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PerÐlhyh

Sthn purhnik  fusik , h perigraf  twn Fission Product Yields (FPY) eÐnai krÐsimh all�
dÔskolh lìgw thc polÔplokhc kbantomhqanik c fÔshc twn purhnik¸n antidr�sewn.
Aut  h ptuqiak  eis�gei mhqanik  m�jhsh sthn purhnik  fusik  gia na antimetwpÐ-
sei autèc tic prokl seic, epikentr¸nontac idiaÐtera sta FPY thc purhnik c sq�shc.
Ta jewrhtik� montèla, an kai apotelesmatik� upì orismènec sunj kec, antimetwpÐ-
zoun periorismoÔc sthn prìbleyh kai sth diaqeÐrish twn trìpwn di�spashc lìgw thc
periorismènhc upologistik c dÔnamhc. Eis�gontac to Gaussian Process Regression
(GPR) gia na xeper�sei touc periorismoÔc, idiaÐtera qr simh se sen�ria me perioris-
mènh diajesimìthta dedomènwn. Ta pleonekt mata tou GPR sthn anagn¸rish motÐbwn
kai ston upologismì abebaiot twn axiopoioÔntai gia na enisqÔsoun thn akrÐbeia kai
thn axiopistÐa twn problèyewn twn FPY. Ta apotelèsmata sumb�lloun shmantik� sthn
an�lush thc purhnik c sq�shc, parousi�zontac to dunamikì thc mhqanik c m�jhshc gia
thn ekleptusmènh kai sumplhrwmatik  melèth twn mejodologi¸n purhnik c fusik c.
H efarmog  tou GPR apodeiknÔei thn praktik  thc qrhsimìthta se perioqèc me peri-
orismèna dedomèna, prosfèrontac mia nèa prosèggish gia mellontikèc upologistikèc
proìdouc sthn purhnik  fusik . Aut  h èreuna parèqei ìqi mìno nèec dioratikìthtec
stic polÔplokec purhnikèc antidr�seic all� kai jètei tic b�seic gia thn èntaxh pro-
hgmènwn upologistik¸n teqnik¸n sthn èreuna thc paradosiak c purhnik c fusik c,
epitrèpontac nèec mejìdouc gia thn èreuna kai thn efarmog  ston tomèa.
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Abstract
University of Thessaly Physics Department

BSc in Physics

Study of nuclear fission fragments with artificial intelligence methods

by Vasilis TSIOULOS

Supervisor: Dr. Vaia Prassa, Assistant Professor

In nuclear physics, accurately modeling fission product yields (FPY) is crucial
yet challenging due to the complex quantum-mechanical nature of nuclear reactions.
This thesis intersects nuclear physics with machine learning (ML) to address these
challenges, particularly focusing on FPY in nuclear fission processes. Traditional
models, although effective in certain conditions, face limitations in predictive power
and handling evolving fission modes. This research introduces Gaussian Process Re-
gression (GPR) to overcome these limitations, especially useful in scenarios of lim-
ited data availability. GPR’s strength in property prediction and uncertainty quan-
tification is leveraged to enhance the accuracy and reliability of FPY predictions. The
findings contribute significantly to the understanding of nuclear fission, showcas-
ing the potential of machine learning to refine and complement traditional nuclear
physics methodologies. The application of GPR demonstrates its practical utility in
areas with constrained data, offering a novel approach for future computational ad-
vancements in nuclear physics. This research not only provides fresh insights into
complex nuclear reactions but also sets the stage for integrating advanced compu-
tational techniques with traditional nuclear physics research, paving the way for
enhanced scientific discovery and practical applications. The integration of machine
learning, particularly GPR, in nuclear physics highlights the symbiotic relationship
between computational innovation and theoretical understanding, opening new av-
enues for research and application in the field.

keywords: FPY, GPR, GMM, Nuclear Fission, Fission Fragment Prediction, Data En-
hancement.
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Chapter 1

Introduction

1.1 Background Information

Nuclear fission, the process in which an atomic nucleus divides into lighter elements,
releasing substantial energy, has remained an important and challenging field since
its discovery over 80 years ago [1, 2]. This complex phenomenon in low-energy nu-
clear physics is a highly intricate, non-equilibrium quantum many-body dynamic
problem. Its complexity stems from the critical influence of various nuclear mat-
ter properties and nuclear dynamics, and how they interact at different stages of
the fission process. Exploring nuclear fission’s mechanisms is crucial for advancing
multiple areas of nuclear physics, including nuclear structure, reactions, and tech-
nology [3, 4, 5]. In heavier elements such as actinides or transactinides, fission can
happen either spontaneously or be triggered by particles like neutrons. The role
of spontaneous fission is significant in the stability of superheavy elements [6, 7],
understanding reactor neutrinos [8], and it has a considerable impact on r-process
nucleosynthesis [9, 10].

Even without the need of the fission properties for the astrophysics, nuclear fis-
sion provides a rich and diverse field for scientific exploration, encompassing a wide
array of research areas in nuclear characteristics and fundamental physics. The dis-
tinct feature of fissile nuclei, which exhibit a relatively even potential energy at con-
siderable deformations, offers a contrast to lighter nuclei. This aspect is pivotal for
probing into nuclear aspects like the behavior of shell effects in states of extreme de-
formation. Additionally, the process of decaying quasi-bound nuclear systems past
the fission barrier reveals vital insights into aspects of nuclear transport, such as
the viscosity of nuclei and the dynamics of heat exchange between forming fission
fragments. These studies are instrumental not only in advancing our understanding
of nuclear reactions but also provide a crucial testing ground for theories on non-
equilibrium processes within isolated mesoscopic systems, where the principles of
quantum and statistical mechanics play a key role. This makes the study of nuclear
fission a significant area of research, with implications that extend well beyond the
specific domain of nuclear physics, touching upon fundamental principles of physi-
cal science.

1.1.1 Experimental information

In recent years, the field of nuclear fission has experienced a substantial increase
in both experimental and theoretical activities, primarily driven by the urgent need
for accurate and comprehensive nuclear data, crucial for practical applications in
reactor technology. This trend highlights the significance of experimental research
and the evaluation of data in enhancing reactor design and safety. A key challenge
in neutron-induced fission research is the limited availability of data, especially at
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2 Chapter 1. Introduction

various neutron energy levels, which necessitates innovative approaches to man-
age uncertainties. Predominant nuclear data libraries such as ENDF [11], JENDL
[12], JEFF [13], and CENDL [14] primarily offer fission yield evaluations at thermal
neutron energies around 0.5 MeV, but their coverage is less extensive for fast and
14 MeV high-energy neutrons. This creates a noticeable gap in data, particularly at
other energy levels, limiting access to critical observables like the proton-neutron
composition, total kinetic energy of fission fragments, and neutron multiplicity. De-
spite these challenges, recent advancements and ongoing experiments are striving to
fill these gaps, focusing on aspects such as prompt-neutron spectra, fission-fragment
yield cross-sections, and data on prompt-neutron and gamma emissions, which are
essential for the design and operation of modern reactors [4].

1.1.2 Theoretical analysis

The theoretical modeling of fission observables remains one of the most formidable
challenges in nuclear physics, as reflected in the literature [4]. Recent advancements
in fully microscopic nuclear fission models, such as the time-dependent Hartree-
Fock-Bogoliubov [15] and the time-dependent generator-coordinate method [16, 17,
18], can be pretty useful. However, these models are still evolving and not yet fully
used for accurate quantitative applications. Alongside these, phenomenological and
semimicroscopic fission models have demonstrated competence in describing ex-
isting data in certain regions. Nonetheless, their predictive power diminishes as
fission modes evolve,emphasizing a significant limitation in current methodologies
[19]. The complexity of fission observables arises predominantly from the intricate
multidimensional potential energy surfaces, necessitating sophisticated modeling
approaches.

Additionally, the fission process in compound nuclei presents the fading of quan-
tum effects with increased excitation energies [3, 20], further complicating the theo-
retical landscape. Addressing the energy dependence of fission product yields (FPY)
[20, 15] and post-neutron FPY (independent FPY) [21] adds another layer of com-
plexity. Consequently, there is an increasing focus on the uncertainty quantification
of nuclear models, highlighting a critical aspect of contemporary nuclear physics
research [22]. Despite the strides made with these advanced models, they face chal-
lenges in precisely replicating observed data. Currently, expanding these models is a
formidable task, often constrained by the need for substantial computing resources
or the development of more efficient algorithms. This scenario underscores the on-
going challenges and the need for continued innovation in the field of nuclear fission
modeling.

1.1.3 Machine Learning in Nuclear Physics

Statistics, data science, and ML build important fields of research in modern science.
They play an important role in learning how to make predictions from data, and
extract key information about physical processes and the underlying scientific laws
based on large datasets. Machine learning, a subset of artificial intelligence, is now
an extremely useful tool in nuclear physics, mainly due to its exceptional capability
in handling large datasets and complex patterns [23]. In a field overwhelmed with
large amount of data, ML algorithm’s accuracy at identifying underlying relation-
ships is pretty high and subtle differences that traditional analytical methods might
miss. For instance, in experiments where the data output is massive and potentially
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1.1. Background Information 3

overwhelming, machine learning can efficiently filter through and analyze this infor-
mation, extracting meaningful insights. This capability is particularly beneficial in
areas like detector design, where ML can optimize sensitivity and specificity, and in
the analysis where distinguishing signal from noise is crucial. This predictive power
is not just limited to experimental data but also extends to theoretical models, where
ML can anticipate the behavior of complex nuclear systems under various scenarios,
significantly contributing to the field’s advancement.

ML’s also enhances computational methods in nuclear physics. Complex nu-
clear simulations, which are important for understanding phenomena like nuclear
fission, can be incredibly computationally costly. ML algorithms can help optimize
these simulations, making them more efficient and less demanding on computa-
tional resources. By learning from previous simulation outputs, ML models can
predict results under new conditions with a reduced need for time consuming com-
putation. This efficiency is crucial in broadening the nuclear research, especially
in areas where computational limitations are a bottleneck [24]. In nuclear physics,
accurately knowing the uncertainty in both experimental and theoretical models is
necessary for the reliability of the results. ML algorithms can analyze patterns in
data to identify sources of uncertainty and quantify their impact, thereby enhancing
the credibility and precision of nuclear physics research.

There are two main categories of ML models, the supervised and unsupervised
learning. Supervised learning, involves training a model on a labeled dataset, where
the desired output, known as label for each input is known. This approach is similar
to learning with a guidance, where the algorithm iteratively adjusts its parameters
to minimize the difference between its predictions and the actual labels. The main
benefit of supervised learning is its ability to produce highly accurate models, given
sufficient and well-labeled training data. On the other hand, unsupervised learning
deals with unlabeled data, aiming to uncover hidden patterns or structures within.
It’s like exploration without a specific target, where the algorithm tries to learn the
data’s properties on its own [25]. While it succeeds in discovering underlying struc-
tures and anomalies in data, unsupervised learning typically requires more data to
achieve meaningful insights and often involves more complex algorithms compared
to supervised learning.

Another categorization of ML is the tasks that can be used to manipulate the
dataset and acquire a specific result. The two categories that are being used are
the classification and regression. Classification, is a fundamental task in supervised
learning that involves categorizing data into predefined classes or groups based on
its features. This method is particularly effective in applications where the objective
is to assign discrete labels to data instances. The success of classification models,
like decision trees, support vector machines, or neural networks, is based on their
ability to accurately generalize from the training data to unseen instances. On the
contrary, regression focuses on predicting a continuous outcome variable based on
one or more predictor variables. It is widely used for predicting numerical values.
Regression models, ranging from simple linear regression to more complex methods
like random forests or gradient boosting, seek to establish a relationship between the
independent variables and the dependent variables, often represented by a line or
curve in multidimensional space [26]. Both classification and regression are power-
ful tools in the ML toolkit, each suited to different types of problems depending on
whether the output variable is categorical or continuous.
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4 Chapter 1. Introduction

1.2 Goals

In the domain of machine learning applied to nuclear fission, the primary objective
is to predict fission yields without relying exclusively on experimental data. Instead,
a network is constructed using patterns from Nuclear Data Libraries, necessitating a
probabilistic approach for uncertainty calculation and handling numerous parame-
ters. Noteworthy networks for such applications include Bayesian Neural Networks
(BNN) [27] and Mixture Density Networks (MDN) [24].

However, the challenge lies in the demand for a substantial data amount by these
networks to capture correlations and provide accurate predictions. Given the limited
dataset, an alternative approach is considered—constructing models that generate
samples from the datasets. This strategy, avoiding the complexity of deep learn-
ing models, aims to evaluate and compare models based on their ability to capture
yield distributions [28]. Addressing this challenge, the main objective of this the-
sis emerges: to initiate research into predicting FPY using a targeted approach in
data analysis, particularly leveraging the Japanese Evaluated Nuclear Data Library
(JENDL).

This attempt begins with the generation of sample datasets from JENDL by em-
ploying two widely recognized Gaussian networks: the Gaussian Mixture Model
(GMM) and the GPR. The use of GMM for sampling in the context of FPY prediction
was previously explored by Lovell et al. [29], who utilized Mixture Density Net-
works (MDN) to discern Gaussian function parameters pertinent to FPY prediction.
Building upon the accuracy insights from GMM sampling demonstrated by Lovell
et al., this research attempts to sample both charge and mass yield datasets from
JENDL [30]. For charge yields, the focus is on sampling specific nuclei, including
244Cm at 0.5 MeV, 255Fm at thermal neutron energies, 256Fm, 239Pu at 14 MeV, 233U at
14 MeV, and 235U at 14 MeV. The mass yields being sampled encompass nuclei such
as 252Cf, 246Cm, 246Cm at 0.5 MeV, 232Th at 0.5 MeV, 235U at 0.5 MeV, and 238U.

The chosen dataset includes mass and charge yields of induced and spontaneous
fission events. In the case of induced fission we selected thermal energies of neu-
trons, neutron energies 0.5 MeV and 14 MeV from JENDL. This approach not only
seeks to validate and extend the findings of previous research but also aspires to
offer new insights into the predictive capabilities of machine learning models in the
domain of nuclear data analysis.

Training the GMM and extracting samplings is generally considered more straight-
forward compared to the GPR. This relative ease with the GMM primarily stems
from its simpler hyperparameter tuning process, where the primary variable is the
number of Gaussian components used in the model. The components is the main hy-
perparameter that takes place in the classification task, as they define the complexity
and flexibility of the model in capturing the underlying patterns in the dataset. By
adjusting the number of Gaussians, the GMM can be fine tuned fast and with accu-
racy, making it an effective tool for classification tasks in nuclear data analysis.

On the other hand, GPR, even though they both work with gaussian distribu-
tions, they differ a lot in structure but mainly in complexity. Its capability to calcu-
late uncertainties within the dataset makes it particularly suitable for more nuanced
analytical tasks, such as predicting single fission yields. GPR has has the ability to
model the underlying function that appears in the dataset, providing useful predic-
tions and confidence intervals. This feature is extremely valuable in nuclear physics,
where understanding the uncertainty and reliability of experimental data is as cru-
cial as the data itself. Taking advantage of GPR to single fission yields, it allows
for a more sophisticated evaluation of experimental data, enabling the creation of
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1.2. Goals 5

highly accurate and reliable samplings. The intricacy of GPR’s hyperparameter tun-
ing, which includes parameters like length scales and variance, requires a deeper
understanding of the data and the model, but it offers a more detailed and insight-
ful analysis, particularly valuable in the field of nuclear data analysis.

In the present thesis, two models from the Scikit-learn Python library, the GMM
and GPR, are employed to analyze nuclear data. Each model has its specific strengths
and applications in the context of extracting samples from the dataset. The GPR is
excellent at solving regression problems and in predicting uncertainties, a feature
that is crucial in the field of nuclear data. This capability of GPR makes it pretty use-
ful tool in the analysis of fission yields, allowing for a more demanding and reliable
understanding of the data.

The GMM, even if we take into consideration it’s effectiveness of segmenting the
dataset into distinct Gaussian distributions, it lacks the inherent ability to predict un-
certainties associated with these distributions. Despite this, the GMM is important in
exploring and handling the correlations present within the nuclear data, providing
a clear understanding of the underlying distribution patterns. This differentiation
in capabilities between GMM and GPR is the motivation of this work. By testing
the strengths of both models, the thesis aims to investigate the correlations through-
out the entire dataset of fission yields in Nuclear Data Libraries, using GPR for its
predictive accuracy in uncertainties and GMM for its ability in data clustering and
pattern recognition.
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Chapter 2

Models

2.1 Gaussian Mixture Model

2.1.1 Definition and surface analysis

The Gaussian Mixture Model is a clustering method based on unsupervised learn-
ing, which means that the dataset is unlabeled, and the algorithm tries to learn the
patterns and relationships in the data without any explicit guidance. Unsupervised
learning in general is the training of the model, using information that is neither
classified nor labeled and allow the algorithm to act on that information without
guidance in Chapter 1.

Clustering is a data analysis technique that involves grouping similar data points
together to uncover patterns within a dataset. Various clustering methods exist, each
with its own approach to partitioning the data into distinct clusters based on simi-
larities or distances between data points. These methods include K-means, hierar-
chical clustering, and density-based clustering algorithms. The choice of clustering
method depends on factors such as data distribution, interpretability of clusters,
and computational efficiency. For the type of distribution of our dataset, the GMM
is superior to the K-means. Due to the non-linear distribution and the scarceness of
datapoints in our dataset, this probabilistic model is a better fitted approach than
the K-means. The GMM is thoroughly described in Ref. [31, 32, 33]. Its main goal
is to cluster data points by applying gaussian distributions, returning the gaussian
parameters, mean µ and standard deviation σ.

To illustrate GMM, we start with a simple example of a clustering problem. In
figure 2.1 the dataset can be clearly distinguished into two clusters.
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FIGURE 2.1: An example of clustered dataset

FIGURE 2.2: Dividing Clusters

The parameters µ1 and µ2, in Fig. 2.2 represent the central locations of clusters.
In GMM, the function is composed of multiple Gaussian distributions, each denoted
by K, which corresponds to the number of clusters. Within each Gaussian, there are
three key elements: a mean that locates the center, a covariance matrix determining
the cluster’s spread, and a mixing probability that specifies the relative size of the
Gaussian distribution. For a dataset comprising two clusters, each cluster is modeled
as a separate Gaussian function [34].
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FIGURE 2.3: 2 Gaussian functions

The mixing probability is defined by the equation:

K

∑
k=1

πk = 1 (2.1)

The multivariate normal distribution, commonly referred to as the Gaussian Den-
sity Function, is characterized by a specific mathematical expression:

N (x|µ, Σ) =
1

(2π)D/2|Σ|1/2 exp(−1
2
(x − µ)TΣ−1(x − µ)) (2.2)

In the general form of the multivariate normal distribution, the variable x signifies
the data points being considered. D represents the dimensionality of each data point.
The terms µ and Σ correspond to the mean vector and the covariance matrix, respec-
tively, of the distribution. For a dataset comprising N = 1000 two-dimensional
points (D = 2), where each data point is denoted by the vector x, the dimensions of
the relevant parameters are as follows:

• x: A matrix with dimensions 1000 × 2, where each row corresponds to a data
point and each column corresponds to a dimension.

• µ: A vector with dimensions 1 × 2, representing the mean of the data points
across the two dimensions.

• Σ: A matrix with dimensions 2 × 2, representing the covariance matrix of the
data points.

For analytical purposes, it can be beneficial to consider the logarithmic form of
the multivariate normal distribution. The logarithm of this distribution is expressed
as follows:

log P(x) = −D
2

log(2π)− 1
2

log |Σ| − 1
2
(x − µ)TΣ−1(x − µ) (2.3)

By taking the derivatives of the logarithmic form of the multivariate normal dis-
tribution with respect to both the mean and covariance, and setting these derivatives
to zero, we can determine the optimal values for these parameters. These solutions
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2.1. Gaussian Mixture Model 9

represent the Maximum Likelihood Estimates (MLE) for the mean and covariance in
this scenario. However, the complexity increases when dealing with multiple Gaus-
sian distributions as opposed to just one. In order to find the parameters for the
entire mixture, additional considerations are required. These will be explored in the
following section.

2.1.2 Mathematical analysis

Let z be the set of all possible latent variables z. Hence:

z = {z1, ..., zK} (2.4)

If we deduce the likelihood of our observed data being derived from the Gaussian
k, we arrive at a conclusion that mirrors the Gaussian function itself.

p(xn|z) =
K

∏
k=1

N (xn|µk, Σk)
zk (2.5)

The recently deduced equations, in conjunction with Bayes’ theorem, provide a
method to determine this probability. By applying the rule of product in probability
theory, we arrive at the following expression:

p(xn|z) = p(xn|z)p(z) (2.6)

The subsequent stage involves eliminating the variable z from eq. (2.6). This is
achieved through the application of the marginalization process, which essentially
entails summing over the terms related to the variable z:"

p(xn) =
K

∑
k=1

p(xn|z)p(z) =
K

∑
k=1

πkN (xn|µk, Σk) (2.7)

The equation in question delineates a Gaussian Mixture, clearly dependent on all the
parameters discussed earlier. To pinpoint the most suitable values for these param-
eters, it’s imperative to determine the model’s maximum likelihood. This likelihood
is calculable as the joint probability of all observations xn, characterized by the fol-
lowing definition:

p(X) =
N

∑
n=1

p(xn) =
N

∏
n=1

K

∑
k=1

πkN (xn|µk, Σk) (2.8)

If we apply the log in the equation, hence:

ln p(X) =
N

∑
n=1

ln
K

∑
k=1

πkN (xn|µk, Σk) (2.9)

To estimate the parameters, we must resort to an iterative approach. However, be-
fore we advance, remember our initial objective was to ascertain the probability of
z given x. With all the requisite components now at our disposal, we are equipped
to articulate the form of this probability. Therefore, employing Bayes’ theorem, we

Institutional Repository - Library & Information Centre - University of Thessaly
04/09/2026 13:52:50 EEST - 216.73.216.250



10 Chapter 2. Models

proceed as follows:

p(zk = 1|xn) =
p(xn|zk = 1)p(zk = 1)

∑K
j=1 p(xn|zj = 1)p(zj = 1)

(2.10)

with p(zk = 1) = πk and p(xn|zk = 1) = N(xn|µk, Σk):

p(zk = 1|xn) =
πkN(xn|µk, Σk)

∑K
j=1 πjN (xn|µj, Σj)

(2.11)

We have now derived formulas for probabilities that are critical in calculating the
parameters of our model. As noted earlier, directly computing (2.9) to obtain these
parameters is a complex task. To tackle this challenge utilize an iterative solution,
the Expectation-Maximization (EM) algorithm. This algorithm is frequently used in
optimization scenarios involving intricate objective functions, which is analogous to
the situation we face with GMM. The parameters defining the Gaussian distribution
include:

θ = {π, µ, Σ}

We can begin with our results from the K-means that ran on the dataset, see Fig. 2.2,
and then initialize the θ parameters. Then we evaluate the results:

Q(θ∗, θ) = E[ln p(X, Z|θ∗] = ∑
Z

p(Z|X, θ) ln p(X, Z|θ∗) (2.12)

If we assume that (2.11)=γ(znk), for evaluation, we must caclulate the γ(znk) with
the old parameters, so if we replace the (2.11) to (2.12), we will have:

Q(θ∗, θ) = ∑
Z

γ(znk) ln p(X, Z|θ∗) (2.13)

The only missing part from the equation is the p(X, Z|θ∗). This part represents the
complete likelihood of the model, encompassing both X and Z. This can be deter-
mined by utilizing the following expression:

p(X, Z|θ∗) =
N

∏
n=1

K

∏
k=1

πznk N(xn|µk, Σk)
znk (2.14)

The equation that occurred is the joint probability of all observations and variables,
with the log expression of this equation to be:

ln p(X, Z|θ∗) =
N

∑
n=1

K

∑
k=1

znk[ln πk + ln N(xn|µk, Σk)] (2.15)

All these efforts were made to simplify the estimation of the parameters. By maxi-
mizing the function Q with respect to θ, one can compute the parameters. It’s also
important to recognize that the latent variable z will consistently equal 1 during each
summation evaluation. With this insight, we can conveniently disregard it as needed
in our calculations. If we now merge (2.15) to (2.13), we get:

Q(θ∗, θ) =
N

∑
n=1

K

∑
k=1

γ(znk)[ln πk + ln N(xn|µk, Σk)] (2.16)
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2.1. Gaussian Mixture Model 11

Nonetheless, Q must consider the constraint that the sum of all π values should
equal one. To accommodate this requirement, we will introduce an appropriate La-
grange multiplier.

Q(θ∗, θ) =
N

∑
n=1

K

∑
k=1

γ(znk)[ln πk + ln N(xn|µk, Σk)]− λ(
K

∑
k=1

πk − 1) (2.17)

Now, we can readily ascertain the parameters using maximum likelihood. Let’s pro-
ceed by taking the derivative of Q with respect to π and equating it to zero:

∂Q(θ∗, θ)

∂πk
=

N

∑
n=1

γ(znk)

πk
− λ = 0 (2.18)

By solving for λ and applying summation for k we get:

N

∑
n=1

γ(znk) = πkλ ⇒
K

∑
k=1

N

∑
n=1

γ(znk) =
K

∑
k=1

πkλ (2.19)

From this point and on, to find the parameters of θ, we can solve for π from the
(2.19), or differentiate Q with respect to µ or Σ.



πk =
∑N

n=1 γ(znk)

N

µ∗
k =

∑N
n=1 γ(znk)xn

∑N
n=1 γ(znk)

Σ∗
k =

∑N
n=1 γ(znk)(xn − µk)(xn − µk)

T

∑N
n=1 γ(znk)


2.1.3 Model Selection

In GMM, model selection is a critical step to determine the optimal number of com-
ponents (Gaussians) that best represent the data. This selection is not straightfor-
ward, as a balance between model complexity and fit is crucial. Overly complex
models may overfit, while overly simple ones may underfit. Techniques like the
Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) are in-
strumental in this context. They provide quantifiable measures to compare different
models, guiding the selection of a model that appropriately captures the underlying
data structure without unnecessary complexity. Model selection in GMM plays a
critical role in data analysis as discussed in Refs. [35, 36].

AIC evaluates a model based on the information loss. It combines the model’s
accuracy with a penalty for increased complexity (number of parameters). A lower
AIC value suggests a better model. AIC is given by the formula:

AIC = 2k − 2 ln L̂ (2.20)

where k is the number of parameters in the model and L̂ is the maximized value
of the likelihood function for the model. The term 2k penalizes complexity, while
−2 ln L̂ represents model fit.

BIC is similar to AIC but applies a larger penalty for complexity, especially in
models with larger datasets. Like AIC, a lower BIC value indicates a preferable
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12 Chapter 2. Models

model.The Bayesian Information Criterion is computed as:

BIC = ln (n)k − 2 ln L̂ (2.21)

Here, n is the number of data points, k is the number of parameters, and L̂ is the
maximized likelihood. The term ln (n)k introduces a harsher penalty for models
with more parameters, especially as the dataset size increases.

The optimal number of components used in the gaussian mixture can be eas-
ily achieved by using a brute-force technique, which is using a random number of
gaussians to check whether the L̂ is maximized. In Fig. 2.4, the optimal number
of gaussians is identified by the elbow that appears at the minimum point of the
Information Criterion (number of components equals 9).

FIGURE 2.4: AIC and BIC example on number of components for
252Cf.
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2.2 Gaussian Process Regression

2.2.1 Definition

Gaussian Process Regression, [37, 38, 39] is a sophisticated probabilistic algorithm
within the ML landscape, categorized under supervised learning. This approach is
non-parametric and leverages kernel-based methods, aimed at regression tasks to
predict continuous outcomes.

Unlike unsupervised learning, as used in GMM, GPR employs supervised learn-
ing. Through supervised learning, GPR models are trained to recognize and asso-
ciate various patterns in the input data with their respective outputs, thereby gaining
a refined understanding of the relationships within the data.

2.2.2 Kernel Methods

A key feature of GPR is its use of kernel methods, a crucial component in its model
architecture. Kernel methods are a group of algorithms that are being used for pat-
tern analysis, with the ability of mapping input data into a higher-dimensional fea-
ture space. This maps the model to perform linear regression in a more complex
space [30].

The kernel is a function that calculates the similarity between pairs of data points
in the input space, transforming the data into a higher-dimensional space without
the need for external computation of these new coordinates. This technique allows
the model to handle easily non-linear relationships, improving its capacity to deal
with various complex regression tasks.

In conclusion, GPR combines supervised learning with the functionality of ker-
nel methods. Its potential is providing uncertainty measures for predictions, crucial
in decision-making processes where the confidence level of predictions is as impor-
tant as the predictions themselves [30].

2.2.3 Mathematical analysis

The objective of GPR is to perform regression on a set of data points by establishing
a distribution across a potentially infinite array of functions. This approach allows
GPR to fit the given data points effectively. To start with, we adopt a Gaussian
distribution with a mean µ and a variance σ2, with the equation of the gaussian to
be:

P(x) =
1√
2πσ

exp (− (x − µ)2

2σ2 ) (2.22)

With this equation, we can give it random data points in order to capture the gaus-
sian distribution in a Probability Density Function.
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FIGURE 2.5: Data points fitted into Probability Density Function

We can label the data points from Figure 2.5 as x1 = [x1
1, x2

2, ..., xn
1 ] for future

reference. The variables input network variables the network are often interrelated.
To capture these correlations and model them using a Gaussian model, we employ
a multivariate Gaussian/Normal distribution model, which is defined as:

N (x|µ, Σ) =
1

(2π)D/2|Σ|1/2 exp [−1
2
(x − µ)TΣ−1(x − µ)] (2.23)

Here D represents the number of dimensions, µ denotes the mean, and Σ stands for
the covariance matrix. The covariance matrix is a symmetric matrix that stores the
pairwise covariance between all the random variables being jointly modeled.

We use a bivariate normal (BVN) distribution as a simplified example to under-
stand the theory of multivariate normal (MVN) distributions. A BVN distribution
can be visualized as a three-dimensional (3D) bell curve, where the heights repre-
sent the probability density. The projections of this 3D bell curve onto the x1 and
x2 plane are displayed as elliptical contours. The shapes of these ellipses depict the
correlations between x1 and x2 points, illustrating how one variable in x1 is related
to another variable in x2.
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FIGURE 2.6: PDF and bi-variate normal distribution (BVN).

The P(x1, x2) is the joint probability of x1 and x2. For a BVN, the mean vector µ

is a two-dimensional vector represented as
[

µ1
µ2

]
, where µ1 and µ2 are the separate

means for x1 and x2, respectively. The covariance matrix is denoted as
[

σ11 σ12
σ21 σ22

]
,

with the diagonal elements σ11 and σ22 representing the individual variances for
x1 and x2, respectively. The off-diagonal terms σ12 and σ21 represent correlations
between x1 and x2 and equals to the distribution N (µ, Σ).

It is understandable that we need conditional probability rather than the joint
probability for regression tasks. If we cut a slice on the 3D bell curve, we get the
conditional probability distribution P(x1|x2). Notably, the conditional distribution
also follows a Gaussian distribution.

2.2.4 Kernel Analysis

At the heart of GPR are kernel functions, which define the covariance between pairs
of random variables in the Gaussian process. The choice of kernel significantly im-
pacts the model’s performance and its ability to generalize from training data to un-
seen data. Kernels encode assumptions about the function that the model is trying to
learn, and different kernels can capture different types of patterns and relationships
in the data. The selection of kernels in this analysis is quite deliberate, as each of the
kernels employed plays a pivotal role in predicting the bimodal distribution of fis-
sion yields. Our exploration of these kernels begins with the simplest one, known as
the constant kernel. As its name implies, this kernel assumes a constant covariance
across the input space. While it may not seem useful on its own, it can be valuable
when combined with other kernels to model functions with varying means. The
equation of the kernel is as simple as its name:

k(x, x
′
) = σ2 (2.24)

Where sigma2 is the constant variance.
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Moving on to the next kernel, one of the most important ones in this analysis,
is the radial basis function (RBF) kernel, also known for its bell-shaped curve, of-
ten referred to as the squared exponential kernel. Its use can be characteristic to its
smoothness and infinite differentiability. The assumption of this kernel is that points
in proximity within the input space appear higher levels of correlation. This prop-
erty makes it an excellent choice for modeling functions characterized by smooth-
ness and continuity.

Analyzing further, the RBF kernel is very good in capturing gradual transitions
and variations in data, making it appropriate for tasks where the relationships are
expected to be smooth and continuous. Its ability to represent complex patterns in
the dataset is the reason behind its popularity in ML applications. In summary, the
RBF kernel’s combination of smoothness, infinite differentiability, and the assump-
tion of higher correlation among nearby points make it a valuable tool for modeling
various phenomena, especially when dealing with data exhibiting gradual varia-
tions and continuity. Hence, it’s equation is:

k(x, x
′
) = exp−||x − x

′ ||
2l2 (2.25)

Here l is the length-scale parameter.
The rational quadratic kernel, as an extension of the RBF kernel, offers an alter-

native approach to modeling data patterns. It can be seen as a blend of RBF kernels
with distinct characteristic length-scales, allowing the model to adapt to datasets
that exhibit scales of variation. This adaptability enables the model to effectively
capture both local fluctuations and broader global within the data. By incorporating
multiple kernels with different length-scales, the kernel enhances its capacity to han-
dle patterns of variation, making it well-suited for addressing data challenges where
complexities in data dynamics are the norm. The equation of the kernel resembles a
bit the RBF kernel:

k(x, x
′
) =

(
1 +

||x − x
′ ||2

2αl2

)−α

(2.26)

where α controls the scale mixture and l is the length-scale.
Last but not least, the ExpSineSquared kernel stands out due to its ability to

model periodic functions, making it a valuable tool for handling data with complex
patterns. Its capability becomes advantageous when dealing with datasets that dis-
play consistent and periodic behavior. By accurately capturing the data distriution,
this kernel is crucial for understanding the patterns, which can be a chalenging task
for alternative kernel functions.

Analyzing further, the ExpSineSquared kernel operates by incorporating a si-
nusoidal component, which aligns with the fundamental characteristics of periodic
phenomena often observed in various domains. Its ability to adapt to and represent
these periodic variations enhances its applicability in fields such as signal process-
ing and time series analysis. In essence, this kernel offers a customized solution for
tasks where the underlying data exhibits regular cyclic behavior, providing a pow-
erful tool for capturing the correlations of periodic patterns. For the equation, as the
name gives up its form is:

k(x, x
′
) = exp

(
−2 sin2 (π|x − x

′ |/p)
l2

)
(2.27)
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where l is the length-scale and p is the periodicity.
Analyzing these kernels both mathematically and visually through figures can

provide deeper understanding into their behavior for different types of datasets.
Graphical representations can be particularly illuminating, showing how each ker-
nel responds to variations in the data. So by plotting the shapes of these kernels, we
can show the dependence of each kernel.

FIGURE 2.7: Different Kernel forms.

By integrating these kernels and fine-tuning their associated hyperparameters,
it becomes possible to achieve highly accurate predictions, even in scenarios where
datasets are limited in size, and the underlying distribution equation remains undis-
closed. With this in mind, we conducted a test using the mass yields of the fissioning
nucleus 252Cf, and the outcome was as follows:
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FIGURE 2.8: Combination of all kernels on the Spontaneous Fission
of 252Cf.
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Chapter 3

Results

In this section, we detail the key findings of our study, which primarily centers on the
innovative use of GMM and GPR within the field of nuclear physics, with a particu-
lar focus on predicting fission yields. Utilizing GMM, we generated 10000 samples
from the experimental data, preparing them for integration into more complex prob-
abilistic models like BNNs and MDNs. Subsequently, we employed GPR to model
the multi-modal distributions of the data and to quantify their uncertainties. Fol-
lowing the predictions, we extracted samples from the trained network, mirroring
the approach taken with GMM. The efficacy of these sampling methods, both from
GMM and the trained network, was then evaluated against the experimental data to
ascertain which model more accurately captured the dataset’s distribution.

3.1 Gaussian Mixture Model

Beginning our analysis, we focused on the functionality of GMM. With this aim, we
utilized the AIC and the BIC to ascertain the most appropriate number of Gaussian
components for accurately representing the distribution. Fig. 3.1 shows the opti-
mal number of components, number of Gaussians, for the AIC and BIC for the mass
yields of each fissioning nucleus, offering a visual understanding of the model se-
lection criteria.

FIGURE 3.1: AIC and BIC values in respect of the number of Gaus-
sians for each element used in mass yields dataset

The results presented in Fig. 3.1 indicate that, in most instances, the optimal
number of Gaussian components for our analysis lies between 7-9, where the figure
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appears to have an elbow. This observation is derived from evaluating both the AIC
and BIC values across different cases. Notably, in some cases, the model demon-
strated enhanced performance in capturing the distribution when guided by these
AIC and BIC metrics. Here the best results were obtained for 244Cm and 238U.

The same process is repetead for the fission charge yields.

FIGURE 3.2: AIC and BIC values in respect of the number of Gaus-
sians for each element used in charge yields dataset.

The results shown in Fig. 3.2, mirror those of mass yields and reveal intrigu-
ing insights, especially in the context of the JENDL library’s data on charge yields,
which contains half the number of data points than the mass yields. Despite this
reduced dataset, GMM demonstrated superior effectiveness in capturing the distri-
bution compared to the mass yields. The optimal number of Gaussian components,
as discerned from Fig. 3.2, falls within the range of 8 to 10, as it can be seen by the
elbow that appears at the end of the figure.

The efficacy of GMM in dealing with distributions of charge yields, such as in the
case of 255Fm, which follow a binomial Gaussian distribution, can be attributed to
its clustering approach. This method typically produces favorable outcomes, partic-
ularly when the data displays smoothness and comprises a smaller number of data
points. The relatively simple structure of the data in such cases enables GMM to
accurately capture the distribution.

Overall, the utility of GMM extends beyond traditional applications and is in-
creasingly recognized in the realm of computationally demanding Neural Networks.
Its efficiency in identifying the optimal method for data sampling, while incurring
a low computational cost, makes GMM a valuable tool in advanced machine learn-
ing processes. This synergy between GMM and Neural Networks underscores the
evolving landscape of computational methods in data analysis and model optimiza-
tion.
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3.2 Gaussian Process Regression

The second method, Gaussian Process Regression, is employed not only for sam-
pling purposes but also for predicting fission yields. GPR’s adaptability, especially
due to kernel optimization, allows it to address complex regression tasks effectively,
which also enables subsequent sampling of the results. This adaptability is crucial
in handling the complexities inherent in nuclear physics data.

However, GPR limitations, particularly its modeling approach, while effective in
certain scenarios, may not be ideal for integrating a wide range of parameters, such
as excitation energy and mass yields of each fragment. This limitation stems from
GPR’s inherent modeling strategy, which might not be as effective in capturing more
intricate relationships that are crucial in this field.

Despite GPR’s superiority in offering high-quality predictions of yields, there
are instances where its application alone might not suffice. In such cases, a more
advanced approach, like probabilistic neural networks, becomes essential. These
networks are capable of learning from a diverse set of inputs, thus providing a more
comprehensive model. They can uncover complex interdependencies within the in-
put variables, offering a richer understanding and more accurate predictions.

To summarize, while GPR is a powerful tool for predicting fission yields, es-
pecially due to its flexibility in managing regression challenges, it may not always
capture the entire spectrum of complex relationships in the data.

3.2.1 Mass Yields

The prediction of local corellations of mass yields is a critical aspect in the field of
nuclear physics, especially when it comes to understanding fission processes and
quality of the data. By using GPR, one can make accurate predictions about the
distribution of yields in nuclear fission events. This is particularly important for
experiments where direct measurements are challenging or impossible. GPR, with
its ability to model complex, non-linear relationships in data, allows for the estima-
tion of yields based on known properties and measurements. Additionally, GPR
provides a quantification of the inherent uncertainty present in the data, thereby
enhancing our understanding of potential errors.

We used the mass yields from JENDL for cases of 6 nuclei undergoing both spon-
taneous and induced fission at different neutron energies. For induced fission, the
nuclei analyzed are Curium-246 (246Cm) at a neutron energy of 0.5 MeV, Thorium-
232 (232Th) also at 0.5 MeV neutron energy, and Uranium-235 (235U) exposed to ther-
mal neutron energy. On the other hand, the nuclei selected for studying spontaneous
fission include Californium-252 (252Cf), 246Cm, and Uranium-238 (238U).

The cases we first studied was the spontaneous fission of 252Cf and the induced
fission of 232Th at 0.5 MeV. The results of the GPR are seen in Figs. 3.3, 3.4.
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FIGURE 3.3: The mass yield prediction of GPR for Spontaneous fis-
sion of 252Cf

FIGURE 3.4: The mass yield prediction of GPR for Induced fission of
232Th

The fig. 3.3 of nucleus 252Cf exhibits a more refined and smoother prediction
with a superior confidence interval compared to the induced fission cases. This dis-
tinction can be attributed to the smoother data distribution characteristic of 252Cf.
Unlike 232Th, the data for 252Cf aligns more closely with a Gaussian distribution,
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allowing for easier identification and modeling without the need for highly sophis-
ticated regression tools.

We focus on the same element with differing mass numbers, as seen in the case
of Uranium. Here, we compare 235U, which is subject to induced fission, with 238U,
known for undergoing spontaneous fission. This comparison is crucial in under-
standing how a change in mass number, even within the same element, can have a
significant impact on the nature of fission and the resulting mass . It sheds light on
the distinct nuclear reactions and fission processes that are influenced by isotopic
variations, enhancing our yields comprehension of the intricate aspects of nuclear
physics.

FIGURE 3.5: The mass yield prediction of GPR for Induced fission of
235U
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FIGURE 3.6: The mass yield prediction of GPR for Spontaneous fis-
sion of 238U

Figs. 3.5, 3.6 show that spontaneous fission exhibits a larger deviation in its
function. Although the prediction accuracy was commendable, the confidence inter-
val had to be expanded significantly to accommodate all the data points that were
not precisely captured by the prediction. This larger confidence interval indicates a
greater uncertainty in the model’s predictions for spontaneous fission, reflecting the
inherent complexity of the data associated with this type of nuclear reaction.

The inclusion of 246Cm in both its induced and spontaneous fission forms is an
important task in order to compare the different fission processes. This particular
set holds significant importance in evaluating differences in distribution accuracy
and confidence intervals between the two fission types for an isotope sharing the
same mass number. Through the analysis of 246Cm under both scenarios, valuable
insights are earned into the varying behavior of the same element under distinct
fission processes. This comparative assessment is critical in clarifying the correla-
tions of nuclear reactions and can offer crucial insights into the differences that the
induced and spontaneous fission has.
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FIGURE 3.7: The mass yield prediction of GPR for Induced fission of
246Cm

FIGURE 3.8: The mass yield prediction of GPR for Spontaneous fis-
sion of 246Cm

The results of 246Cm, under both induced and spontaneous fission conditions,
show that the predictions were nearly flawless in both scenarios, yet they differ in
terms of uncertainty. In the case of induced fission, the prediction reached an optimal
level, characterized by an exceptionally narrow confidence interval. This made it
the most accurate prediction of mass yields achieved in this study. Conversely, for
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spontaneous fission, while the prediction effectively captured the data distribution
with minimal errors, the confidence interval was significantly larger compared to
the induced scenario. This indicates a greater level of uncertainty in the predictions
for spontaneous fission, despite its overall good performance.

3.2.2 Charge Yields

In addition to the mass yields, the study of charge yield present another main aspect
of understanding nuclear fission. Charge yield predictions estimate the distribution
of the atomic number of fission fragments resulting from nuclear reactions. This
is particularly important in nuclear physics as it provides insights into the charge
distribution post-fission. The accuracy of these distributions is essential for various
applications, such as the development of nuclear reactors and the management of
nuclear waste. By employing advanced predictive models, we can gain a shperical
view of the nuclear fission process, including not only the mass but also the charge
characteristics of the fission products.

The nuclei that are being used for analyzing the charge yields undergo both
spontaneous and induced fission. For induced fission, the cases analyzed are Curium-
244 (244Cm) at a neutron energy of 0.5 MeV, Fermium-255 (255Fm) at thermal neu-
tron energy, Uranium-233 (233U) at 14 MeV neutron energy, 235Uat 14 MeV neu-
tron energy, Plutonium-239 (239Pu) also at 14 MeV neutron energy and Fermium-256
(256Fm) for the spontaneous fission.

At the beginning of our analysis, we adapted the GPR algorithm to better align
with the predictions of charge yields. The initial fissioning nuclei examined are
244Cm undergoing induced fission at a neutron energy of 0.5 MeV, and 239Pu with
neutron energy at 14 MeV. The findings are shown in Figs. 3.9, 3.10.

FIGURE 3.9: The charge yield prediction of GPR for Induced fission
of 244Cm
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FIGURE 3.10: The charge yield prediction of GPR for Spontaneous
fission of 239Pu

The results indicate that we do not obtain the same level of accuracy for charge
yields as we did for the mass yields. This discrepancy is primarily attributed to
the size of the datasets; the charge yield datasets are approximately half the size of
those for mass yields. Even with a method as robust as GPR, accurately predicting
charge yields and calculating uncertainties becomes challenging when working with
smaller datasets. The limited data size poses significant constraints on the model’s
ability to learn and make precise predictions, reflected to the relative underperfor-
mance in charge yield predictions compared to mass yields. Even if the regression of
244Cm wasn’t good enough we can observe the gaussian distributions fitted between
the data points, the 239Pu did a better job even though the confidence interval had
the same output as in 244Cm.

Figs. 3.11, 3.12 include the induced fission of 255Fm with thermal neutrons, and
the spontaneous fission of 256Fm. The analysis compares the fission behavior of Fer-
mium isotopes under different conditions, with one exposed to thermal neutrons for
induced fission, and the other undergoing spontaneous fission.
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FIGURE 3.11: The charge yield prediction of GPR for Induced fission
of 255Fm.

FIGURE 3.12: The charge yield prediction of GPR for Spontaneous
fission of 256Fm.

The results show that the different fission types of Fm isotopes in both induced
and spontaneous fission scenarios were remarkably similar, showing quite accurate
predictions despite the limited size of the dataset for charge yields. The most no-
table distinction between Figs. 3.11, and 3.12 for these two types of fission lies in the
confidence intervals. The confidence interval for the spontaneous fission of Fm was
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marginally larger compared to that of the induced fission. However, this difference
in the confidence intervals was subtle and barely perceptible. This similarity in the
prediction quality, especially under the constraint of smaller datasets, underscores
the robustness of the predictive model used for both induced and spontaneous fis-
sion scenarios.

The final dataset examined are Uranium isotopes charge yields. Specifically, the
induced fission of 233U and 235U, both subjected to neutron bombardment at an en-
ergy level of 14 MeV. This focus on Uranium, particularly these isotopes under high-
energy neutron conditions, is crucial for understanding the nuances of charge yield
distributions in a key element used in nuclear reactions. The analysis of 233U and
235U under these conditions provides valuable insights into the behavior of Uranium
in high-energy fission scenarios, which is significant for both theoretical studies and
practical applications in nuclear physics.

FIGURE 3.13: The charge yield prediction of GPR for Induced fission
of 233U
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FIGURE 3.14: The charge yield prediction of GPR for Spontaneous
fission of 235U

In Figs. 3.13, 3.14, can be distincted that the results for Uranium, specifically for
the induced fissions of 233U and 235U at 14 MeV neutron energy, are strikingly sim-
ilar to those observed for Fermium. The distribution of data points in these cases
is sufficiently robust, facilitating accurate predictions of the yields. Equally impres-
sive is the confidence interval, which aligns well with the quality of the outcomes.
This consistency in both the yield distribution and the confidence intervals under-
scores the effectiveness of the predictive model, particularly in handling isotopes
like Uranium in high-energy fission scenarios. The reliable data point distribution
plays a crucial role in ensuring the precision of these predictions, highlighting the
importance of having a well-represented dataset in nuclear fission studies.

Throughout the study of both mass and charge yields, the achieved results were
remarkably precise. However, there were a few exceptions where the datasets, such
as those for 244Cm and 239Pu in the charge yields, deviated slightly from this trend.
This deviation can be attributed to the unusual scattering patterns observed in the
data points, coupled with the limited number of observations available for these
isotopes. Such factors introduce challenges in achieving high accuracy.

Particularly noteworthy was the performance in the case of 238U. Although the
prediction for 238U was close to perfect in terms of the central tendency of the data,
there was a significant amount of uncertainty around these data points. This larger
uncertainty indicates a higher level of unpredictability or variability in the dataset,
which can be a crucial factor for consideration in nuclear physics research. Despite
these challenges, the overall high accuracy obtained across most datasets under-
scores the effectiveness of the methodologies employed in predicting fission yields,
both in terms of mass and charge.

The accuracy of the model opens up exciting possibilities for further enhance-
ment. Samples generated by this model’s prediction can be utilized as inputs into a
larger probabilistic neural network to enhance the fission product yields. While this
study does not specifically emphasize the utilization of complex neural networks,
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the subsequent section will be dedicated to comparing samples obtained from two
distinct methods: the Gaussian Mixture Model and Gaussian Process Regression.

This comparison aims to ascertain which method provides a superior set of sam-
ples. By examining the quality and effectiveness of the samples obtained from both
GMM and GPR, we will gain valuable insights into the comparative strengths and
weaknesses of each method in terms of probabilistic modeling and sample genera-
tion. This analysis is vital for informing future research directions and applications,
particularly in the context of employing advanced neural network models for pre-
dictive accuracy in the field of nuclear physics.

3.3 Kernel Density Estimation

By implementing GPR for prediction, uncertainty estimation, and sample genera-
tion, alongside GMM for sample generation through its clustering technique, we
have effectively created a substantial pool of samples. These samples are well-suited
for training a complex neural network. The accuracy of the samples can be assessed
by determining the distribution that best aligns with the experimental data. To eval-
uate which method is best in capturing the distribution of the data, we conducted a
comparative analysis.

The comparison of the sampling datasets was conducted using the Kernel Den-
sity Estimation (KDE) method. As a non-parametric approach, KDE is incompara-
ble in statistical analysis for estimating the probability density function of a random
variable. Its utility lies in its ability to smooth sample data, offering a clear visu-
alization of the underlying distribution. This is particularly advantageous when
the precise form of the distribution is not known or cannot be easily defined. By
employing KDE in the comparison process, we can obtain a more insightful under-
standing of how well the samples from different methods, such as GPR and GMM,
represent the true distribution of the data, especially for these kind of datasets that
represent multi-modal distributions. This approach ensures a thorough and accu-
rate assessment of the sampling methods’ effectiveness in capturing the essential
characteristics of the dataset.

This analysis involved plotting the density of the fission yields from the exper-
imental dataset against the densities of the samples generated by both GPR and
GMM. By visually comparing these density plots, we aim to identify which method
mirrors best the experimental data’s distribution. This approach is crucial in deter-
mining the effectiveness of each method in representing the true nature of the data,
thereby providing insights into their suitability for future applications in predictive
modeling.

3.3.1 Mass Yield Density Distribution

We initially focused on the analysis of mass yields of 6 cases of fissioning nuclei,
including spontaneous and induced fission at different neutron energies. This abun-
dance of data points is likely to enhance the precision and reliability of the sampling
methods, offering a more accurate reflection of the experimental observations.

Starting our analysis, the initial set of samples involves 252Cf and 232Th. The
predictions made by GPR are impressively accurate, as evident in figures 3.3 and
3.4. The primary distinction observed is in the size of the confidence interval; the
results for 232Th exhibit a larger confidence interval compared to those for 252Cf.
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FIGURE 3.15: Evaluation of the mass yield sampling of 252Cf for the
methods GMM and GPR

FIGURE 3.16: Evaluation of the mass yield sampling of 232Th for the
methods GMM and GPR
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Figs. 3.15, 3.16, show the accuracy of the mass yield samples that are extracted
is notably higher than that of the charge yields, at least for the first two cases. To
discern the difference, a closer look at the center of each figure is informative. Here,
we can observe that the density lines for both the experimental data and the sam-
pling data are almost identical. This similarity in density at the core of the figures
indicates that the sampling methods employed for these mass yield datasets have
been highly effective in capturing the distribution.

For the subsequent set of sampling datasets, we shift our focus to the 246Cm
nucleus, comparing induced with spontaneous fission. This comparison offers a
unique opportunity to closely examine the accuracy of the GPR sampling, partic-
ularly in light of the small confidence interval observed in the induced fission of
246Cm and its highly accurate prediction. The reduced confidence interval in the
induced fission case may provide clearer insights into the precision and reliability
of the GPR model. This contrast with the spontaneous fission scenario, where the
model’s performance can be assessed under different conditions, will further our
understanding of the GPR’s capabilities in capturing the nuances of nuclear fission
processes in various settings.

FIGURE 3.17: Evaluation of the mass yield sampling of Spontaneous
246Cm for the methods GMM and GPR
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FIGURE 3.18: Evaluation of the mass yield sampling of Induced
246Cm for the methods GMM and GPR

The results clearly demonstrate that the GPR excelled in accurately capturing
the distribution of 246Cm, particularly excelling in the induced fission scenario. This
high level of accuracy, even in the presence of minor deviations inherent to the meth-
ods, suggests that the precision achieved is more than satisfactory. Such perfor-
mance indicates that we have a robust and reliable sampling dataset at our disposal.
The effectiveness of GPR, especially in the context of induced fission for 246Cm, high-
lights its utility and precision as a tool for nuclear physics research, capable of pro-
ducing highly competent datasets for advanced analysis and applications.

Finally, we turn our attention to the induced and spontaneous fission yields of
Uranium, focusing specifically on 235U and 238U. From our analysis, GPR demon-
strated remarkable capability in accurately capturing the mass yield distributions.
However, when it came to mass yields, the performance varied. While the predic-
tions for 235U were undeniably accurate, the results for 238U did not reach the same
level of precision. This discrepancy indicates that while GPR is highly effective in
certain contexts, its performance can vary depending on the specific characteristics
and complexities of the dataset, as evidenced by the differing results between 235U
and 238U in mass yield outcomes.
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FIGURE 3.19: Evaluation of the mass yield sampling of Spontaneous
238U for the methods GMM and GPR

FIGURE 3.20: Evaluation of the mass yield sampling of Induced 235U
for the methods GMM and GPR
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The analysis reveals that in terms of density of fission yields, the sampling of
238U using GPR yielded better results compared to 235U. Despite the fact that the
overall accuracy and confidence interval for Uranium were not as high as those for
Curium, GPR still managed to outperform the GMM in the sampling process. This
indicates that GPR, while having certain limitations in obtaining good accuracy for
Uranium, is particularly better in accurately capturing the density distribution in the
fission yield samples.

Summarizing, is evident that GPR has demonstrated a superior capability in cap-
turing the distributions of both mass and charge yields, surpassing the performance
of GMM. This distinction in performance was consistently maintained even though
the charge yield datasets were limited to half the number of data points compared
to the mass yields. Notably, the adequacy of results from the charge yields, despite
the reduced data volume, underscores the efficacy of GPR in handling datasets of
varying sizes.

A critical advantage of GPR lies in its inherent ability to incorporate the un-
certainty present within the dataset into the sampling process. This integration of
uncertainty is a potential predictor of even more refined and accurate outcomes in
future applications. As such, the GPR sampling methodology stands out as a par-
ticularly promising tool in the field of nuclear physics, offering enhanced precision
and reliability in predictive modeling. This capability to account for and adapt to
the inherent uncertainties in nuclear datasets positions GPR as a highly valuable
technique for advancing research and applications in this domain.

3.3.2 Charge Yield Density Distribution

Next, we evaluated the charge yields of 6 fission cases. Given the limited number
of data points, this thesis will be particularly insightful. We aim to determine if
there are discernible differences in how effectively the sampling methods capture
the distribution of the charge yields, compared to the mass yields. This comparison
is crucial as it will reveal the impact of dataset size on the ability of methods like GPR
and GMM to accurately represent the underlying distribution. By closely analyzing
the charge yields, we can gain better understanding of the challenges and limitations
faced in situations with sparse data and how these might affect the fidelity of the
sampling process.

First, we analyze the charge yields in case of 244Cm and 239Pu. These particular
cases are notable as they represent the areas where the GPR model was less accurate.
Highlighted in the figures 3.9 and 3.10, these instances are crucial for understanding
the model’s limitations, especially in complex or challenging datasets. By examin-
ing these results, we aim to identify key areas for improvement and gain a deeper
understanding of the model’s predictive capabilities under various conditions.
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FIGURE 3.21: Evaluation of the charge yield sampling of 244Cm for
the methods GMM and GPR

FIGURE 3.22: Evaluation of the charge yield sampling of 239Pu for the
methods GMM and GPR
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The Figs. 3.21 and 3.22 show that both methods were effective in capturing the
distribution of the data. However, the GPR method showed a slight edge in perfor-
mance. This is noteworthy, especially considering that the overall regression accu-
racy of GPR wasn’t exceptionally high. The ability of GPR to better approximate the
distribution, despite its limitations in regression precision, underscores its robust-
ness and potential effectiveness in handling complex data scenarios.

Moving on to the next set of samples, which were among the best in this study,
we focus on the results for Fermium, specifically 255Fm and 256Fm. As observed from
the figures 3.11 and 3.12, these predictions for Fermium isotopes stood out in terms
of their accuracy and precision.

FIGURE 3.23: Evaluation of the charge yield sampling of 255Fm for
the methods GMM and GPR
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FIGURE 3.24: Evaluation of the charge yield sampling of 256Fm for
the methods GMM and GPR

The remarkable accuracy of the GPR predictions for Fermium isotopes theoreti-
cally positions it to align closely with the JENDL dataset. Despite the relative sim-
plicity of the GMM, it’s noteworthy that it the accuracy of the sampling was close
to the GPR, even with the high accuracy it made of the fission yields. This outcome
highlights the efficiency and effectiveness of GPR in capturing the nuances of nu-
clear data.

For the last set of data used for sampling in charge yields we used the Uranium
isotopes, 233U and 235U. On the figures 3.13 and 3.14, we saw that the GPR did a
slightly worse job at predicting the fission yields than the Fermium isotopes, but
only due to the bigger confidence interval that the Uranium had. Hence, we could
predict the results of the sampling comparison ourselves:
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FIGURE 3.25: Evaluation of the charge yield sampling of 233U for the
methods GMM and GPR

FIGURE 3.26: Evaluation of the charge yield sampling of 235U for the
methods GMM and GPR
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Analyzing the outcomes of both sampling techniques, it’s evident that both are
effective in determining fission yields, with GPR demonstrating marginally supe-
rior precision. However, GPR’s primary limitation is its reduced accuracy at higher
fission yield values compared to GMM. This limitation primarily stems from the
sampling method employed in the GPR library, which offers the advantage of quan-
tifying the inherent uncertainty in the training data. While this uncertainty may
introduce some noise into the dataset, the sophisticated nature of the GPR model al-
lows for enhanced predictive performance when utilizing the GPR-sampled dataset.

3.4 Conclusion

In conclusion, our investigation focused on enhancing the JENDL datasets of mass
and charge fission yields using machine learning techniques. We have employed
the Gaussian Mixture Model and the Gaussian Process Regression method to extract
10,000 samplings for 12 cases of fissioning nuclei. In the GMM model the only cru-
cial hyperparameter for the model’s fitting is the number of gaussians being used
for the clustering method. The method itself was succesful and had minimal com-
putational cost, however GMM faced limitations in optimal classification. In order
to address this setback, we shifted our focus to GPR, chosen for its prowess in re-
gression tasks and capability to extract uncertainties directly from the dataset. The
use of GPR has provided valuable insights into the quality of samples extracted from
the dataset. High accuracy and small confidence intervals are indicative of the high
quality samples obtained with the GPR compared to those from the GMM. Even in
cases where GPR did not capture the data distribution optimally, the option to in-
clude confidence intervals in the samples ensured a level of uncertainty estimation.
However, it’s important to acknowledge the computational challenges associated
with GPR, particularly with large datasets, as a kernel method algorithm.

The samplings extracted from both GMM and GPR have been subjected to Kernel
Density Estimation to visually assess their ability to capture the distribution of fis-
sion yields. The results revealed that GPR consistently produced the highest-quality
samples, as evidenced by clearer peaks and denser distributions. This underlines
the effectiveness of GPR in enhancing the JENDL datasets and its potential for fu-
ture applications in nuclear fission research.

This thesis addresses the scarcity of fission yields and aims to identify the most
effective method for capturing the distribution of the dataset and extracting high-
quality samples. These samples could serve as valuable inputs for more complex
probabilistic neural networks like Bayesian Neural Networks and Mixture Density
Networks. By incorporating additional parameters such as excitation energy or the
charge and mass of the fissioning nucleus, these networks could potentially predict
properties of nuclei for which experimental data are lacking, or improve existing
theoretical models hindered by computational limitations. The implications of this
thesis extend beyond fundamental nuclear research studies, impacting areas such
as energy production, and medical technology. Furthermore, it fosters interdisci-
plinary collaboration, opening pathways to future scientific breakthroughs. This
work underscores the transformative potential of machine learning in revolution-
izing nuclear fission data analysis, bridging gaps in data scarcity and paving the
way for groundbreaking advancements that could reshape nuclear research and its
applications in the modern world.
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