility due to hydrogen. Therefore, hydrogen reduces
the applied stress necessary to move a dislocation through a field of obstacles which results
in localized plasticity.

A particularly important aspect of HE is that there exists a transport stage of hydrogen
to the sites where degradation occurs. To fully model this and other failure mechanisms
we need to solve the hydrogen diffusion equations to determine how hydrogen is distributed
inside the material and couple this with the mechanical constitutive response of the material.
Diffusion equations are derived from Fick’s law which describes hydrogen flux due to chemical
potential.

In Chapter 1 the theory of the HE problem is introduced. The various types of HE and
the mechanisms underlying hydrogen-induced mechanical failure as well as the hydrogen
transport mechanisms and plasticity are discussed. The constitutive model is presented in
Chapter 2 outlining the formulation of the problem for hydrogen diffusion and the elastic-
plastic model. Also, the heat transfer analogy for an efficient implementation of the model
in a finite element setting is briefly discussed. Finally, in Chapter 3, the results from the
application of the model to the problem of the Mode-I fracture of a blunting crack tip under
plane strain, small scale yielding conditions are presented.

Standard notation is used throughout. Boldface symbols denote tensors the orders of
which are indicated by the context. All tensor components are written with respect to a
fixed Cartesian coordinate system with base vectors e; (i = 1,2,3), and the summation
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2 Introduction

convention is used for repeated Latin indices, unless otherwise indicated. The prefice det
indicates the determinant, a superscript 7' the transpose, a superposed dot the material
time derivative, and the superscripts sym and skew, enclosed in parentheses, the symmetric
and anti-symmetric parts of a second order tensor. Let a, b be vectors, A, B second-order
tensors, and C, D two fourth-order tensors; the following products are used in the text:
(a b)” = a; bj, A:B= Ai]’ Bz‘j, (AB)” = Azk‘ Bkjy (A B)ijk’l = Aij Bk:la (C : A)” = Cijkl Akl,
and (C : D)kt = Cijpg Dpgii- The inverse C! of a fourth-order tensor C that has the “minor”
symmetries C;ji = Cjir = Ciju is defined so that C : Cl'=cC"':C=17Z, where T is the
symmetric fourth-order identity tensor with Cartesian components Z;jx = (0, 051+ 61 %) /2,
d;; being the Kronecker delta.
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Chapter 1

Theory

1.1 Explanation of the problem

1.1.1 Introduction to hydrogen embrittlement

Exprerimental investigations and fractography analysis conducted on iron and steels
demonstrate an adverse impact of hydrogen on their mechanical properties. When hydrogen
is absorbed into the material it can cause a decrease in ductility and load carrying ability.
Metals and alloys are degraded in the presence of hydrogen and become brittle because of
the introduction and diffusion of hydrogen into the material. Hydrogen can enter metals
only in the form of atoms or hydrogen ions. Gaseous hydrogen, at ambient temperature,
is not absorbed by metals because it is in molecular form and pairs of atoms are tightly
bound together. However, as the temperature rises, the molecules tend to dissociate into
individual atoms allowing absorption. In steels the diffusible hydrogen ions come from water
introduced by a wet electrochemical process and is a completely different high temperature
hydrogen attack process. This phenomenon is known as Hydrogen Embrittlement (HE) and
the degree of embrittlement is influenced both by the amount of hydrogen absorbed and the
micro-structure of the material.

1.1.2 Different types of hydrogen embrittlement

In order to categorize HE, the embrittled systems can be divided into non-hydride formers
and in hydride formers. More specifically there are three different types of HE mentioned
in the literature; hydrogen reaction embrittlement (HRE), internal hydrogen embrittlement
(IHE), and hydrogen environment embrittlement (HEE) [2].

For the first type (HRE), brittle phases and/or vapor are formed when hydrogen reacts
with metals and alloying elements. In titanium, HRE occurs due to formation of hydrides.
On the contrary, hydrogen does not form hydrides in steel. HRE is an irreversible “process”,
and the mechanical properties of the material can’t be restored through heat treatment.
The second type (IHE) occurs when the material undergoes prolonged periods of elevated
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4 Theory

temperature and high hydrogen pressure, or during activities like welding, melting or chem-
ical reactions. The hydrogen concentration influences the magnitude of the embrittlement,
and the cracks initiate inside the material. Using an appropriate heat treatment cycle, the
embrittlement can be completely prevented. Lastly, HEE arises when solid metals absorb
hydrogen. Elevating hydrogen pressure leads to increased HEE occurrence. HEE is usually
most severe at room temperature, mainly because both hydrogen transportation mechanisms
(dislocations and diffusions) are active. The impact of strain rate on HEE can also be no-
table, with higher rates diminishing its effect. This outcome is attributed to augmented
dislocation movement and reduced hydrogen transfer into the material.

1.2 Mechanisms

Despite decades of intensive studies, the micro-scale mechanisms of the hydrogen induced
mechanical failure of materials remain a subject of debate [3]. Several hypotheses have been
proposed and thoroughly examined. For non-hydride forming materials, two are the most
viable of the many hypotheses that have been proposed and tested. These are the Hydrogen
Enhanced-Decohesion mechanism (HEDE) and the Hydrogen-Enhanced Localized Plasticity
mechanism (HELP)

1.2.1 Hydrogen-Enhanced Decohesion mechanism (HEDE)

One of the earliest methods for demonstrating how atomic hydrogen alters the charac-
teristics of materials is the HEDE mechanism. It was introduced first by Troiano [4] and
improved by Oriani [5]. According to the HEDE theory, metal atoms’ bonds will weaken as
a result of hydrogen atoms accumulating in areas with high triaxial stress. More specifically,
this method is based on the hypothesis that the solute hydrogen reduces the cohesive force
and, consequently, the energy needed to generate the cleavage surface, which are needed
to separate the crystal along a crystallographic plane, giving rise to a reduced fracture
toughness [6], [7]. In addition, hydrogen atoms will cause the bonds of metal atoms to dete-
riorate leading to premature brittle material fracture along grain boundaries. This hydrogen
concentration-dependent HE mechanism is also known as a Hydrogen-Induced Decohesion
(HID) [8]. The hypothesis applies to brittle fracture but does not explain fracture followed
by plasticity.

1.2.2 Hydrogen-Enhanced Localized Plasticity mechanism (HELP)

Beachem [9] was the first to suggest that in the HE problem the failure occurs by locally
ductile processes. The HELP mechanism implies that hydrogen enhances the dislocation
mobility by reducing the elastic interaction energy between dislocations. As a result, the
presence of hydrogen diminishes the required stress for displacing a dislocation through a
field of obstacles, leading to a phenomenon that encourages the softening of the material
[6]. Even while hydrogen increases plasticity at a very localized (microscopic) level, the
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1.3. Hydrogen transport and plasticity 5

material nevertheless exhibits brittle behavior on a larger scale (reduced strain to failure,
lower fracture strength).

1.3 Hydrogen transport and plasticity

A particularly important aspect of hydrogen embrittlement is that there exists a transport
stage of hydrogen to the sites where degradation occurs. Hydrogen transport through the
materials is typically attributed to diffusion occurring within the normal interstitial lattice
sites (NILS). Transported hydrogen resides either at NILS or at trapping sites, like grain
boundaries. First, Johnson and Troiano [10] concluded that the HE phenomenon is controlled
by the diffusion of hydrogen into the crack tip region and is strongly influenced by hydrostatic
stress gradients. The amount of hydrogen that has been solved in a metal is influenced
by hydrogen transport and hydrogen solubility. The solution’s hydrogen content is also
influenced by variables including the hydrogen pressure, temperature, microstructure, and
chemistry of the material [2]. Therefore, the analysis of the hydrogen transport processes
should precede any attempt to address the issue of hydrogen embrittlement related failures.

1.3.1 Hydrogen lattice solubility

The NILS concentration can be expressed based on the interstice type and the lattice
structure of the host metal as follows:

CL=0L8Ny, (1.1)

where (', is the number of hydrogen atoms per unit lattice volume, 6 denotes the occupancy
of the available sites and is dimensionless, # denotes the number of NILS per solvent atom
and Ny, denotes the number of solvent lattice atoms per unit lattice volume. It is important
to mention that in a given material, lattice parameters 5 and Ny, are fixed. Also, given that
Vs is the molar volume of the host lattice expressed in units of volume per lattice mole, Ny,

can be calculates as:

N, = -4
L=V

(1.2)

where N, = 6.0232 x 10?3 atoms per moles is Avogadro’s number.

1.3.2 Trapping

The hydrogen can become trapped inside the material by adhering to impurities, struc-
tural flaws, or micro-structural components like carbides in alloys. Any metallurgical defect
inside the material can act as a trap for hydrogen. These traps can be divided according
to their energy into reversible and irreversible. When the required energy for hydrogen re-
lease is low, hydrogen can easily leave the traps (reversible traps) while if higher energy is
required, hydrogen release is more difficult to occur (irreversible traps). The material traps
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6 Theory

will prevent the diffusion of hydrogen. The concentration of hydrogen at trapping sites can
be expressed as follows:
CT = QTOéNT (13)

where Cr is the number of trapped hydrogen atoms per unit lattice volume, « denotes the
number of hydrogen atoms sites per trap, 67 denotes the occupancy of the available sites (is
the ratio of occupied sites to the total available) and Nr denotes the number of traps per
unit lattice volume. The amount of hydrogen trapped in the reversible traps is always in
equilibrium with the lattice hydrogen, according to Oriani’s theory [5].

Or 0L
= K 1.4
1—-60r 1-6, (14)

where K is given by: )
K = e wf (1.5)

where K is dimensionless of order 10'°, AHp is the trap binding energy, inherently negative,
R is the gas constant and T is the absolute temperature. For §;, < 1 and by using equations
(1.2), (1.3) and (1.4) :
KelrCy
Cr = —"%— (1.6)
which characterizes the equilibrium relationship between Cf and Cp in terms of material
parameters.

1.3.3 Hydrogen lattice diffusion

Chemical potential gradients serve as the driving force for this diffusion process. At low
concentrations where there is minimal interaction between the diffusing species, and the
diffusion rate depends solely on hydrogen mobility, one can establish a relationship between
the hydrogen flux (J) and the gradient of the chemical potential (1) as follows:

DCy,
J=
RT

Vi (1.7)

where D is the lattice diffusion constant that is assumed to be independent of stress but is
dependent on temperature.This is because when temperature increases, the kinetic energy of
the particles increases. The increased motion of the particles causes them to diffuse faster.
Therefore, at higher temperatures, the rate at hydrogen will diffuse faster than at lower
temperatures. The diffusion coefficient increases exponentially according to equation:

D = Dy x e (1.8)

where T' is the temperature, () is the activation energy, Dy is the diffusion constant, and R is
the gas constant [11]. Generally, when a system is subjected to external stress and operates
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1.3. Hydrogen transport and plasticity 7

under the conditions where equation (1.7) holds true, its behaviour can be expressed while
the pressure and temperature remain constant:

Cy,
=y’ JrRThnC0 o

(1.9)
where p° is the chemical potential in the standard state, C? is the concentration in the
absence of stress and i, is the stress dependent part of p. Substituting (1.9) into (1.7), the
hydrogen flux can be expressed as follows:

DCy,

J=-D —
VO =77

Ve (1.10)
Assuming that NILS hydrogen causes only dilitational distortion to the lattice, one can write:

Okk
Mo = —?VH = —pVu (1-11)
where p is the hydrostatic stress, Vy is the partial molar volume of hydrogen in solid solu-
tion and the repeated index summation convention is used. The assumption of dilitational
distortion has been established as being accurate within a first-order approximation, as doc-
umented by Hirth [12]. Substitution of equation (1.11) into (1.10) then yields:

D
J=-DV(C, + 4:

RT,Cin (1.12)

Expression (1.12) shows that the hydrogen flux J at every point in the material depends not
only the lattice concentration and its corresponding spatial gradient but it is also coupled
to the stress state in the material through dependence on the pressure gradient Vp. When
there are steady state equilibrium conditions, (& = 0) and the fields are homogeneous in an
infinite body, the process takes place very slowly. The hydrogen concentration does change
but is always at equilibrium and there is not hydrogen flux (J = 0). Any required hydrogen
is provided by an available reservoir. In this situation the steady state lattice concentration
can be calculated as:

T=0= G Vo) = gpVr) = Gy on BT on,
:$3W§Z@ﬂ2;§f2$> ézimci()—gimmlzo
jF@U—éﬂﬂ—F@@*gﬁ“ﬂO

CL<X) VH 0
= Ing 2 = )~ )
:i»C&(X)=:CE¢fUGXp{‘é;PKX)—4KX%}} (1.13)
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8 Theory

1.3.4 Transport of hydrogen by moving dislocations

According to the plasticity model for HE, hydrogen increases the mobility of dislocations.
Moving dislocations at the same moment may move hydrogen. Thus, in order to comprehend
how hydrogen affects the material’s mechanical properties, it is crucial to understand the
transport of hydrogen through dislocations.

Under plastic deformation there are more dislocations which offer more space for hydro-
gen in the material. Additionally, the mobility of dislocations imposed by plastic deformation
facilitates the transfer of hydrogen [13]. Bastien and Azou [14] suggested that moving dislo-
cations could carry hydrogen and that a local high hydrogen concentration can develop when
dislocations annihilate or intersect a void. Franck [15] observed that deformation enhances
hydrogen outgassing of mild steel. Generally, hydrogen transport via dislocation results in
the specimen saturating with hydrogen more rapidly compared to diffusion alone. Addition-
ally, dislocations can convey hydrogen from the surface at high concentrations. There are
two types of this transport behavior.

The first is when prior to plastic deformation, the material is completely infused with
hydrogen. The hydrogen is initially evenly distributed, and the overall hydrogen content
is constant. Under mechanical load, the hydrogen is redistributed from the lattice and
old traps to the newly generated dislocations, while the dislocation motion starts. The
moving dislocations carry or release the trapped hydrogen depending on their velocity. All
the hydrogen will be left behind as it is spread across the lattice and possibly partially
absorbed by static traps if the velocity is high enough. On the other hand moving dislocations
transport the hydrogen at speeds close to or below a critical value. If the dislocation slows
down, its hydrogen concentration can rise once more to a level above that of dislocations that
move quickly. Therefore, dislocations that are halted or slowed down are hydrogen sinks.

The second case involves simultaneous hydrogen charge and plastic deformation. It is
reasonable to expect that the dislocations traveling from the surface will transport hydrogen
with a concentration corresponding to the external charging medium [7].
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Chapter 2

Consitutive Model

In this chapter the constitutive model is presented. More specifically, the coupled gov-
erning equations of the initial-boundary value problem of hydrogen diffusion and the elastic-
plastic boundary value problem are discussed. An algorithm for the integration of the con-
stitutive equations is also analysed. Also an efficient method for the implementation of the
constitutive model in a finite element setting is discussed.

2.1 The isotropic elastic-plastic model with hydrogen

effects

2.1.1 Mass balance for hydrogen diffusion

Within this section, we move forward with the formulation of the mass balance for hydro-
gen diffusion. Considering an arbitrary volume V' of material bounded by a surface S at a
given temperature T and subject to external loading, hydrogen can be found within volume
V, either within the NILS (Cf) or in trapping sites (Cr). As described by (1.6) these two
populations are assumed to be in equilibrium. Any alteration in hydrogen concentrations
Cr, and Cp within V' is accompanied by the flow of hydrogen through the surface S. Because
the mass conservation requires that the rate of change of total hydrogen (Cy 4+ Cr) inside V'
be equal to the flux through S, the continuity equation takes the following form:

d
%/(OLJrOT)deL/J-ndS:O (2.1)
1% S

where n is the outward unit surface normal vector and so (—J - n) is the hydrogen enering
V. Using the divergence theorem and by means of the arbitrariness of volume V', we arrive
at the following partial differential equation for the hydrogen concentration:

d
%(CL—FCT)-FV'J:O (2'2)
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10 Consitutive Model

Using equations (1.3) and (1.12) one has:

. DVH . 9 DVH GCL 8p )
J=-DV(C; + RT Cva = V.-J=-DV(C,+ 7RT <85L'Z o +CLV P, (23)
- . (00r ONr .

Cr =0raNr = Cr= a<%CLNT + GTW(?’), (2.4)

Substituting equations (2.3), (2.4) into equation (2.2) the diffusion equation becomes:

) Nr . D
(1 + OéaeTNT> OL + QQTMEP — DVQCL + VH (aCL ap

2
Eat] - 2.
ac;, RES RT \ 0z, 0, T VP ) o @5

2.1.2 The elastic-plastic model with hydrogen effects

In the following, we describe the main ingredients of the proposed analytical model.
The constitutive relationship for elastic-plastic behaviour is expressed using the rate-of-
deformation tensor, denoted as D, and the Jaumann stress rate of the Cauchy stress, rep-
resented as &. The Jaumann stress rate is employed to fulfill the conditions of objectivity,
ensuring material invariance under rigid body rotations, and it is defined as follows:

o=6+0 - W-W.o (2.6)

where o is the material time derivative of the Cauchy stress, and D and W are the rate-of-
deformation and spin tensors that are equal to symmetric and antisymmetric parts of the
velocity gradient L, respectively. Since in the case of metallic materials the elastic strains
are small, it is assumed that the total rate-of-deformation tensor is taken to be the sum of
the elastic part D¢ plastic part D? and a part due to presence of hydrogen D", i.e., (see

[17])
D = D¢+ DP + D" (2.7)

The constitutive equations for the elastic and plastic behavior are treated separately and
are later combined in order to yield the total effective elastic-plastic response of the material
through equation 2.7.

2.1.3 Elasticity

The overall elastic behavior of the porous material is characterized using a hypoelastic
constitutive equation of the form:

1 1 1
D'=M":¢, M'=_K+.-J, JT=38 K=I-J (2.8)
21 3K 3
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2.2. Numerical integration of the constitutive equations 11

where, & is the co-rotational Jaumann derivative of the Cauchy stress o, Z is the symmetric
fourth-order identity tensor, (IC, J) are the deviatoric and hydrostatic fourth-order identity
tensors and § is the second-order identity tensor (Kronecker delta). Also, M® = (L)' is
the fourth-order isotropic elastic compliance tensor, and (k, 1) are the elastic bulk and shear
moduli of the material.

2.1.4 Plasticity
The plastic part of the rate-of-deformation tensor is given by the usual “normality” rule:

: 3 3
D?P=2’N, N=—s, s=o0—pd, p:%, oe =15

: 2.
2. 3 S:s (2.9)

where o, is the equivalent von Mises stress. The yield condition is defined as:
O(s,eP,CL) = 0c(s) — oy (EP,CL) =0 (2.10)

where 0, (&7, Cp) is the flow stress of the material given as:

0,(2,C1) = F(e)oo(1+ i) fO=1-(1-8c, c=c(Cr,&)  (211)

ez = OO 0 @) a0 () (212)
KTHL CL I

07(Cr) (1) 0(Cr) = ﬁCNL (2.13)

Tt K0, (Cr) — 00(C1)’

In the present work “one-way coupling” is considered (i.e., we do not consider the effect of
hydrogen concentration on the flow stress of the material) so that & = 1. During plastic flow,
the elastic constitutive equation becomes:

o=L:D' =L (D-D’- D" (2.14)

Lastly, the part due to presence of hydrogen D" of the total rate-of-deformation tensor D is
calculated from the following expression:

1 A 1 A
Dh:i—(SZ*A ) A = — - =c(C;. 2P 2.15
3 14 3(c—co) 34?6 Ao 1+ 2(c—c) ¢=¢(Cp, &) (2.15)

2.2 Numerical integration of the constitutive equations

In this section the equations for the integration of the constitutive model are presented.
The main unknown is AeP. With A&P known the deviatoric stress s, at the end of the
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12 Consitutive Model

increment can then be calculated. The procedure is as follows. Normality rule (2.9); is
integrated using a backward Euler scheme:

Ae? = A&"N, 4, (2.16)

Also,

— e _ h
Pr+1 = Hgkk‘n—l—l o R(gkk‘n—s—l N gkk‘n—l—l) (217)

or

Pnt1 = P + KAER, = pn + K(Aegp, — Acly) = po + ke —RAe), = p° — kAey,  (2.18)
—_——
pe
with:
AAc

2.19
1+ 2(cps1 — o) (2.19)

A
eh = 3111[1 + §<c — co)], Aeh, =
the deviatoric stress s, is integrated as follows:

Spt1 = Sp + 2GAe° = s, + 2G(Ae — Ae?) = s, + 2GAe —2GAe? = s — 2GAe’N,,,; =

S
s€
Sn+1 = s¢ — 2GA§27< Sn+1> =
20—6‘n+1
1 e
Snt+1 = ISWS (2.20)
Ueanrl

Last equation shows that s, is co-linear with s®. Therefore,

N B 3
e 206’n+1

3
Sn+1 = 2gese = N° = known (2.21)

By taking the dot product of equation (2.20) with N,,.; = N°, 0.(é?) is calculated:

STL+1 : Nn+1 = Se . ].V—6 _QGAEP Nn+1 . Nn+1 = O_e|n+1 = (76 — 3GAEP (222)
—_—— — N— —
Oelni oe 3/2

Then, the yield condition (2.10) becomes:
F(AEP) = 08 —3GAE’ — 0, () + AP, CLlnt1) =0 (2.23)

During the solution in a finite element setting Cf |, is known and equation (2.23) suggests
a non-linear equation for AeP. The above equation is solved by using Newton’s method. A
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2.3. Heat transfer analogy 13

first estimate for the method could be found by approximating last equation as:

0o, (5P Cyl +1>

o¢ — 3GA — [ay@,@\ ) + _ AEP| =0 =
n+1 OeP Y
EP=¢g,
h
P (573, CL‘n+1>

AP = 2.24
© 3G+ h (2.24)
After AP has been found, s,;; can determined from equation (2.20), i.e, s,43 = s —

2GAEPN,,;; is known. Also, p,41 is determined from equation (2.17) or equation (2.18).
The Jacobian for the Newton loop is:

OF(A#)

do,
/= OAEP

(2.25)

2.3 Heat transfer analogy

Because of the limited flexibility offered by mass diffusion analysis in Finite Element
commercial software, certain authors have resorted to drawing an analogy between heat
transfer and diffusion as a means to numerically implement their methods. In order to solve
the coupled stress-diffusion constitutive model, this analogy is used. Transport phenomena

Table 2.1: Analogy of variables between heat transfer and diffusion analysis in ABAQUS

Heat equation Mass diffusion equation

Temperature: T —  Lattice Hydrogen Concentration: Cp,
Internal Energy: U —  Total Hydrogen Concentration: Cyua
Heat Flux: q — Hydrogen Flux: J
Heat Source Term: r — 0
Density : p — 1

are characterized by analogous balance equations and fluxes. Specifically, the exchange of
momentum is scrutinized in viscous fluids, while heat transfer analysis focuses on energy
exchange, and diffusion processes deal with the exchange of mass [18]. In the utilization of
ABAQUS, various subroutines are customarily developed. Table 2.1 provides a summary
of the correspondence between the heat equation and the hydrogen diffusion equation. The
coupled thermo-mechanical procedure available in ABAQUS can be effectively employed to
address coupled diffusion-mechanics problems.
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14 Consitutive Model

2.3.1 Model implementation in ABAQUS

To implement the diffusion constitutive equations, the UMATHT and VUMATHT user
subroutines have been utilized in ABAQUS/Standard and ABAQUS /Explicit, respectively.
The energy balance is expressed as follows:

[ovav = [rav+ [ —a-nas = [(pU+V-a=r)aV =0 vQ = [pU+V-q=r]
Q Q o0 Q

(2.26)
where 7 is the heat source per unit volume (.JJ/m?) and depends on the temperature gradient
according to Fourier’s law, U is the internal energy per unit mass and ¢ is the heat flux per
unit area (WW/m?). Setting the density equal to one, total hydrogen concentration might
be regarded as the internal energy per unit mass. Note that —q-n = r is the thermal
power entering {2 per unit area. It should be noted that when the material is plastically
incompressible then:

T = Jy det(F) = Jo det(F¢) = J0<1 + 0(6)) ~ gy and p=Dnp, (2.27)
where F;; = 0x;/0X; is the deformation gradient and po, p are the densities with respect
to the initial and current configurations respectively. By taking this result into account,
equation (2.26) can be written as:

’p0U+V~q%r‘ or ‘pU—l—V-q%r‘ (2.28)

For the hydrogen diffusion, in the mass conservation equation (2.2), —J - n = J, is analogous
to —q-n =r. In UMATHT, material properties are calculated based on input parameters.
The constitutive equations are of the form:

D
J(CL, VCL, Vp) = —DVCL + R‘;?CLVP, (2.29)
CT(CL,gp) = 069T<CL)NT(§[)), (230)
Kr0.,(Cp) 1 [ 1 } 1
0(Cr) = , —1+ ) 2.31
r(C) =17 K70,(CL) — 6,(CL)" 6:(Cy) 0,(Cp) Ky (2:31)
0.(Cr) = N, (2.32)

Details for the calculation of the pressure gradient are given in Appendix A For given
(e?,CL,VCp,Vp), (U,q) and the corresponding Jacobians are defined as :

CT:CT(CL,gp>, U(CL,gp) :CL—l—C’T(CL,gp), (233)
oUu oCr oU oU

e = = 2.34
ar T a0, avr - ave, (2.34)

Institutional Repository - Library & Information Centre - University of Thessaly
02/09/2026 20:31:17 EEST - 216.73.216.156



2.3. Heat transfer analogy 15

where
oCr 00r 007 Kr 00r, 00r, 1
ac, ~ “oc. T aC, ~ (1+ Kb, —0,)20C, 9C, BN (2.35)
oq 0J DVy oq 0J
-] 2= 1 = = —DJ.
(2.36)

It should be noted that in this case, the variable U depends not only on temperature (i.e, lat-
tice concentration) but also on the displacement field u through dependence on the equivalent
plastic strain £7(u, C). Additionally, the variable q is dependent on u due to the relation-

ship with Vp. It’s worth noting that ABAQUS lacks the capability to directly compute aaga

and aaivqu which means that the Jacobian matrix within the global ABAQUS Newton loop

is not precisely determined. As a result, this may necessitate the use of small incremental

steps to achieve convergence.
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Chapter 3

Applications and Results

In this study, hydrogen diffusion is influenced by both hydrostatic stress and plastic
straining, primarily through trapping mechanisms. The analysis is conducted for a body-
centered cubic (BCC) iron system. Trap characteristics of this system are establish based
on the work of Taha and Sofronis [19]. More specifically, the trap binding energy is AHg =
—60 K.J mol™! and is independent of temperature and the amount of plastic deformation.
Their findings also indicate that trap densities remain constant regardless of temperature,
increase significantly with deformation at lower deformation levels, and then exhibit a more
gradual increase with further deformation. In line with these experimental observations, the
trap density Np varies with the equivalent plastic strain P, as illustrated in Figure 3.1.

log, N7 (&) = 23.26 — 2.33¢ >

Alternative expressions for the trap density as a function of the accumulated plastic strain

Hydrogen trinsport near a blunting crack tip

24

Traps/m3)

Log (N} (Ny
N

20

| I B P

A AJ. Kumnick and
H.H. Johnsaon results

L 1 1 1 | 1 i | RN |

Figure 3.1: A proposed relationship between Ny and &P [20].
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18 Applications And Results

can be found in the literature. In one such expression, trap sites are linked with disloca-
tions within the deforming metal. Assuming one trap site per atomic plane affected by a
dislocation, the trap site density, measured in traps per cubic meter, can be determined as
follows:

Nr = V2p/a (3.2)

where p? is the dislocation density and « is the lattice parameter. According to Lufrano [21],
this assumption aligns with the experimental findings of Thomas [22], where the optimal fit
to the experimental data was achieved with a trapping radius of only 1 to 2 atomic spacings.
The dislocation density, denoted as p? and measured in dislocation line length per cubic
meter, was observed to vary linearly with equivalent plastic strain &7:

(3.3)

where pd = 101 line length/m? denotes the dislocation density for the annealed material and
v = 2.0 x 10% line length/m? [17]. In all calculations that follow, we use the trap density
that is given by equation (3.1).

The parameter « in (1.3) and the parameter § in (1.1) were considered to have a value
of 1. Moreover, the molar volume of iron is V3; = 7.116 x 107% m3 mol~! and so (1.2) gives
N, = 8.4643 x 10 iron lattice atoms per cubic meter. It is generally assumed that intersti-
tial hydrogen causes an isotropic expansion of the lattice, with its partial molar volume in
a solution being equal to V = 2.0 x 1075 m? mol~'. The lattice diffusion constant for hy-
drogen at 300K was measured as D = 1.27 x 107®m?/s. Sievert’s law provides the hydrogen
stress-free equilibrium solubility as a function of environmental pressure and temperature,
particularly for temperatures significantly exceeding 300 K [23].

AES) (3.4)

C; = 1.989 1026\/ (—

where O}, is atoms of Hy gas per m? of iron under normal conditions of pressure and tem-
peratures, p is the hydrogen pressure in atmospheres and AH = 28.6 K.J mol~! is the heat
of solution [24]. The mechanical and diffusion properties are presented in Tables 3.1 and 3.2
as outlined in [19]. The model developed in Chapter 2 was used to simulate the problem

Table 3.1: Mechanical Properties

E(GPa) v o¢9(MPa) Hardening Exponent (n)
207 0.3 250 5

of Mode-I fracture of a blunting crack under plane strain and small scale yielding conditions
in the presence of hydrogen. It should be noted that in the context of this work a “one-way
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Applications And Results 19

Table 3.2: Diffusion Properties

s mol m

1.27x 107% 2x107% 2.8 x 109 846 x 10  0.281

D()  Vu(py)  Kr  N(Pegem) A a p
11

coupling” effect was assumed; put it simply, only the effect of the stress fields on hydrogen
diffusion were accounted for while it was assumed that hydrogen distribution does not affect
the flow stress of the material.

Two different situations were examined regarding the hydrogen boundary conditions at
the crack surface (see [1]). In the first case, which corresponds to the problem of “environ-
mental embrittlement”, the material is considered to be at a specific temperature surrounded
by gaseous hydrogen at the same temperature 7" and pressure p. In the following, this type
of boundary condition will be referred to as the “constant concentration” boundary condi-
tion. In the second case, which corresponds to the problem of “internal embrittlement”, all
external surfaces are assumed to be insulated. In the situation of an insulated crack surface,
the primary transport phenomenon is dominated by the diffusion of hydrogen within the
solid material. In the following, this type of boundary condition will be referred to as the
“zero flux” boundary condition. Initially, in both cases, the stress-free solid is in equilibrium
with the hydrogen gas, resulting in uniform NILS concentrations and Cp|,—o = Cj is estab-
lished everywhere given by (1.6). The corresponding initial concentration in trapping sites,
denoted as C7rli—, is derived from the population of NILS according to equation (1.3).

At the starting point (¢t = 0), loads are applied and then progressively increased to levels
where the crack opening displacement size is significantly expanded, reaching several times
its initial size. Our focus is on situations involving local yielding in the plane strain condition,
where the plastic zone is confined to a region around the crack tip. As will be shown at
the end of Section 3.2, we conclude that the size of the plastic zone is deemed negligible
relative to the size of the solution domain. This ensures that small-scale yielding conditions
persist, the boundary layer approach remains valid, and the finite geometry material can be
replaced with an infinite body containing a semi-infinite crack while applying asymptotic
boundary conditions. The conditions are applied incrementally to enforce the Mode-I plane

)} (3.5)

)

strain elastic asymptotic solution and are of the form:

T
- &\/L(i’:—ély—cos@) cos(
ub 2p V27 sin(

where u! with ¢ = 1,2 is the displacement field, K7 is the stress intensity factor from the

NI D

solution of the linear elastic crack problem, v is the Poisson ratio of the material and r
and 6 are polar coordinates. Utilizing symmetry enables the modeling of both diffusion and
elastic-plastic behavior within the two-dimensional region, where the angle € ranges from 0
to w. As a result, along the symmetry line where 6 = 0, there are no shear tractions and no
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20 Applications And Results

displacements in the y-direction. Additionally, the hydrogen flux across this symmetry line
is zero. Proper normalization of the governing equations leads to the following form for the
solution of the coupled boundary value problem:

% = f(;c, ;,5},1/,;{;,50,7@ KT,](\%,)\, 621/)250’ R;/;{Zo) (3.6)
(s B G ) o

Proper normalization is used for all properties related to both the mechanical and the diffu-
sion problem. To be precise, Young’s modulus F, initial yield stress oy, number of solvent
lattice atoms per unit volume Ny, diffusion coefficient D, and the partial molar volume of
hydrogen Vg are all normalized in the pre-processing stage; the trap density function Np is
normalized in the user subroutine code. The corresponding normalized quantities are defined

as follows:
A E N oo A NL A D ~ VH A NT
E=— =—, No=—, D=— Vg=——— d Nr=— (3.10
207 0o ZQ’ L C[) ) £2/t07 H RT/an an T C() ( )

The values of the normalizing parameters used in all calculations are summarized in Table 3.3.

Table 3.3: Normalizing parameters

€(m> to <s> Co (H atoms/mS) R(J/mal . K) T(K) >0 (Pa)
5x 107 1 2.086 x 107 8.314 300 250 x 10°

The meshes that were used in the near tip region for the 2-dimensional simulations are
shown in their undeformed configurations in Figure 3.3. The initial radius was by and the
radius of the outer periphery was R. Displacement boundary conditions, as specified in (3.5),
were imposed at this outer radius. By implementing these boundary conditions at such a
distant location from the crack tip, small-scale yielding conditions are ensured effectively.
In fact, in all instances, the stress field in the far field was primarily characterized by linear
elasticity. To accurately capture crack tip blunting and the impact of plasticity on hydrogen
diffusion, a very fine discretization of the region surrounding the crack tip was employed.
Different meshes were used for the simulations in ABAQUS/Standard and ABAQUS/Ex-
plicit. The mesh used in ABAQUS/Standard consisted of 6134 8-node plane strain, coupled
temperature-displacement elements (CPESRT') with reduced integration. The meshes used in
ABAQUS/Explicit consisted of 1658 4-node plane strain, coupled temperature displacement
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Applications And Results 21

Asymptotic Elastic Solution

N " Crack Face rXrrrrrrs

Figure 3.2: Schematic representation of geometry and boundary conditions near the crack
tip. The “boundary layer” elastic solution is applied on the outer radius R and b, is the
initial notch radius.

elements (CPE4RT) for the 2-dimensional case and 3316 8-node “brick”, coupled tempera-
ture displacement elements (C3D8RT'), both with reduced integration, in the 3-dimensional

case.

L

.
(a) ABAQUS/Standard (R = 84000b,) (b) ABAQUS/Explicit (R = 1200bp)

Figure 3.3: Meshes used in numerical simulations.
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22 Applications And Results

3.1 Simulations using ABAQUS /Standard

In the following we present the results from the simulation of the problem described in the
previous section using ABAQUS/Standard. The results were found to be in good agreement
with those presented by Taha and Sofronis in [19]. The loads and boundary conditions
applied are outlined in Table 3.4. The results from the simulations in ABAQUS/Standard

Table 3.4: Loads and boundary conditions for the Mode-I fracture problem with hydrogen

diffusion.
Load Level 22.425M Pa~/m
Total Time 325 s
Constant Concentration B.C C’g"‘“k Face — (O
Zero Flux B.C JCrack Face _

are presented in Figures 3.4-3.10. In all cases, #/(K/0g)? is the normalized distance along
the axis of symmetry in front of the crack tip. Figure 3.4 displays the equivalent plastic
strain, relative to the normalized distance from the undeformed configuration’s notch root.
In addition, the normalized hydrogen distribution at trapping sites C/Cy at the conclusion
of the loading process is shown in Figure 3.5. The site of accumulation of trapped hydrogen
is near the crack surface and the profile of the concentration Cr follows closely that of the
plastic strain in Figure 3.4. This is because the trap density increases monotonically with
plastic strain as shown in Figure 3.1. Hydrogen diffusion through NILS effectively delivers
hydrogen to trapping sites at a rate that exceeds the rate associated with high binding energy.
Consequently, once the loading process stops and plastic straining no longer generates traps,
there is minimal alteration in the trapped hydrogen concentration. As a result, the trapped
hydrogen concentrations stabilize once the load is terminated.

Equivalent Plastic Strain

G (M/lm.)"
Figure 3.4: Distribution of ¥ near the crack tip.
The distribution of lattice hydrogen concentration in front of the crack tip is depicted in

Figure 3.7. As it is seen, the concentration in NILS is significantly lower when compared to
the corresponding hydrogen content in traps implying that the total hydrogen concentration
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3.2. Simulations using ABAQUS/Explicit 23

Figure 3.5: Distribution of normalized trap concentration % near the crack tip.

is dominated by the content in trapping sites. Also, the profile of lattice hydrogen concen-
tration follows that of the hydrostatic stress as shown in Figure 3.6; this is to be expected
due to the dependence of hydrogen diffusion on the gradient of the hydrostatic stress, as
mentioned in Chapter 2.

In case of zero flux boundary conditions, the maximum lattice hydrogen concentrations
observed during straining exhibit slightly lower values ([CL /Colmaz & 1.5) compared to

those seen under constant concentration boundary condition ([C’L /Colmaz = 1.8) . This
is also shown from Figure 3.8, where the lattice concentration near the crack tip attains
slightly higher values in the case of constant boundary condition. Under zero flux boundary
conditions, the requirements for filling traps with hydrogen at the crack surface and supplying
hydrogen to the high-stress region in NILS are solely met by the diffusion of hydrogen from
the bulk of the specimen, located far from the crack tip, toward the crack tip itself. In
simpler terms, the extra supply of hydrogen through the crack surface, which was present
under constant concentration boundary conditions, is absent in the insulated specimen.
As a result, the lattice sites in the insulated specimen experience more depletion because
there is a reduced amount of hydrogen available from NILS for distribution. It should
be mentioned that in contrast to the lattice concentrations, there is no alteration in the
trapping concentration after straining. Therefore, any fluctuations in the total hydrogen
concentration are solely a result of variations in the NILS concentration. Since the NILS
populations are significantly smaller in magnitude compared to the trapped populations, the
profile of the total hydrogen concentration, C'r + Cp, closely resembles that of the case with
constant concentration boundary conditions, in which the traps were also fully saturated
during straining.

3.2 Simulations using ABAQUS /Explicit

The problem of Mode-I fracture under plane strain conditions with small-scale yielding
was replicated using ABAQUS/Explicit. For this purpose, 4-node bilinear elements with
reduced integration were employed. Final load level and the applied boundary conditions
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Pressure
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Figure 3.6: Distribution of normalized hydrostatic stress J% near the crack tip.

Lattice Concentration
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Figure 3.7: Distribution of normalized lattice concentration %ﬁ near the crack tip.

for the diffusion problem are presented in Table 3.5. Simulations were conducted in both

Table 3.5: Loads and boundary conditions for the Mode-I fracture problem with hydrogen
effects in ABAQUS/Explicit.

Load Level | 22.425M Pay/m
Total Time 32.5 s
Zero Flux B.C | JCrack Face _

2D and 3D settings, with appropriate boundary conditions applied. The 3D simulations
were carried-out by restricting displacement in the out of plane direction (i.e., the condition
us = 0 was applied to all degrees of freedom in this case) in order to enforce plane strain
conditions for a fair comparison with the two-dimensional results. It should be noted that
in ABAQUS/Explicit, simulations are inherently dynamic, meaning that inertia forces are
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3.2. Simulations using ABAQUS/Explicit 25

(a) Constant concentration B.C. (b) Zero flux B.C.

Figure 3.8: Contours of lattice concentration near the crack tip for the two different boundary
conditions.
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Figure 3.9: Distribution of normalized total concentration (Cr + Cp)/Cy near the crack tip.

(a) Constant concentration B.C. (b) Zero flux B.C.

Figure 3.10: Contours of total concentration near the crack tip for the two different boundary
conditions.
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26 Applications And Results

not omitted. To ensure that the simulations align with those conducted using ABAQUS/-
Standard, a density parameter (p) is selected such that the kinetic energy does not exceed
5% of the strain energy by the conclusion of the analysis. This adjustment helps maintain
equivalence between the two sets of simulations.

The results obtained from these simulations were found to be in very good agreement
with the predictions made using ABAQUS/Standard. The hydrogen trap concentration for

Equivalent Plastic Strain

——— Abaqus Standard 325 sec = = =Explicit 20 = = = Explicit 3D

Equivalent Plastic Strain

0 0,005 0,01 0,015 0,02 0,025 0,03 0,035
¥

(K;/a“)z

Normalized Crack Tip Distance

Figure 3.11: Distribution of €” near the crack tip.

both 2D and 3D simulations in front of the blunting crack tip is reported in Figure 3.12. In
both the path and the contour plots, it appears that the trap concentration in 2D is slightly
higher than in 3D. On the contrary, the maximum lattice hydrogen concentration is slightly
higher for the three-dimensional model. =~ The total hydrogen concentration is found be

Trap Concentration

Abaqus Standard 32.5 sec = = = Explicit 2D - = == Explicit 3D

35
&
= 30
©
g2
1]
g 20
8 |
= 15
&
€ 10
2 e
5
w™ -
% 0 0,005 0,01 0,015 0,02 0,025 0,03 0,035
= Normalized Crack Tip Distance %

(Ki1/a0)
Figure 3.12: Distribution of normalized trap concentration CC% near the crack tip.

very close to the trap concentration, as in implicit simulations. Due to the minor variations
between 2D and 3D trap concentrations, there are no discernible differences in the overall
concentration.  Finally, as it can be seen from Figure 3.18, the plastic zones in all cases
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(a) 2D (b) 3D

Figure 3.13: Contours of hydrogen trap concentration near the crack tip.
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Figure 3.14: Distribution of normalized lattice concentration %ﬁ near the crack tip.

remain confined relative to the size of the domain under consideration verifying the small
scale yielding hypothesis.
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Figure 3.15: Distribution of normalized total concentration (Cr+Cp)/Cp near the crack tip.

(a) 2D (b) 3D

Figure 3.16: Contours of total Concentration

Conclusions

An isotopic elastic-plastic model with hydrogen effects was used to simulate the Mode-I
fracture problem in the vicinity of a blunting crack tip under small scale yielding bound-
ary conditions. The cases of both environmental and internal embrittlement corresponding
to constant hydrogen concentration and zero flux boundary conditions on the crack face
were employed in the analyses. Also, to test the validity of the constitutive model’s im-
plementation, numerical calculations were carried-out using both ABAQUS/Standard and
ABAQUS/Explicit.

The analyses show that the distribution of hydrogen near a crack tip is influenced by
two competing mechanisms. One mechanism is the creation of traps through plastic strain-
ing, represented by concentration Cp, while the other mechanism is the effect of tensile
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Figure 3.18: Plastic Zones

hydrostatic stress, represented by concentration C7. By applying the Oriani’s equilibrium
theory between the trapping site and NILS populations, it is observed that trapped hydro-
gen concentrations surpass NILS concentrations as plastic strain increases and the initial
concentration decreases. Another significant observation from the results is the minimal
contribution from the NILS concentration in this particular problem. This explains why the
outcomes of the calculations are only slightly influenced by the choice of boundary conditions
for the hydrogen problem. While lattice diffusion plays a role in transporting hydrogen, the
presence of traps predominantly governs the hydrogen distribution. Therefore, in this par-
ticular problem, it is found that the total hydrogen concentration at the vicinity of the crack
tip is dominated by the hydrogen distribution in hydrogen traps rather than the hydrogen
content in the lattice.
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Appendix A

Calculation of Vp

A.1 Calculation for 8-node quadratic elements

This following analysis is based on the work of Barrera [6] for the calculation of the pressure
gradient in the case 8-node quadratic plane elements with reduced integration (i.e, with
2 x 2 total integration points) in 2-dimensions. The derivatives of shape functions and the
Jacobian matrix are given in this case as:

ON;  ON; ONs 9Ny
_ | o o€ ¢ ¢
[B}_ ON;  ON» ON3 9Ny (A1)
on on on on
Oz Oz 1 1 Ay dz e
J) =2 f’"] = [J] = o 8"]=[“ - (A.2)
) [%5 G ] det(lJ]) |-% % It Ty

The pressure gradient with respect to the global Cartesian coordinate system can then be
calculated as:

dp  Op 9§  Op

VP = Gu, T oG 0w, owiy (A3)

4 4 aN ON, ON, ON; ON,
_ N - E — A4
p a§:1 aPa = 3 afz o¢, 1+ 06, D2 + 6, P3 + 96, D4 ( )

where (z1,25) = (z,y) and (&,&) = (§,n) and p,, a = 1,--- ,4, are the integration point
pressures. Then from equations A.3 and A.4 one has:

8}9 . <8N1 (9N2 8]\7 8N4 )J_l

N, N, SN 0N
=g, T g et g, Tt g
aNl 8]\71 0]\72 6N2

<a€1 ‘]lj 65 ‘]2j >p1 + (af Jlj f J2J )
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36 Appendix A

ON:. ON:. ON. ON.
- <3J;j1 + jJ;ﬁ) ps + <4J;j1 + 4J2‘jl> Pa

061 )3 & 08
_ —1 -1 -1 -1
= (BHJLJ + Ba1Jy; ) p1+ (312J1J + BasJy; ) D2
+ (Bngiil —|— nggj{}) pg + (Bl4ji]1 + BQ4J5J1) p4 (A5)
Finally,
p dp
—— = aip1 + azps + azps + asps  and  —— = bypy + baps + bsps + bapy (A.6)
8x1 a=T2
where
ay = BiiJi + BoyJy)! by = BuJ;' + BayJy!
ag = BiaJy;' + BaaJs! by = BiaJy;' + BaaJsy' (A7)
as = BisJ' + BagJy,! by = Bi3J," + BasJy
ay = Bl4<]1_11 + BQ4J2_11 by = B14J1_11 + BQ4J2_11

A.2 Calculation for 2D or 3D linear elements

In this section we present a methodology for the calculation of the pressure gradient in
the case of 2- or 3-dimensional linear elements. In this case, an interpolation using nodal
pressures is used instead of pressure values at the integration points. Let p be interpolated
as follows:

p(x) = iNi (&) pi = iNi (E (%) >pi (A.8)

where N, is the total number of nodes in the element (i.e., N,, = 4 for 2-dimensional 4-node
elements and N,, = 8 for 3-dimensional 8-node elements) and p;,i = 1,--- N,, are the nodal
pressures. The pressure gradient can then be calculated as:

Op _ Op 0§ ( 1) p ( 1> o N
Ox;  0&; Ox; ij 0; ij kz=:1 o6 " )

Last equation can be written in the following compact form:

(v} = [5) () a0

where the dimensions of the vectors {Vp}, {p"} and the matrix [B] depend on the dimension
of the problem. More specifically, in dimensional problems and for 4-node linear elements
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we have:
P!
op p2 ) ON1  ON2 ON3 ONg
Vpr=<c% 4, {pV} = , [Bl=[J] [N, [N]=|0 ¢ % 0 (A1l
{2><1} % {4><1} p3 [2><41 [212 [2><4] [2><4] 68—]21 88—]\7;2 88—]\7;3 68—]\77]4 (A-11)
pt
while for 3-dimensional 8-node linear “brick” elements we have:
p!
2
op p oN,  oNy oN;  oNg
ox p3 o¢ o€ 73 3
__ ) op Ny _ _ —1rar N _ |9NL N ON7  ON;
{ylf}— oy ( {g 1}— (0 :[),Bs_ [}{]3 [?{Vs]’ [:«;Ns] = ;771 ;7]2 37,77 37,78
x op * : x e x N 0Ny ANy ONs
0z 7 o¢ a¢ a¢ ¢
p
P
(A.12)
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Appendix B

Consistent Moduli

In this section we derive the so called "consistent moduli” needed in the implementation in
a finite element setting. We note that:

do® = 2Gde (B.1)

do; = 2GN : de = 2GN : de, and (B.2)

N = 2G< K- NN> de 2G< K- NN) de (B.3)
06 06

Using (2.23) one has

do do
e Y aner — S0 g0, =
do; — 3GdAe 5 OAE ac, Cr=0 =
2G he 1554 1554
AP = —N : — SdC; = = : de + —dC L=3G+h B.4
A = "N de = pdC = 5 de + 57 -dCL * (B4)

Also, from (2.20) we have

Syt = ds® — 2G <dA5PNn+1 + Ag‘pdNnH) =

2G
L

dsn+1:2Gde—2GK N : de —dC’L>N+A€ G<3KI—NN> :ds] =

e

2 he AG2AE
dsn+1:2GIC:de—2GN< LGN de —ch)— GTAZ ( K- NN):ds =

2 2AEP
dsn+1:2GIC:ds—2GN< fN de —thL>— 1G7AC ( K- NN):de =

AEP

ds = {QGIC 4G? [LNN + <27C - NN)] } . de + 2GhLCNdCL (B.5)

e
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Equation (2.18) also implies that

dp = /i(d&‘kk — a;zk dc) =K [dekk - fmc@sﬁ@’c(aa;pdsp + ;&)] =

dp = /1{5  de — agff’f [ai(;p <2LGN  de — hLCdCL> + ;CCLdCL] } .

dp = {ms . de — a§§k$<fN . de — hfd@) - 8;;’%8&@} N

dp = {ms de — a;fki_iQLGN  de + a;f’“;;}fd@ . a;f’f;(id@} -

dp = /<c<6 — QLGa;Ek ai_i)N) :de + /@a;;’;k <hLCaa;p — ;é) acy, (B.6)
Finally,

do =ds + dpd =

do :{ZGIC —4G? HNN + A‘? (216 — NN)] + k66 — nfagfk gggaN} D de+
do :{ce —46” HNN + Afp (;Kl = NN)] = nzfagfk 5;51\1} : de+
[QGhLCN n nagl’jk (%5; . ;gL) 5] dC;, (B.7)
Here we need c(ép, C’L>, %, and aach to find h = % and h, = ggi. From (B.7) we arrive
at:
gz Sy CTe: HNN + Aigp @K - NN)] - /{258;?“ aag‘;aN (B.8)
ggL - 2GhLCN + nagf’f (’%‘;; - %)5 (B.9)
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